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PREFACE 


In this book the analysis has been developed chiefly with the aim of 
obtaining exact analytical expressions for the solution of the boundary 
problems of mathematical physics. 

In many cases, however, this is impracticable, and in recent years much 
attention has been devoted to methods of approximation. Since these are 
not described in the text with the fullness which they now deserve, a brief 
introduction has been written in wliich some of these methods are sketched 
and indications are given of portions of the text which Avill be particularly 
useful to a student who is preparing to use these methods. 

No discussion has been given of the partial differential equations which 
occur in the new quantum the^ory of radiation because these have been well 
treated in several recent bo(^k?>, and an adequate discussion in a book of 
this type would have greatly increased its size. It is thouglit, however, that 
some of the analysis may prove useful to students of the new quantum 
theory. 

Some abbreviations and slight departures from the notation used in 
recent books have been adopted. Since the /^-notation for the generalised 
Laguerre polynomial has been used recently by different writers with 
slightly different meanings, the original 7^-notation of Sonine has been 
retained as in the author’s Electrical and Optical Wave Motion, It is 
thought, however, that a standardised L-notation will eventually be 
adopted by most writers in honour of the work of Lagrange and Laguerre. 

The abbreviations 'eif' and ‘‘eif ’’ used in the text might be used with 
advantage in the new cjuantum t heory, together with sojne other abbrevia- 
tions, such as ^'eil” for eigeulcvel and “eiv” for eigenvector. 

The Heaviside Calculus and the theory of integral efjualioris are only 
briefly mentioned in the text: they belong rather to a separate subject 
which might })e calk'd the Int^'gial Equations of Mathematical Physic s. 
A(!Counts of the existcmce theorems of potential theory, 8tunn-Liouville 
expansions and ellipsoidal harmonics have also been omitted. Many 
excellent books have however appeared recently in which these subjects 
are adequately treated. 

I feel indeed grateful to the Cambridge University Press for their very 
accurate work and intelligent assistance during the printing of this book. 

M. BATEMAN 


November 1931 




INTRODUCTION 


The differential equations of mathematical physics are now so numerous 
and varied in character that it is advisable to make a choice of equations 
when attenipting a discussion. 

The equations considered in this book are, I believe, all included in some 
set of the form g^ g^ 

¥2^^’ ■■■ 


where the quantities on the left-hand sides of these equations are the 
variational derivatives* of a quantity F, which is a function of I independent 
variables Xiy ... Xi, of m dependent variables i/i, ... and of the deriva- 
tives up to order n of the with respect to the a;’s. The meaning of a 
variational derivative will be gradually explained. 

The first property to be noted is that the variational derivatives of a 
function F all vanish identically when the fimction can be expressed in the 

dQ,dO. dG', 

^ ~ dx^^ dx^ ”• ^ dxi ’ 

where each of the functions is a function of the x's and y’s and of the 
derivatives up to order n — 1 of the ^’s with respect to the x*8. The notation 
dfdx^ is used here for a complete differentiation with respect to x^ when 
consideration is taken of the fact that F is not only an explicit fxmction of 
x^ but also an explicit function of quantities which are themselves functions 
of a;,. 

Another statement of the property just mentioned is that the varia- 
tional derivatives of F vanish identically when the expression 

F dxi dx2 ... dxi 

is an exact differential. 

In the case when there is only one independent variable x and only one 
dependent variable y, whose derivatives up to order n are respectively 
••• the condition that Fdx may be an exact differential is 
readily found to be 

_ A f^\ M ^ 4 . (^\n _ 0 

dy dx W) dx^ W'J ^ ^ [dy(^^J 

Now the quantity on the left-hand side of this equation is indeed the 
variational derivative of F with respect to y and will be denoted by the 
symbol SFfSy, 

* For a systematic discussion of variational derivatives reference may be made to the papers 
of Th. de Donder in Bulletin de VAcadimie Boyale de Belgique^ Claase dea Sciencea (5), t. xv 
(1929-30). In some cases a set of equations must be supplemented by another to give all the 
equations in a set of the variational form. 
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Im the case when F is of the form 


yN^ (2) - zM^ (j/), 


where 2 is a function of x and (y), (2) are linear differential expres- 

sions involving derivatives up to order n and coefficients of these deriva- 
tives which are functions of x with a suitable number of continuous 
derivatives, we can say that the differential expressions if a; (j/)> ^^e 

adjoint when hFjhy — 0 for all forms of the function 2. When 2 is chosen 
to be a solution of the differential equation iV^^. (2) == 0 the expression 
zM^ {y) dx is an exact differential and so 2 is an integrating factor of the 
differential equation adjoint to (2) = 0. The relation between two 
adjoint differential equations is, moreover, a reciprocal one. 

The idea of adjoint differential expressions was introduced by Lagrange 
and extended by Riemann to the case when there is more than one inde- 
pendent variable. Further extensions have been made by various writers 
for the case when there are several dependent variables*. Adjoint 
differential expressions and adjoint differential equations are now of great 
importance in mathematical analysis. 

A second important property of the variational derivatives may be 
introduced by first considering a simple integral 


/ = F {x, y, y', y", ... i/'”*) dx, 

i 

dF dF 

S/ - [ ^ + ... + j_ 3^, S!,». 


and its first variation 
dF 


Integrating the (a + l)th term 8 times by parts, making use of the 
equations 

^ 'dx ^ dx 


it is readily seen that the portion of 8/ which still remains under the sign of 
integration is 



It is readily understood now why the name “ variational derivative ” is 
used. The variational derivative is of fundamental importance in the 
Calculus of Variations because the Eulerian differential equation for a 
variational problem involving an integral of the above form is obtained by 
equating the variational derivative to zero. 

This rule is capable of extension, and rules for writing down the 
variational derivatives of a function F in the general case when there are 

♦ See for instance J. Kiirschdk, Math, Ann, Bd. Lxn, S. 148 (1906); D. R. Davis, Trans, 
Amtr, Math, Soc, vol. xxx, p, 710 (1928). 
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I independent variables and m dependent variables can be derived at once 
from the rules of § 2*42 for the derivation of the Eulerian equations. 

Since our differential equations are always associated with variational 
problems, direct methods of solving these problems are of great interest. 

The important rnethod of approximation inveilted by Lord Rayleigh* 
and developed by W. Ritz| is only briefly mentioned in the text, though it 
has been used by RitzJ, Timoshenko§ and many other writers!', to obtain 
approximate solutions of many important problems. An adequate dis- 
cussion by means of convergence theorems is rather long and difficult, and 
has been omitted from the text largely for this reason and partly because 
important modifications of the method have recently been suggested which 
lead more rapidly to the goal and furnish means of estimating the error of 
an approximation. 

In Ritz’s method a boundary problem for a differential equation 
D (u) == 0 is replaced by a variation problem in which a certain integral I 
is to be made a minimum, the unknown function u being subject to certain 
supplementary conditions which are usually linear boundary conditions 
and conditions of continuity. The function Ua, used by Ritz as an approxi- 
mation for u, is not generally a solution of the differential equation, but it 
does satisfy the boundary conditions for all values of the arbitrary con- 
stants which it contains. The result is that when an integral is calculated 
from Ua in the way that I is to be calculated from the integral /« is 
greater than the minimum value of /, even when the arbitrary con- 
stants in are chosen so as to make la as small as possible. This means 
that is approached from above by integrals of the type /« . 

Now it was pointed out by R. Courant^ that 1^ can often be approached 
from below by integrals calculated from approximation functions 
which satisfy the differential equation but are subject to less restrictive 
supplementary conditions. If, for instance, u is required to be zero on the 
boundary, the boundary condition may be loosened by merely requiring 
Ui, to give a zero integral over the boundary in each of the cases in wliich it 
is first multiplied by a function belonging to a certain finite set. This idea 
has been developed by Trefftz** who uses the arithmetical mean of and 

* Phil. Trans. A, vol. clxi, p. 77 (1870); Scientific Papers^ vol. i, p. 57. 

t W. Hitz, Crelle, Bd. oxxxv, S. 1 (1908); CEuvres, pp. 192-316 (Gauthier- Villars, Paris, 1911). 

X W. Ritz, Ann. der Phys. (4), Bd. xxviii, S. 737 (1909). 

§ S. Timoshenko, Phil. Meuf. (6), vol. xlvii, p. 1093 (1924); Proc. London Math. Soc. (2), 
vol. XX, p, 398 (1921); Trans. Amcr. Soc. Civil Engineers, vol. Lxxxvii, p. 1247 (1924); Vibration 
Problems in Engineering (D. Van Nostrand, New York, 1928). 

tl See especially M. Plancherel, Bull, dcs Sciences Math. t. xlvii, pp. 376, 397 (1923), t. xlviii, 
pp. 12, 58, 93 (1924); Comptes Kendus, t. clxix, p. 1152 (1919); R. Courant, Acta Math. t. xlix, 
p. 1 (1926); K. Friedrichs, Math. Ann. Bd. xevni, S. 205 (1927-8). 

^ R. Courant, Math. Ann. Bd. xcvii, S. 711 (1927). 

** E. Trefftz, Int. Congress oi^ Applied Mechanics, Zurich (1926), p. 135; Math. Ann. Bd. c, 
S. 603 (1928). 
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as a close approximation for , and uses the difference of 1^ and /j, as an 
upper bound for the error in this method of approximation. This method is 
simplified by a choice of functions which will make it possible to find 
simple solutions of the differential equation for the loosened boundary 
conditions. Sometimes it is not the boundary conditions but the conditions 
of continuity which should be loosened, and this makes it advisable not to 
lose interest in a simple solution of a differential equation because it does 
not satisfy the requirements of continuity suggested by physical con- 
ditions. 

In order that Ritz’s method may be used we must have a sequence of 
functions which satisfy the boimdary conditions and conditions of con- 
tinuity peculiar to the problem in hand. It is advantageous also if these 
functions can be chosen so that they form an orthogonal set^ To explain 
what is meant by this we consider for simplicity the case of a single 
independent variable x. The functions (^), defined in an 

interval a < a? < 6, are then said to form a normalised orthogonal set when 
the orthogonal relations 

K («) {^) = 0, 

J a 

= 1 , n 

are satisfied for each pair of functions of the set. This definition is readily 
extended to the case of several independent variables and functions 
defined in a domain E of these variables; the only difference is that the 
simple integrals are replaced by integrals over the domain of definition. The 
definition may be extended also to complex functions ipn (^) oi the form 
«n (^) + i^n (^)j where (x) and (x) are real. The orthogonal relations 
are then of type 
r6 

•I'm {^) •I'n {x) dx = [«„ {x) + (x)] [a„ (x) - ip„ {x)] dx=0, m 4= ra, 

Ja Ja 

= 1, m = n. 

Many types of orthogonal functions are studied in this book. The 
trigonometrical functions sin {nx), cos (nx) with suitable factors form an 
orthogonal set for the interval (0, 27 r), the Legendre functions (^), with 
suitable normalising factors, form an orthogonal set for the interval 
( — 1, 1), while in Chapter ix sets of functions are obtained .which are 
orthogonal in an infinite interval. The functions of Laplace, which form the 
complete system of spherical harmonics considered in Chapter vi, give an 
orthogonal set of functions for the surface of a sphere of unit radius, and it 
is easy to construct functions which are orthogonal in the whole of space. 
In Chapter iv methods are explained by which sets of normalised orthogonal 
functions may be associated with a given curve or with a given area. In 
many cases functions suitable for use in Ritz’s method of approximation 
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are furnished by the Lain6 products defined in Chapters iii~xi. These pro- 
ducts are important, then, for both the exact and the approximate solution 
of problems. It was shown by Ritz, moreover, that sometimes the functions 
occurring in the exact solution of one problem may be used in the ap- 
proximate solution of another; the functions giving the deflection of a 
clamped bar were in fact used in the form of products to represent the 
approximate deflection of a clamped rectangular plate. 

Early writers* using Ritz’s method were content to indicate the degree 
of approximation obtainable by applying the method to problems which 
could be solved exactly and comparing the approximate solution with the 
exact solution. This plan is somewhat unsatisfactory because the examples 
chosen may happen to be particularly favourable ones. Attempts have, 
however, been made by Krylofff and others to estimate the error when an 
approximating function of order n, say 

Ua — Ci^pi (x) -f C2ip2 (x) -f ... + Cn^pn (^)> 

is substituted in the integral to be minimised and the coefficients Cg are 
chosen so as to make the resulting algebraic expression a minimum. 
Attempts have been made also to determine the order n needed to make 
the error less than a prescribed quantity €. 

In Ritz’s method a boundary problem for a given differential equation 
must first of all be replaced by a variation probleiyi. There are, however, 
modifications of Ritz’s method in which this step is avoided. If, for in- 
stance, the differential equation is a variational equation hFjhu == 0, the 
same set of equations for the determination of the constants is obtained 
by substituting the expression for u directly in the equation 

[ hu . {hFjhu) dx — 0, 

j a 

and equating to zero the coefficients of the variations Sc^ . 

This method has been recommended by Hencky J and Goldsbrough§ ; it 
has the advantage of indicating a reason why in the limit the function 
should satisfy the differential equation. 

Another method, proposed by Boussinesq|| many years ago, has been 
called the method of least squares. If the differential equation is 

Lx W = / (x), 

and a Kb is the range in which it is to be satisfied with boundary 

* See, for instance, M. Paschoud, Sur V application de la ndihode de W, Ritz: Th^se (Gauthier- 
Villars, Paris, 1914). 

t N. Kryloff, Comptes Rendus, t. clxxx, p. 1316 (1925), t. CLXXXVi, p. 298 (1928); AnnaXes 
de Toulouse (3), t. xix, p. 167 (1927). 

X H. Hencky, Zeit3,fur angew. Math, u. Mech. Bd. vii, S. 80 (1927). 

§ Q. R. Goldsbrough, Phil, Mag, (7), vol. vii, p. 333 (1929). 

II J. Bonssinesq, ThAorie de la chaleur, 1. 1, p. 316. 



XX 


Introduction 


conditions at the ends, the constants in an approximating function Ua, 
which satisfies these boundary conditions, are chosen so as to make the 
integral 

I [LAu,)-f(x)fdx 

J a 

as small as possible. The accuracy of this method has been studied by 
Kryloff* who believes that Ritz’s method and the method of least squares 
are quite comparable in usefulness. The method of least squares is, of 
course, closely allied to the well-known method of approximating to a 
function / (x) by a finite series of orthogonal functions 

Cl 01 (x) -f C202 (^) + ••• + Cn’An (^)» 
the coefficients c^ being chosen so that the integral*!* 

f [/ (^) - Ci0i (X) - C202 (^) - ••• - (^)]^ dx 

J a 

may be as small as possible. The conditions for a minimum lead to the 
equations ^ 

C.= I /(«)</-. (a;) rfs (s= 1, 2, ... w). 

J a 

For an account of such methods of approximation reference may be 
made to recent books by Dunham JacksonJ, S. Bernstein§ and de la Vallee 
Poussin||. 

In the discussion of the convergence of methods of approximation 
there is an inequality due to Bouniakovsky and Schwarz which is of 
fundamental importance. If the functions f {x), g (:r) and the parameter c 
are all real, the integral 

I [/ (^) + ^ (^)]^ == ^ -f 2cH -h c^B 

J a 

is never negative and so AB — > 0. This gives the inequality 

(' [/ (X)]* dx f [y dx > {" [/ (X) g {x)f dx. 

J a J a J a 

There is a similar inequality for two complex functions f (x), g (x) and 

* N. Kryloff, Comjdes Rend us, t. CLXi, p. 558 (1915); t. clxxxi, p. 86 (1925). Sec also Krawt* 
chouk, ihid. t. C'LXXxiii, pp. 474, 992 (1926). 

t Cr. PlaiT, ('omjAcs RcnUuSy t. XLiv, p. 984 (1857); A*! Toepler, Anzcigcr dtr Kats. Akad. zu 
Wiefi (1870), p. 205. 

t 1). Jaekson, '“The Theory of Approximation,” Amer. Math. Soc, Colloquiuyn jiublications., 
vol. XI ( 1980). 

§ S. llerii.stein. Lemons aar j)roprudes exlremale-^ i t la rneilkure approximation dcs fonctions 
anahjtiqui’s d' uiie variable reelle (Gauthier-Villars, Paris, 1926). 

II C. J . do la Vallee Poussin, Lemons sur V apirroximation des fonctwn^ d'une varialdc reelle {ibid. 

1919). 
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their conjugates f (x), g (x). Indeed, if c and c are conjugate complex 
quantities, the integral 

r [/ {*) + ^ (^)] [/(*) + cfl- (a:)] dx 

J a 

is never negative. Writing 

pi- iq, c = ^ -f ir^, 

where m, p, q, t; are all real, the integral may be written in the form 
A + 7)^) + 2Bi+2Cri + D=j [{A^ + Bf + {A-q + C)* + AD- B^- C^], 

(f> fi> 

where (P* + ?*) dx= j gg dx, 

J a J a 

-D = [ + m^) dx = [ fjdx, 

♦ J a J a 

rb rb 

B i- iO = fgdxy B — iC ^ \ Jgdx. 

J a J a 

Since the integral is never negative, we have the inequality 

AD>B^+ C\ 

which may be written in the form* 

r l/|*da; r \g\^dx 

Ja J a 


> 


[ fgd^ 

a 


In this inequality the functions / and g may be regarded as arbitrary 
integrable functions. This inequality and the analogous inequality for 
finite sums are used in § 4-81. 

In the approximate treatment of problems in vibration the natural 
frequencies are often computed with the aid of isoperimetric variation 
problems. Ritz’s method is now particularly useful. If, for instance, the 
differential equation is 

and the end conditions u (a) = 0, u (6) = 0,. 
the aim is to make the integral 


a minimum when the integral 


f* 

['[«(*)? 

J a 


dx 


* This inequality is called Schwarz’s inequality by E. Schmidt, Rend, Palermo, t. xxv, p. 68 
( 1908 ). 
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has an assigned value. This is accomplished by replacing « by a finite series 
in both integrals and reducing the problem to an algebraic problem. It was 
noted by Rayleigh that very often a single term in the series will give a 
good approximation to the frequency of the fundamental frequency of 
vibration. To obtain approximate values of the frequencies of overtones it 
is necessary, however, to use a series of several terms and then the work 
becomes laborious as it is necessary to solve an algebraic equation of high 
order. Many other methods of approximating to the frequencies of over- 
tones are now available. 

Trefftz has recently introduced a new method of approximating to the 
solution of a differential equation, in which the original variation problem 
8/ = 0 is replaced by a modified variation problem 8/ (e) = 0 in such a way 
that the desired solution u can be expressed in the form 

2€U = {/ (f)}inlD ~ {I (~ c)}mln" 

This method, combinfed with Trefftz’s method of estimating the error of 
approximation to an integral such as I (e), can lead to an estimate of the 
error involved in a computation of u. In the problem of the deflection of 
a clamped plate under a given distribution of load, the function I (e) 
represents the potential energy when a concentrated load e is placed at the 
point where the deflection u is required. 

Courant has shown that the rapidity of convergence of a method of 
approximation can often be improved by modifying the variational 
problem, introducing higher derivatives in such a way that the Eulerian 
equation of the problem is satisfied whenever the original differential 
equation is satisfied. This device is useful also in applications of Trefftz’s 
method. 

An entirely different method of approximation is based on the use of 
difference equations which in the limit reduce to the differential equation 
of a problem. The early writers were content to adopt the principle, usually 
called Rayleigh’s principle, that it is immaterial whether the limiting pro- 
cess is applied to the difference equations or their solutions. Some attempts 
have been made recently to justify this principle* and also to justify the 
use of a similar principle in the treatment of problems of the Calculus of 
Variations by a direct method, due to Euler, in which an integral is replaced 
by a finite sum. An example indicating the use of partial difference 
equations and finite sums is discussed in § 2-33. 

♦ See the paper by N. Bogoliouboff and N. Kryloff, Annals of Math. voL xxix, p. 255 (1928). 
Many references to the literature are contained in this paper. In particular the method is discussed 
by R. B. Robbins, Amer. Journ. vol. xxxvn, p. 367 (1915). 
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THE CLASSICAL EQUATIONS 


§ 1*11 . Uniform motion. It seems natural to commence a study of the 
differential equations of mathematical physics with a discussion of the 
equation ,2 

— = 0 

dt^ 


which is the equation governing the motion of a particle which moves along 
a straight line with uniform velocity. It may be thought at first that this 
equation needs no discussion because the general solution is simply 

X At B, 


where A and B are arbitrary constants, but in mathematical physics a 
differential equation is almost always associated with certain supple- 
mentary conditions, and it is this association which presents the most 
interesting problems. 

A similar differential equation 

dx^ 


describes an essential property of a straight line, when x and y are inter- 
preted as rectangular co-ordinates, and its solution 

y = mx + c 

is the famihar equation of a straight line : the property in question is that 
the line has a constant direction, the direction or slope of the line being 
specified by the constant m. For some purposes it is convenient to regard 
the line as a ray of light, especially as the conditions for the reflection and 
refraction of rays of hght introduce interesting supplementary or boundary 
conditions, and there is the associated problem of geometrical foci of a 
system of lenses or reflecting surfaces. 

If a ray starts from a point Q on the axis of the system and is reflected 
or refracted at the different surfaces of the optical system it will, after 
completely traversing the system, be transformed into a second ray which 
meets the axis of the system in a point Q, which is called the geometrical 
focus of Q. The problem is to find the condition that a given point Q may 
be the geometrical focus of another given point Q. 

This problem is generally treated by an approximate method which 
illustrates very clearly the mathematical advantages gained by means of 
simplifying assumptions. It is assumed that the angle between the ray 
and the axis is at all times small, so that it can be represented at any time 
by dyjdx. 


B 


I 
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Let = 4^x give an approximate representation of a refracting surface 
in the immediate neighbourhood of the point (0, 0) on the axis. If y is a 
small quantity of the first order the value of x given by this equation can 
be regarded as a small quantity of the second order if a is of order unity. 
Neglecting quantities of the second order we may regard x as zero and may 
denote the slope of the normal at (x, y) by 

dx y 
dy 2a' 


Now let suffixes 1 and 2 refer to quantities relating to the two sides of 
the refracting surface. Since the angle between a ray and the normal to 
the refracting surface is approximately dyjdx -f y/2a, the law of refraction 
is represented by the equations 


/^2 


diji 

dx 


. 

^2aJ 


Ml 


dyi 

dx 



2/2 = 2/i* 

Denoting by [u] the discontinuity U 2 — 2^1 in a quantity w, we have the 
boundary conditions 



[y] = 0. 


Dropping the suffixes we see that these boundary conditions are of type 

[y] = 0, 

where A and B are constants which may be either positive or negative. 

In the case of a moving particle, which for the moment we shall regard 
as a billiard ball, a supplementary condition is needed when the ball strikes 
another ball, which for simplicity is supposed to be moving along the same 
line. If are the velocities of the first ball before and after collision, 

(7i, U 2 those of the second ball before and after collision, the laws of 
impact give ^ - tr. - - c («. - P.). 

mu^ + MU2 = rnui + 

where e is the coefficient of restitution and m, M are the masses of the two 
balls. Regarding as known and eliminating U 2 we have 

0 (M m) U 2 == {m — eM) + -Jf (1 + e) ?7i . 

Replacing U 2 — Ui by [dxldf] we have the boundary conditions for the 
collision 

W-O, (if + «)[|].Jlf(l + e)(c7.-^). 


dy 

dx 
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These hold for ±he place x where the collision occurs, x being the co- 
ordinate of the centre of the colliding ball. 

The boundary conditions considered so far may be included in the 

general conditions , , 

* \dy 

[_dx_ 

[y] = 0 , 


.A%+By+C. 


where A, B and C are constants associated with the particular boundary 
under consideration. 


§ 1-12. Other types of boundary condition occur in the theory of uni- 
form fields of force. 

A field of force is said to be uniform when the vector E which specifies 
the field strength is the same in magnitude and direction for each point 
of a certain domain D. Taking the direction to be that of the axis of x the 
field strength E may be derived from a potential V of type V — Ex by 
means of the equation 


F being an arbitrary constant. This potential V satisfies the differential 
equation 


dx^ 


= 0 


throughout the domain Z). 

Boundary conditions of various types are suggested by physical con- 
siderations. At the surface of a conductor V may have an assigned value. 

At a charged surface ^ 

be a surface at which [F 
potential). 

With boundary conditions of the types that have already been con- 
sidered many interesting problems may be formulated. We shall consider 
only two. 


may have an assigned value, while there may 
has an assigned value (contact difference of 


§ 1 - 13 . Problem 1. To find a solution of d'^yfdx^ = 0 which satisfies the 
conditions 

y = 0 when a; = 0 and when a; == 1 ; [dyjdx] = — 1 when x = ^ ; 

[y] = 0 . 

The first condition is satisfied by writing 

y = Ax x< ^ 

= J5 (1 — a:) a: > 

The condition [y] = 0 gives 
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and the condition [dyjdx] = — 1 gives 

^ 1 . 


^ 1 - 

Hence 2 / = ^ (x, ^) = a; (1 - f) {x < f) 

^^{l-x) {x>i). 

This funcdon is called the Green’s function for the differential expression 
d'^yldx‘^, on account of its analogy to a function used by George Green in the 
theory of electrostatics. 

It may be remarked in the first place that a solution of type P + Qx 
which satisfies the conditions y = a when x = 0, y ^ b when x= 1, is given 
by the formula 


''-“(sfL-Kaj),.,' 


Secondly, it will be noticed that g (x, f ) is a symmetrical function of x 
and I; in other words g (x, ^) — g (^, x), 

A third property is obtained by considering a solution of d^yjdx^ — 0 
which is a linear combination of a number of such Green’s functions, for 
example, n 

«/ = 2 /,gr (x, 

where /i, / 2 , /a, ... are arbitrary constants. The derivative dyjdx drops by 
an amount /i at by an amount /g at ^ 2 , on. 

Let us now see what happens when we increase the number of points 
^ 1 , f 2 > ^ 3 ) • • • proceed to a limit so that the sum is replaced by an integral 

y = l (A) 

J 0 

Jo J X 

We find on differentiating that 

- fix). 


the function / (x) being supposed to be continuous in the interval (0, 1). 
It thus appears that the integral is no longer a solution of the differential 
equation d^jdx^ = 0, but is a solution of the non-homogeneous equation 


d^y 

dx^ 


+ /(^) = 0. 


Conversely, if the function /(x) is continuous in the interval (0, 1) a 
solution of this differential equation and the boundary conditions, t/ = 0 
when X = 0 and when x = 1, is given by the formula (A); this formula, 
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moreover, represents a function which is continuous in the interval and 
has continuous first and second derivatives in the interval. Such a function 
will be said to be continuous (D, 2), or of class C'' (Bolza’s notation). 

§ 1-14. Problem 2. To find a solution of d^yjdx^ = 0 and the supple- 
mentary conditions 

y — 0 when x = 0 and when x = 1; n [dy/dx] + k^y =0) ' ’ 

where s = 1, 2, 3, ... n — 

Let y = A,x + 3,, s — 1 < nx < s, 

then the supplementary conditions give = 0, An Bn — 0, 

(A^ — A^ ^ -f ^2 *— -Bj = 0, n (A 2 — At) -f k'^ {^ijn -f Bi) ~ 0, 

Tv 

(^3 - Ai)\ + n (^3 - Ai) + {^A^jn + B^) = 0, 

n 

(A^ -A,)l + B^~B^ = 0, n {A^ - A^) + k^ (ZA^jn + B,) = 0, 

Tv 


.-. nB^ = Ai- A 2 , nBs = A^ + A 2 - 2As , ... 
tiB^ — “(“ A2 "i" ••• Ag^ sAgf 

(Ag^^ - Ag) 4- P (A^ 4- ^2 + ••• Ag) = 0, 

{As+i - ^Ag -i- ^,_i) 4- k^Ag =0, 5 > 1. 

This difference equation may be solved by writing k^ = 2n^ (1 — cos 6). 
.*. Ag = Ai cos {s — 1) 6 -j- K sin {s — 1 ) 0, 
where is a constant to be determined. Now 


therefore 
and so 


-^2 = 4- 2Ai (cos O'- 1) = Ai(2 cos 0 — 1), 

iT sin 0 = Ai (cos 0 — 1 ), 
sin s0 — sin s 


Ag Ai ■ 


sin 0 


10 


sin s0 


A, + A+...A,^Ari^^. 

y A n . A A . sin 710 

^ {An 4" -Bfi) — Ai 4* ••• An Ai • 


The condition 0 = 4 - 5n is satisfied if n0 = r 7 r, where r is an integer. 

In the limit when n = 00 this condition becomes 
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<and this is exactly the condition which must L'e satisfied in order that the 
differential equation ^ 2 ^ 




-f Ic^y = 0 


.(B) 


may possess a non -trivial solution which satisfies the boundary conditions 
y = 0 when x = 0 and when x ^ I, The general solution of this equation is, 

in fact, y — P cos kx Q sin kx, 

where P and Q are arbitrary constants. To make y = 0 when a: = 0 we 
choose P = 0. The condition y = 0 when a: = 1 is then satisfied with Q 0 
only if sin k ^ 0, i.e. if k — rir. 

The exceptional values of P of type (rTr)^ are called by the Germans 
“ Eigenwerte” of the differential equation (B) and the prescribed boundary 
conditions. A non-trivial solution Q sin {kx) which satisfies the boundary 
conditions is called an “Eigenfunktion.’’ These words are now being used 
in the English language and will be needed frequently in this book. To 
save printing we shall make use of the abbreviation eit for Eigenwert and 
eif for Eigenfunktion. The conventional English equivalent for Eigenwert 
is characteristic or. proper value and for Eigenfunktion proper function. 

The theorem which has just been discussed tells us that the differential 
equation (B) and the prescribed boundary conditions have an infinite 
number of real eits which are all simple inasmuch as there is only one type 
of eif for each eit. The eits are, moreover, all positive. 


The quantities kr^ = (2n sin 


may be regarded as eits of the differential equation d^yjdx^ = 0 and the 
preceding set of boundary conditions. These eits are also positive, and in 
the limit n-^co they tend towards eits of the differential equation (B) and 
the associated boundary conditions. The solution y corresponding to k is, 
for s — I < nx< s, 


y ^ Ai cosec 


\ / . STTT 

j sin 


1 . rTT 


n 


1 . srjT 
- sin — 
n n 


•(C) 


and it is interesting to study the behaviour of this function as -> 00 to see 
if the function tends to the limit 


^sin(r7ra:). 
riT ' 


Let us write Aq = cosec , 

^0 (x) = sin (r-rrx), (x) = sin (r-nx), 


and let us use F (rr) to denote the function (C) which represents a pol 3 ^gon 
with straight sides inscribed in the curve y = Pq (^)* 



A Passage to the Limit 7 

The closeness of the approximation of F {x) to {x) can be inferred 
from the uniform continuity of Fq (x). 

Given any small quantity € we can find a number n (e) such that for 
any number n greater than n (c) we have the inequality 




< € 


for any point x in the interval s — I < nx < s and for any value of s in the 
set 1, 2, 3, ... n. In particular 




n 

) " \nl 


< €. 


Now F (x) = Fq j (s — nx) 


Therefore 

On the other hand 


F (x) - Fq (x) \ < e + €. 


{s — l<nx< s). 


Fo(^) 


\Fq{x)~F,(x). 

Therefore < 

\F{x)^ F, (x) \<2e + A, 


1 - 

n . 

friA 

sin 

— 

_ 

rrr 



rn rn 

— cosec 1 

n n 


riT riT - 

-cosec 1 

n n 


But when € is given we can also choose a number m (e) such that for 
n> m{€) we have the inequality 



rrr riT 

— cosec 1 



n n 



< c. 

Consequently, by choosing n greater than the greater of the two 
quantities n (e) and m (c), if they are not equal, we shall have 

[ (a:) - F^ {x) I < 36. 

This inequality shows that as w -> oo, (x) tends uniformly to the limit 
Fi (x). 

This method of obtaining a solution of the equation 

from a solution of the simpler equation d'^yjdx^ = 0 by a limiting process, 
can be extended so as to' give solutions of other differential equations and 
specified boundary conditions, but the question of convergence must always 
be carefully considered. 

§ 1‘15. Fourier's theorem. It seems very natural to try to find a solution 
of the equation ^ 2 ^ 


dx^ 


+ f{x) = 0, 


and a prescribed set of supplementary conditions by expanding f (x) in a, 
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series of solutions of ^ ^ 0 and the prescribed supplementary con- 
ditions, because if f (x) ^ llb^siunx (A) 

the differential equation is formally satisfied by the series 

sin nx 


2 /= 




and if the original series is uniformly convergent the two differentiations 
term by term of the last series can be justified. When the function / (a;) 
is continuous it is not necessary to postulate uniform convergence because 
Lusin has proved that if the series (A) converge at all points of an interval 
/ to the values of a continuous function / {x) then the series (A) is integrable 
term by term in the interval /. Unfortunately it has not been proved that 
an arbitrary continuous function can be expanded in a trigonometrical 
series. Indeed, we are faced with the question of the possibility of expanding 
a given function / {x) in a trigonometrical series of type (A). This question 
is usually made more definite by stipulating the range of values of x for 
which the representation of / (x) is required and the type of function / (x) 
to which the discussion will be limited. A mathematician who starts out 
to find an expansion theorem for a perfectly arbitrary function will find 
after mature consideration that the programme is too ambitious**, as there 
are functions with very peculiar properties which make trouble for the 
mathematician who seeks complete generality. It is astonishing, however, 
that a function represented by a trigonometrical series is not of an exceed- 
ingly restricted type but has a wide degree of generality, and after the 
discussions of the subject by the great mathematicians of the eighteenth 
century it came as a great surprise when Fourier pointed out that a 
trigonometrical series could represent a function with a discontinuous 
derivative, and even a discontinuous function if a certain convention were 
adopted with regard to the value at a point of discontinuity. In Fourier’s 
work the coefficients were derived by a certain rule now called Fourier’s 
rule, though indications of it are to be found in the writings of Clairaut, 
Euler and d’Alembert. In the C6ise of the sine-series the rule is that 

2 f"’ 

- f{x) sin nxdx, 

'fr Jo 

and the range in which the representation is required is that of the interval 
(0 < X < tt). When the range is (0 < x < 27 t) and the complete trigono- 
metrical series » « 

/ (x) = ioo -f 2 an cos nx 

n-l 

00 

-f- 2 6n sin nx 

n-l 

♦ For the history of the subject see Hobson’s Theory of Functions of a Real Variable and Burk* 
hardt’s Report, Jahresbericht der Deutschen Math. Verein, vol. x (1908). 
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is to be used for the representation, Fourier’s rule takes the form 

1 

= - f {x) cos nxdx, 

TT Jo 

1 

= - f(x) sin nx dx, (B) 

77 jo 

and the coefficients called the Fourier constants of the function 

/(*)• 

Unless otherwise stated the symbol / (x) will be used to denote a function 
which is single-valued and bounded in the interval ( 0 , 27 r) and defined out- 
side this interval by the equation f (x 2 tt) = f (x). 

For some purposes it is more convenient to use the range (— tt < < 77) 

and the variable u = 27 t — x. If / (a:) = F (u) the coefficients in the ex- 
pansion of F (u) in a trigonometrical series of Fourier^s type are given by 
formulae exactly analogous to (B) except that the Hmits are — tt and tt 
instead of 0 and 277. 

The advantage of using the interval (—77, tt) instead of the interval 
( 0 , 277) is that if F {u) is an odd function of u, i.e. F {— u) — — F (w), the 
coefficients are all zero, and if F {u) is an even function of u, i.e. if 
F (— u) = F (u), the coefficients 6 ^ ^re all zero. In one case the series 
becomes a sine-seiies and in the other case a cosine-series. 

The possibility of the expansion of / (x) in a Fourier series is usually 
established for a fimction of limited variation*'', that is a function such that 
the sum 

s I / (x,+i) - / (a;,) I 

is bounded and < N, say, for all sets of points of subdivision Xi, X2, ... Xn_i 
dividing the interval ( 0 , 277) up into n parts and for all finite integral values 
of n. Such a function is also called a function of limited total fluctuation 
and a function of bounded variation. 

In addition to this restriction on / (x) it is also supposed that the 
integrals in the expressions for the coefficients exist in the ordinary sensef. 
In the case when the integral representing a„ is an improper integral it is 
assumed that the integral 

r If (X) I dx (C) 

Jo 

is convergent. If x is any interior point of the interval ( 0 , 277) it can be 
shown that when the foregoing conditions are satisfied the series is con- 
vergent and its sum is ^ * 

lim i [f(x + €)+f{x-- €)] 

e 

♦ Whittaker and Watson’s Modem Analysis, 3rd ed. p. 175. 

f That is, in the Riemann sense. There are corresponding theorems for the cases in which other 
definitions of integral (such as those of Stieltjes and Lebesgue) are used. 
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when the limits otf(x± c) exist, i.e. with a convenient notation 
H/ + 0) + / (x - 0)] - 7 (x), say. 

When the function f (x) is continuous in an interval (a < x < ^) con- 
tained in the interval (0, 27r), is of limited variation in the last interval and 
the other conditions relating to the coefficients are satisfied, it can be 
shown * that the series is uniformly convergent for all values of x for which 
« -f S < :r : ^ — 8, where 8 is any positive number independent of x. 

When the conditions of continuity and limited variation are dropped 
and the function / (x) is subject only to the conditions relating to the 
existence of the integrals in the formulae for the coefficients and the 
convergence of the integral (C), there is a theorem due to Fejer, which 
states thatf 

f(x) = lim ^ {Ao + Si (a;) + S^ (x) + ... S,„_i (x)}, 

m 

where Aq = |ao, {x) = a„ cos nx -f sin nx, ^ 2 A^ (^). 

n “ 0 

This means that the series is summable in the Cesaro sense by the simple 
method of averaging which is usually denoted by the symbol ((7, 1). 

This is a theorem of great generality which can be used in applied 
mathematics in place of Fourier's theorem. It is assumed, of course, that 
the limits 

lim f {x + ^ f {x 0), lim f {x ~ €) = f (x - 0) 

t 0 e 0 

exist J. 

§ 1*16. Cesaro' s method of summation^. Let 

+ Ur,, 

— ^1 -f ^2 + ... + 
then, if -> aS as 71 -> 00 , the infinite series 

00 

2 (1) 

n=l 

is said to be summable ((7, 1) with a Cesaro sum S. 

For consistency of the definition of a sum it must be shown that when 
the series (1) converges to a sum s, we have s = S. To do this we choose 
a positive integer n, such that 

I ^n+p I (2) 

for all positive integral values of p. This is certainly possible when s exists 
and we have in the limit 

h - «n I < e- (3) 

♦ Whittaker and Watson, Modern Analysis, 3rd ed. p. 179. 
t Ibid. p. 169. 

t When / (ar + 0) = / (a: - 0) this implies that / (a:) is continuous at the point x. 

§ Bull, des Sciences Math. (2), t, xiv, p. 114 (1890). See also Bromwich’s Infinite Series. 
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Now let V be an integer greater than n and let be defined by the 

equation ^ , 

(4) 

then -f + ... 4- c^Uy. (5) 

But Cj > Cg > ... > > 0, hence it follows from (2) that 

I ^n-fl^n+l 4“ ^n+2^n+2 'f' 4- I < 

i.e. I - (qiij, 4- -f ... 4- c^u^) [ < ec„+i. 

Making v -> co we see that if S be any limit of 

\S~s,,\ <€. (G) 

Combining (3) and (6) we find that 

I aS' — 5 I < 2e. 

Since e is an arbitrary small positive quantity it follows that S = s and 
so the sequence has only one limit s. 

§ 1-17. Fejers theorem. Let us now write Aq, 71^^^ = (x’), then, 

by using the expressions for the cosines as sums of exponentials, it is readily 
found that* , , -on 

S„w - ‘ (A) 

where 2^ = \ x — t\. Now the integrand is a periodic function of t of 
2/7, cunsequently we may also write 

1 sin^mO . 

S^{x) = -- r~-7r f(t)dt 

^ ' 277 ■' 

kurthermore, since 

= //, + 2 (w - 1) cos 20 + 2 (m - 2) cos 40 + ... + 2 cos 2 (m - 1) 0 

sia-^ 

it \*s readily seen that - . + 

Jo msin^^ 

I Writing {6) ^ f(x +26)+ f(x- 26) - 2/ (x), 

and making use of the last equation, we find that 

>' «. w -7 

^ ^ ^ ^ 77- Jo m sm^ Q TX \ , 

w lere <t)^ (0) -> 0 as 0 -> 0. 

Ifow if e is any small positive quantity we can choose a number 8 
that , , , 


^ The details of the analysis are given in Whittaker and Watson’s Modern Analysis. 
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whenever 0 < 0 < 8, and if € is independent of m the number S may be 
regarded as independent of m. 

Writing for brevity 


sin^ md = m sin^ OP {6), tt = 2a 
and noting that P (6) is never negative, we have 

I p (0) <!>, (0) do < rp(0)| P(e)\<t>A0)\d9 

I Jo Jo Js 

Let us now suppose that | \ f (t) \ dt exists, then 

J —n 

r I (6) I de 

Jo 

also exists, and by choosing a sufficiently large value of m we can make 


< 6 


< e 


aem sin^ S > 


r I ^ ( 0 ) 

Jo 


dO. 


This makes the second integral on the right of (B) less than ae, which 
is also the value of the first integral. Therefore 

\ 8r^{x) -J (x)\ <2ail'n = (-, 
consequently (x) -> / (a:) as w -> oo. 


When / (x) is continumis throughout the interval {— tt < x < tt) alll .i 
foregoing requirements are satisfied and in addition f (x) = f (a;) ; co 
quently, in this case, Sn (a;) -> f (x), and this is true for each point c 
the interval. i . ( 

This celebrated theorem was discovered by Fejer*. The conditional oJ 
the theorem are certainly satisfied when the range (— tt < x < tt) Cjanpbe 
divided up into a finite number of parts in each of which / (x) is bo J«ded 
and continuous. Such a function is said to be continuous bit by bit 
(Stiickweise stetig); the Cesaro sum for the Fourier series is then /(a:) at 
any point of the range, / (a:) and / (x) being the same except at the points 
of subdivision. 


§ 1*18. ParsevaVs theorem. Let the function / (x) be continuous bit by 
bit in the interval (— tt, tt) and let its Fourier constants be a„, 6„ ; it will 
then be shown that 

[/ (^)]* dx=7T j (A) 

♦ Math. Ann. Bd. LViii, S. 61 (1904). 
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We shall find it convenient to sum the series (A) by the Ces^iro method’" 
This will give the correct value for the sum because the inequality 


f [/ dx - 7T JUo 

J —IT L 


to* + S (a„2 + 6- 


n*l 


, 2\ 
n / 


I |V (^) 


m 

S An (x) 

n-1 


dx > 0 


indicates that the series is convergent. 

To find the sum (C, 1) we have to find the limit of where, by a simple 
extension of 1*17 (A), 

29 being equal to | a; — ^ | . 

Since the region of integration can be divided up into a finite number 
of parts in each of which the integrand is a continuous function of x and t, 
the double integral exists and can be transformed into a repeated integral 
in which x and 9 are the new independent variables. The region for which 
9 lies between 9q and 9q + d9, while x lies between Xq and Xq + dx consists 
of two equal partsf ; sometimes two, sometimes one and sometimes none 
of these parts lie within the region of integration. When this is taken 
into consideration the correct formula for the transformation of the 
integral is found to be 




_ 1 
27r Jo 


P (9) d9 


— fir 

f (x + 20) dx + j f (x) f (x - 20) dx 

— TT J 2^ — TT 

(B) 


In the derivation of this result Fig. 1 will 
be found to be helpful. The lines -tt 

are those on which 9 has an assigned 
value, while N 1 N 2 , are lines on which 9 
has a different assigned value. It will be — 
noticed that a line parallel to the axis of t 
meets either once or twice, while 

it meets either once or not at all. 

Applying the theorem of § 1*17 to (B) we 
get 1- 

lim Sm = f f{x)f(x)dx, 

m->oo J —rr 

and when / (x) is defined to be / (x) this result gives (A). 


77^26 


/Ns 

/Ms 

M3/ 

JV3/ 


X 


TT 


* This is the plan adopted in Whittaker and Watson’s Modern Analysis, p. 181. The present 
proof, however, differs from that given in Modern Analysis, which is for the case in which / (x) is 
bounded and integrable. 

t It will be noted that the Jacobian of the transformation has a modulus equal to two. 
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The theorem (A) was first proved by Liapounoff*; the present investi- 
gation is a modification of that given by Hurwitz’j*. 

Now let F (x) be a second function which is continuous bit by bit in 
the interval — tt < x < n and let be its Fourier constants. Applying 

the foregoing theorem to F (x) -f / (x) and F (x) — f (x), we obtain 

r [F (X) + / {x)Y dx^nll {A, -f a,y + S {(A, + ^ 1 ^ 

J ’-n [_ n=l 

r [i?’ (x) - f (x)f dx = TT h (^0 - ««)' + S {{A„ - aj^ + {B„ - b,.V} 

J —n [_ n — 1 / 

Subtracting, we obtain the important formula 

n r 00 

/ (x) F (x) dx = TT ^ {A„a„ + B„b„) , 

—n L n~l 

which is usually called ParsevaFs theorem, though ParsevaFs derivation 
of the formula was to some extent unsatisfactory. 

In the modern theory, when Lebesgue integrals are used, the theorem 
is usually established for the case in which the functions / (a;), F (x), 
[f (^)J^ [F (:r)]2 are integrable in the sense of Lebesgue. There is also 
a converse theorem which states that when the series (A) converges there 
is a function / (x) with and as Fourier constants which is such that 
[/ (^)]^ is integrable and equal to the sum of the series. This theorem was 
first proved by Riesz and Fischer. Several proofs of the theorem are given 
in a paper by W. H. Young and Grace Chisholm Young J. The theorem has 
also been extended by W. H. Young§, the complete theorem being also 
ans> extension of ParsevaFs theorem. A general form of ParsevaFs theorem 
has been used to justify the integration term by term of the product of a 
function and a Fourier series. 


ADDITIONAL RESULTS 

1. If the functions f (x)^ F {x) are integrable in the sense of Lebesgue, and [f(x)]^y 
[F (x)]2 are also integrable in the same sense, then|| 

1 /*Tr 00 00 

/ f(t -^x)F {t)dt = 2 (a^A^ ^ h^B^) cos nx ~ 2 h^A^) smnx. 

TT J —jr n — 1 


2. If / (a:) is a periodic function of period 27r which is integrable in the sense of Lebesgue, 
and if gr (a;) is a function of bounded variation which is such that the integral 



* Comptes Rendus, t. cxxvi, p. 1024 (1898). 
t Matfi. Ann. Bd. Lvii, S. 429 (1903). 
t Quarterly Journal, vol. XLiv^ p. 49 (1913). 

^ Comptes Rendus, t. clv, pp. 30, 472 (1912); Proc. Roy. Soc. London, A, vol. Lxxxvir, p. 331 
(1912); Proc. London Math. Soc. (2), vol. xii, p. 71 (1912). See also F. Hausdorff, Math. Zeits. 
Bd. XVI, S. 163 (1923). 

II W. H. Young, Comptes Rendus, t. clv, p. 30 (1912); Proc. Roy. Soc. London, A, vol. 
Lxxxvii, p. 331 (1912). 
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is convergent, then the value of the integral 


/ f(x)g(x)dx 
J 0 

may be calculated by replacing / (x) by its Fourier series and integrating formally term by 
term. In particular, the theorem is true for a positive function g (x) which decreases steadily 
as X increases and is such that the first integral is convergent. 

[W. H. Young, Proc. London Math. Soc. (2), vol. ix, pp. 449, 463 (1910); vol. xiii, p. 109 
(l913); Proc. Roy. ISoc. A, vol. xxxv, p. 14 (1911). G. H. Hardy, J/ ess. of Math. vol. li, 
p. 186 (1922).] 

§ 1 * 19 . The expansion of the integral of a bounded function which is 
continuous bit by bit. If in Parseval’s theorem we put 

F (;x) ^ — 7T < X < z, F (a;) = 0, z < X < TT, 


we have A 


0 = - F (x) dx = ~ dx == 

. — TT — n 


z rr 


cos nx.dx = fsin nz\ 

7rj_„ rni 

- 1 sin nx.dx - I cos utt — cos nz\, 

niT^ 


and we have the result that 


/ (x) dx = \a^^ ( 2 : + 77) + 2 - [cin sin nz 4- b^ (cos nir — cos ^^ 2 )]. 

r n=l 


Now the function ha^^z can be expanded in the Fourier series 

CX) I 

— a^ Ih cos mr sin nZy 
«= 1 

hence the integral, on the left of (A) can be expanded in a convergent 
trigonometrical series. To show that this is the Fourier series of the 
function we must calculate the Fourier constants. 

I 1 f”" 

Now ~ sin nzdz f (x) dx = cos mr f {x) dx 

7T j j — TT j —n 

1 dz . , . ttn a^) 

H ~ f (^) cos 712 = cos UTT, 

77 n n 


cos nz dz f (x) dx 


UTT 


dz sin nz f ( 2 ) 


ij rfzj f (x)dx = (x)dx - zf(z)t 


oj 2 

tto,, + S - bn COS nw, 
« = 1 • 
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by Parseval’s theorem. Hence the coefficients are precisely the Fourier 
constants and so the integral of a function which is continuous bit by bit 
can be expanded in a Fourier series. This means that a continuous periodic 
function with a derivative continuous bit by bit can be expanded in a 
Fourier series. 

Proofs of this theorem differing from that in the text are given by 
Hilbert-Courant, Methoden der Mathematischen Physik, Bd. i (1924), and 
by M. G. Carman, Bull. Amer. Math. Soc. vol. xxx, p. 410 (1924). 

It should be noticed that equation (A) shows that when / (x) can be 
expanded in a Fourier series this series can be integrated term by term. 
A more general theorem of this type is proved by E. W. Hobson, Journ. 
London Math. Soc. vol. ri, p. 164 (1927). 

Fourier’s theorem may be extended to functions which become infinite 
in certain ways in the interval (0, 27 t). When the number of singularities is 
limited the singularities may be removed one by one by subtracting from 
/ (x) a simple function h^ (x) with a singularity of the same type. This 
process is continued until we arrive at a function 

g{x)=f {x) - i: h, {x) 

S'--l 

which does not become infinite in the interval (0, 277 ). The problem then 
reduces to the discussion of the Fourier series associated with each of the 
functions h^ (a:). 

§ 1*21. The bending of a beam. We shall now consider some boundary 
problems for the differential equation d'^yjdx'^ = 0, which is the natural one 
to consider after d^yjdx^ = 0 from the historical standpoint and on account 
of the variety of boundary conditions suggested by mechanical problems. 

The quantity y will be regarded here as the deflection from the equi- 
librium position of the central axis of a long beam at a point Q whose 
distance from one end is x. The beam will be assumed to have the same 
cross-section at all points of its length and to be of uniform material, also 
the deflection at each point will be regarded as small. The physical pro- 
perties of the beam needed for the simple theory of flexure are then 
represented simply by the value of a certain quantity B which is called 
the flexural rigidity and which may be calculated when the form of the 
cross-section and the elasticity of the material of the beam are known. 
We are not interested at this stage in the calculation of B and shall conse- 
quently assume that the value of B for a given beam is known. The funda- 
mental hypothesis on which, the theory is based is that when the beam is 
bent by external forces there is at each point x of the central axis a resisting 
couple proportional to the curvature of the beam which just balances the 
bending moment introduced by the external forces. When the flexure 
takes place in the plane of xy this resisting couple has a moment which 
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can be set equal to Bd^jdx^ and the fundamental equation for the bending 
moment is ^ Bd^jdxK 

The origin of the bending moment will 
be better understood when it is remarked 
that the bending moment M is associated 
with a transverse shearing force 8 by the 
equation 

-8=^ dMjdx. 

When the beam is so light that its 
weight may be disregarded, this shearing force 8 is constant along any 
portion of the beam that does not contain a point of support or point of 
attachment of a weight. If we have a simple cantilever OA built into a 
wall at O and carrying a weight W at the point B the shearing force 8 is 
zero from AtoB and is W from B to O, 
while M is zero from A to B and equal 
to Wx between B and 0. At the point 
0 the fact that the beam is built in or 
clamped implies that y== 0 and dyjdx = 0, 
consequently the equation 

Bd^yjdx^ = — Wx + Wb 
gives y — — Wx^j^B + Wbx'^j^B. 

This holds for x < b. For x > 6 the differential equation for y is 

Bd^yjdx^ = 0 , 


O 


B 


W 


(Z — 

Fig. 3. 


and so y — mx + c. 

The quantities y and dyjdx are supposed to be continuous at B and so 
we have the equations 

-f c = Wb^jZB, m = Wb'^jlB 

which give c = — Wb^jQB, The deflection of B is Wb^j^^B and is seen to be 
proportional to the force W , The deflection of A is also proportional to W. 


§ 1*22. Let us next consider the deflection of a beam of length I which 
is clamped at both ends a: = 0, x = I and which carries a concentrated 
load W at the point x ^ 

We have the equations 

x< i x> ^ 

8^T+ W, 8 say, 

— M={T-{-W)x + N=~ Bd^yjdx^, — M ^ Tx = — Bd'^yjdx^, 

\{T W)x^ + Nx=^ - Bdyjdx, iTx^ - \Tl^ 

+ (Wi -h N) (x — 1) — — Bdyjdx, 
iT (x^ - Z3) _ (x - /) 

+ N) (X ^ - By, 


i{T+W)x^-{- iNx^ = ~ By, 
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where T and N are constants to be determined. M has been made con- 
tinuous at a: = but we have still to make y and dyjdx continuous. This 
gives the equations 

Tl^) = Wl^ + Nl, 

i + Tl^) = w + T)V^^+ \Nl (2f -l)+ W^H. 
Therefore Tl^ = Ifp (2^ - Zl), PN = {2^1 -P - 

By=- gjg Wx^ {I - [x {I + 2^) - 3il] x< ^ 

= - ^3 (I - xy [i {I + 2x) - 3x1] x>i. 

This solution will be written in the form By — Wg {x, and the 
function g {x, i) will be called a Green’s function for the differential ex- 
pression d^yjdx^ and the prescribed boundary conditions. 

If By=^-\g (x, i) tv ($) d^ 

J 0 

it is found on differentiation that y is a solution of the differential equation 

the function w (x) being supposed to be continuous in the range (0, 1). 
Thi^ solution corresponds to the case of a distributed load of amount wdx 
for a length dx. -When w is independent of x the expression found for y is 

By = ^^x^l- x)\ 

It should be noticed that the Green’s function g (x, f) is a symmetrical 
function of x and y, its first two derivatives are continuous at x = but 
the third derivative is discontinuous, in fact 

The reactions at the ends of the clamped beam with concentrated load 
are found by calculating the shear S, When x < ^ we have 

W (I 2^)//^ 

and this is equal in magnitude to the reaction at x = 0. The reaction at 
x = lia similarly i? = If (3f - 2^) ^/l^. 

The deflection of the point a; == ^ is 

= we {I - 

when ^ this amounts* to lFP/1925. 

In the case of the uniformly loaded beam the reactions at the ends are 
respectively \ W and | IT as we should expect. The deflection of the middle 
point is 
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§ 1‘23. When the beam is pin -jointed at both ends, M is zero there and 
the boundary conditions are 

y = 0, d^y/dx^ = 0 for a; = 0 and x = a. 

When there is a concentrated load W at x = ^ and the beam is of 
neghgible weight, the solution is By = Wk (x, ^), where 

k (x, i) = X {a — i) (x^ -h - 2ai)l6a x< ^ 

— ^ (a — x) (x^ + — 2ax)l6a x > 

The reactions at the supports are 

J?o = W (1 — ^/a) at a; == 0, 

Ba = W$/a at X = a. 

As before, the deflection corresponding to a distributed load of density 
w (x) is 

By ^ k {x, f ) w (i) d^, 

and when w is constant 

By = w {x^ — 2ax^ -h a^x)l24. 

The reactions at the supports are in this case 

^o=Y at x = 0, 


Ba — 


wa 

2 


at a: = a. 


In the case of a beam of length I clamped at the end a: = 0 and pin- 
jointed at the end x I, the solution for the case of a concentrated load 
W at a: = ^ is 

l2Bl^y = Wx^ (I - i) [(^2 _ 2^1 - 2P) (x - SI) - 6^^] x< 

- [(^2 _ 2x1 - 21^) - SI) - X > f 

The deflection at x = ^ is now 

y ^ (I - ^)2 (41 - i)/l2Bl^ = 7Wl^/ieSB 
when ^ = i/2, and the reaction at x == i is 

R = ( 3 ^ _ 

If, on the other hand, we consider a beam which is clamped at the end 
X == 0 but is free at the end x = i except for a concentrated load P which 
acts there, we have, at the point x = 


while at the point x = ^ 


By^ = (SI - i)/6, 
By, = PP/S. 


(I) 


Hence 


li=Wy,ly,. 


If the original beam is acted on by a number of loads of type W we 
have, for the reaction at the end x == i, 


yiE= 
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On account of this relation the curve (I) is called the “influence line” 
of the original beam. Much use is made now of influence lines in the theory 
of structures*. 

There are three reciprocal theorems analogous to gr (a;, ^ g x) 

which are fundamental in the theory of influence hnes. These theorems, 
which are due to Maxwell and Lord Rayleigh, may be stated as follows : 

Consider any elastic structure with ends fixed or hinged, or with one 
end fixed and the other hinged, to an immovable support, then 

(1) The displacement at any point A due to a load P applied at any 
point B is equal to the displacement at B due to the same load P placed 
at A instead of B. 

(2) If the displacement at any point A is prevented by a load P at 
A with displacement at B under a load Q, and alternatively if a load 

at B prevents displacement at B with displacement yA at A under a 
load P, then \i yA — yn, P must equal . 

(3) If a force Q acts at any point B producing displacements yn at 
B and yA at any other point A, and if a second force P is caused to act at 
A but in the opposite direction to Q reducing the displacement at B to 
zero, then QjP = tjAlya . 

In these three relationships it is supposed that the displacements are 
in the directions of the acting forces. 

Proofs of these relations and some apphcations will be found in a paper 
by C. E. Larard, Engineering, p. 287 (1923). 

§ 1-24. Let us next consider a continuous beam with supports dbt A, B 
and C, The bending moment M at any point in AB or BC is the sum of 
bending moment of a beam which is pin-jointed at ABC and of the 
moment ikfg caused by the fixing moments at the supports. Let us take B 
as origin and let Zg denote the length BG. 

For a beam which is pin -jointed at B and C we have 

= \w (I 2 X — x'^), 

while for a weightless beam with fixing moments Mb, Me at B and C 
respectively, we have 

M2 - Mb - (Me - Mb) x/Zg. 

Hence M = B 2 d^yldx^ = \W 2 I 2 X — ~ Mb — (Me — Mb) 

Integrating, we have 

B2dyldx = iw2l2X^ — W2X^I6 — MbX — x^ (Me — Mb)I^12 — 
where in is the value of dyfdx at a: = 0. Integrating again, 

BiV = 1021^x^112 — W 2 X*j 24 : — x^MbI 2 — a:* {Me — Mb)I& 12 — BiiBX. 

When a: = Zj, y = - jr^, say 

= JwjZj* — 2Mb12 — il/cZj + 6lz~^y2- 

* See especially Spofford, Theory of Structvre-^; D. B. Steinman, Engineering Record (1916); 
G. E. Beggs, International Engineering ^ May (1922). 
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Similarly, by considering the span BA, taking B again as origin, but 
in this case taking x as positive when measured to the left, 

— — ^MbIi — Mjili 

Eliminating Ib we obtain the equation 


B^li {Ma 4- 2Mb) + B 1 I 2 {Me 4- ^Mb) ~ J {Wil^B^ 4- 

4- 6 (52^1 “^2/1 + 

This is the celebrated equation of three moments which was given in 
a simpler form by Clapeyron* and subsequently extended for the general 
case by Heppelt, Weyrauchf, Webb§ and others||. 

The reaction at B is the sum of the shears on the two sides of B and is 
therefore 


p '^2^2 I Mb 

Bb- o + 


Me 


Mb - 

2 I, 


Ma 


Similarly for the other supports. 


§ 1-25. When a light beam or thin rod originally in a vertical position 
is acted upon by compressive forces P at its ends (Fig. 4) 
the equation for the bending moment is 
M = Bd^yjdx^ == — Py, 
or dhj/dx^ 4- khj = 0, 

where — PIB; 

and if y = 0 when x = 0 and when x = a, the solution is 
y = ^ sin kx, where sin = 0 or ^ = 0. 

If ak < TT, the analysis indicates that ^ = 0. A solution 
with becomes possible when ak — n. The corresponding 
load P == BiT^la'^ is called Euler’s critical load for a rod pinned 
at its ends. When P is given there is a corresponding critical 
length a - P^/BK. 

To obtain these critical values experimentally great care 
must be taken to eliminate initial curvature of the rod and 
bad centering of the loads. The formula of Euler has been confirmed by 
the experiments of Robertson. In general practice, however, the crippling 
load Pc is found to be less than the critical load Pq given by Euler’s formula, 
and many formulae for struts have been proposed. For these reference 
must be made to books on Elasticity and the Strength of Materials. 

In the case of a strut clamped at both ends there is an unknown couple 
Mq acting at each end. The equation is now 

Bd^yjdx^ 4- Py = 

* E. Clapeyron, Complea Reiidus, t. xlv, p. 1076 (1857). 
t J. M. Heppel, Proc, Inst. Civil Engineers, vol. xix, p. 625 (1859-60). 
t Weyrauch, Theorie der continuierlichen Trdger, pp. 8-9. 

§ R. R. Wobb, Proc. Camb. Phil. Soc. vol. vi (1886). (Case Bi 4= R* ) 

II M. L6vy, Statique graphique, t. n (Paris, 1886). (Case 4= 0, 



0 t 


Fig. 4. 
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and the solution is of type 

Py=M, -f a cos kx P sin kx. 

The boundary conditions y = 0, dyjdx = 0 at a: = a and x = 0 give 
^ = 0, a == — Mq, Mq sin ka == 0, (1 — cos ka) = 0. 

Hence either = 0 or sin {kaj^) = 0. The critical load is now given by 
the equation ka = 27t and is Pq = 

When the load P reaches the critical value the rod begins to buckle, and 
for a discussion of the equilibrium for a load greater than Pq a theory of 
curved rods is needed. 

In the case of a heavy horizontal beam of weight w per unit length and 
under the influence of longitudinal forces p at its ends, the equation 
satisfied by the bending moment M is 


d^M 


where k^ = PjB. 

If J/ = Mq when x ^ 0 and M = when x = a, the solution of the 
differential equation is 


— sin ka = sin k{a — x) sin kx. 


Let us assume that Mq and are both positive and write 
2w 


Ti/r 

^0 = Sin* B, 


M,- 




sin^c^, kx — a, k{a — x) = p, ka = a-h^. 


The equation which determines the points of zero bending moment 
(points of inflexion) is 

sin (a 4- jS) = cos 29 . sin j8 -f cos 2(f) . sin a. 

We shall show that if a and ^ are both positive this equation implies that 
cK-f j3> 2 {6 -{- (f)) and so determines a certain minimum length which must 
not be exceeded if there are to be two real points of inflexion. 

Let us regard 9 and cf) as variable quantities connected by the last 
equation and ask when 9 + cf) is a. maximum. Writing z = 9 (f) we have 


d9~ 


dH 

~d9^' 


0 = sin 29 sin P + sin 2(f) sin a 


d<f> 

d9^ 


_ 2 sin j8 

d9^ sin a sin^ 2(f) 


cos 29 sin 2(f) — sin 29 cos 2(f) 


dcf) 

d9 


When 29 = a, we have 2(f> = jS, and these values of 9 and cf) give a zero 
dz d^z 

value of ^ and a negative value of ^ , they therefore give us a maximum 

value of 2 , and so for ordinary values of 9 and (f) we have the inequality 

2 (0 + <^) < a -f- 
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The position of the points of inflexion is of some practical interest 
because, in the first place, A. R. Low* has pointed out that instability is 
determined by the usual Eulerian formula for a pin- jointed strut of a length 
equal to the distance between the points of inflexion, if the^e lie on the 
beam, and secondly, if any splicing is to be done, the flanges should be 
spliced at one of the points where the bending moment is zerof. 

When P is negative and so represents a pull we may put 
and the solution is 

(-^2 ~ sinhpa = + 31^ sinh^ (i - x) + sinh 

If we write 

2 2 ho 

-3^0 " ^2 sinh- d. Ml ^ sinh^ cf>, px = a, p(a- x) = pa = a + /3, 
P P 

a value of x for which ilf = 0 is determined by the equation 
sinh (« + j8) = cosh 26 sinh ^ + cosh 2^ sinh a. 

This equation implies that 

a + 2(6 + cf>). 

For a continuous beam acted on by longitudinal forces at the points of 
support there is an equation analogous to the equation of three moments 
which is obtained by a method similar to that used in obtaining the ordinary 
equation of three moments. We give only an outline of the analysis. 

Case 1. BC -= b, 2^ = bk, = ?/b = yc = 0, 

(PM 

^^*2 + k^M = W2, 31 = M„, X = 0, M = Me, x = b. 


Therefore 


Mr — 3^j) sin kz Mq^ Mb cos kz W 2 / . cosA; 2 \ 

' 2 sin ^ ' 2 ' cos^ P \ ^ ~ cos^B )’ ^ ~ 


- 622 / = 


Mb — Me sin kz Mb -h Me cos kz , w ( cos kz 


cos kz^ 
cos p J 


2k‘^ sin j3 2A;^ cos j8 k* \ cos jS 




-f X + ih — a:) 

bk^ bk^^^ 


^ y \ == (o p __ 1 \ o I ^2 


cot ^ — 1) 






where / / (jS) 


3 2j3^osec 2)3—1 


, cf>W) 


_ 3 1 - 2^ c ot 2)8 


* AeronauticalJourimly vol. xvin, p. 144 (April, 1914). See also J. Perry, Phil. Mag. (March. 
1892); A. Morley, ibid. (June, 1908); L. N. G. Filon, AeronautirSy p. 282 (Sept. 1919). 
t H. Booth, Aeronautical Journaly vol. xxiv, p. 563 (1920). 
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There is a corresponding equation for the bay BA which is of length a, 
if = Pi/Bi , 2a = ah, the equation of three moments has the form 

“I--' ^ (a) + y <« j = ■;;^/ (<.) + •P («. 

Case 2. P < 0. The corresponding equations are 

h^==-P^IB^, 2a = ah, 2^ = bk, 

aJ^A x;i / \ I bM^f] Tn t r,\ , c\ -n/r f^^/vi b 




f («). 


3 1 — 2a cosech 2a 


(D(«): 


3 2a coth 2a — 1 

4 ^a* 




The functions / (a), P (a), etc., have been tabulated by Berry* who has 
also given a complete exposition of the analysis. These equations are much 
used in the design of airplanes built of wood. 


EXAMPLES 

1. Find the crippling load for a rod which is clamp(>d at one end and pinned at the other. 

2. Prove that jn the case of a uniform light beam of length a with a concentrated load 


W at z = i the solution can be written in the form 


2lVa ( . TtX . 1 . 27 rX . 2 n^ 

sm — sm h Kn sin — sm + .. 

a a 2^ a a 


2Wa^ /. TTX , 7r$ 1 . 2773 ; . 277 ^ 

y ~ 4 I sm — sm - -f sm - sin - -f 

^ \ a a 2* a a 




when the beam is pinned at both ends. The corresponding formulae for a uniformly dis- 
tributed load are 

4w f . TTX 1 . 3770; 1 . 5770; 

• ^sm + _r 

3 a 5 


, , 4w f . TTX 1 . 3770; 1 . 5770; \ 

it; (a;) = - sm — + ^ sm H _ sm + ... , 

77 \ a 3 a 5 a J 


M 


4wa^ ( . 770 

==-3 sm- 

77*^ \ a 


TTX 1 . 3770; 1 5770; 




2/ = 


4wa* , 


f . TTX 1 . 8770: 1 . 57 TX \ 

sm 1-^5 sm — + .5 sm — -f ... ) . 

Btt^ \ a 3^ a 5^ a J 

[Timoshenko and Lessells Applied Elasticity^ p. 230.] 

3. Find the form of a strut pinned at its ends and eccentrically loaded at its ends with 
compressional loads P, 

4. The Green’s function for the differential expressionf 

dx^[ 

* Trans. Roy. Aeromiutical Soc. (1919). The tables are given also inPippard and Pritchard’s 
Aeroplane Structures, App. i (1919). 

t Examples 4-6 are taken from a paper by A. Myller, l^iss. Gottingen (1906). 
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End ‘Conditions 

and the end conditions w (0) ~ m (1) = w' (0) =« (1) = 0 is 

« I'- « - - j /.' ♦ l« ♦ l'> 


where 


<t>(z) 




4 (ay - ^2) 
dz 


<!•{() 'I'{^)-Tl 


dz 

Jo Biz)’ 


' B{zr 


zdz 

BjzY 


-/: 


zdz 

B(zy 

1 zHz 
BlzY 


6. If in the last example the boundary conditions are (0) — u' (0) = u"(\) — w'" ( 1 ) = 0 
the Green’s function is 


0(X, i) : 


4jo 


- ' dz-l [i<l, (X) + x4.(i)] + \ W (X) + d> (f)] 

ax( /S 


I (* + f ) - y- 


6. When the end conditicSns are « (0) = tt" (0) = u (1) = u" (1) = 0, the Green’s 
function is 0 (x, f ), where 

4G (a:, f) = - ^ (*) + {^) + (1 - 2^) ^ (x) + (1 - 2x ) (£) 

- {a - + 4y)x( - {p -2y)(x + i) - Y. 


§ 1'31. Free undamped vibrations. Whenever a particle performs free 
oscillations in a straight line under the influence of a restoring force pro- 
portional to the distance from a fixed point on the line the equation of 
motion is 


mx = 


xp. 


where m is the mass of the particle and xp is the restoring force. Writing 
= we have ^ _ 0, (I) 

an equation which has already been briefly considered. The general 
solutionis x=^Acos{kt) + B^in{kt), 


where A and B are arbitrary constants. Writing k = 27m, A ^ a sin d, 
B == a cos 6 we have 

x — a sin {2TTnt + 6). 

The quantity a specifies the amplitude, n the frequency and 2TTnt + 6 
the phase of the oscillation. The angle 0 gives the phase at time ^ = 0. 
The period of vibration T may be found from the equations 

kT^27T, nT^l. 

This type of vibration is called simple-harmonic vibration because it is 
of fundamental importance in the theory of sound. The vibrations of solid 
bodies which are almost perfectly rigid are often of this type, thus the 
end of a prong of a tuning fork which has been properly excited moves in 
a manner which may be described approximately by an equation of this 
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type. The harmonic vibrations of the tuning fork produce corresponding 
vibrations in the surrounding air which are of audible frequency if 

24 < n < 24000. 

The range of frequencies used m music is generally 

40 < n < 4000. 

The differential equation (I) may be replaced by two simultaneous 
equations of the first order 

X ky = 0, y — kx = 0 (II) 

which imply that the point Q with rectangular co-ordinates (x, y) moves 
in a circle with uniform speed ka. We have, in fact, the equation 

XX -I- yy = 0, 

which signifies that x^ 4 - y^ is a constant which may be denoted by a^. 
There is also an equation 

_ j _ 2/2 = i *2 (^2 _ ^ 2 ^ 2 ^ 

which indicates that the velocity has the constant magnitude ka. The 
solution of the simultaneous equations may be expressed in the form 

X — a cos a, y = a sin a, 

7T 

where a = 27rnt + 0 — 2 . 

Simultaneous equations of type (II) describe the motion of a particle 
which is under the influence of a deflecting force perpendicular to the 
direction of motion and proportional to the velocity of the particle. The 
equations of motion are really 

X -}- ky ^ 0, y ~ kx = 0, 

but an integration with respect to t and a suitable choice of the origin of 

co-ordinates reduces them to the form (II). The equations may also be 

written in the form . , rv • 7 

a + to = 0, V - ku = 0, 

where (u, v) are the component velocities. 

If the deflecting force mentioned above is the deflecting force of the 
earth’s rotation the deflection is to the right of a horizontal path in the 
northern hemisphere and to the left in the southern hemisphere. If the 
angle (f> represents the latitude of the place and co the angular velocity of the 
earth’s rotation, the quantity k is given by the formula 

k ^ 2aj sin 

When the resistance of the air can be neglected, the suspended mass M 
of a pendulum performs simple harmonic oscillations after it has been 
slightly displaced from its position of equilibrium. The vertical motion is 
now so small that it may be neglected and the acceleration may, to a first 
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approximation, be regarded as horizontal and proportional to the horizontal 
component of the pull P of the string. We thus have the equation of motion 

Mix = ~ Px = — Mgx, 

where I is the length of the string and g the acceleration of 
gravity. The mass of the string is here neglected. With this 
simplifying assumption the i endiilum is called a simple pendu- 
lum. In dealing with connected s 3 ^stems of simple pendulums 
it is convenient to use the notation (Z, M) for a simple pendu- 
lum whose string is of length I and whose bob is of mass M 
(Fig. 5). 

If the string and suspended mass are replaced by a rigid 
body free to swing about a horizontal axis through the point 
0, the equation of motion is approximately 

le ^ - Mghe, 

where I is the moment of inertia of the body about the horizontal axis 
through 0 and h is the depth of the centre of mass below the axis in the 
equilibrium position in which the centre of mass is in the vertical plane 
through 0, Writing Mhg = the equation of motion becomes 

'6 -b kW - 0, 

and the period of vibration is 27r/A:, a quantity which is independent of 
the angle through which the pendulum oscillates. 

This law was confirmed experimentally by Galileo, who showed that 
the times of vibration of different pendulums were proportional to the 
square roots of their lengths. The isochronism of the pendulum for small 
oscillations was also discovered by him but had been observed previously 
by others. When the pendulum swings through an angle which is not 
exceedingly small it is better to use the more accurate equation 

0 -f sin ^ = 0, 

which may be derived by resolving along the tangent to the path of the 
centre of gravity G or by differentiating the energy equation 

= Mgh (cos 6 — cos a), 

which is written down on the supposition that the velocity of G is zero 
when 6 = a. With the aid of the substitution 

sin {^d) = sin (^a) sin<^, 

this equation may be written in the form 

<^2 == ^2 [-1 __ gjn2 sin^^]. 

' TT 7T 

As 9 varies from — a to a, (f> varies from — 2 2 ’ ^ 
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swing from one extreme position (0 = — a) to the next extreme position 
{0 = a) is 

^ (1 — sin^ 

“2 

When a is small the period T is given approximately by the formula 
i’T = 27r (1 -f J sin^ \a) 

and depends on a, so that there is not perfect isochronism. 

This fact was recognised by Huygens who discovered that perfect 
isochronism could theoretically be secured by guiding the string (or other 
flexible suspension) with the aid of a pair of cycloidal cheeks so as to make 
the centre of gravity describe a cycloidal instead of a circular arc. This 
device has not, however, proved successful in practice as it introduces 
errors larger than those which it is supposed to remove*. More practicable 
methods of securing isochronism with a pendulum have been described by 
Phillipsf. 


§ 1*32. Simultaneous equations of type 

Lx + My + Lin^x = 0, 

Mx + Ny -f = Q, 

in which L, M, N, m, n are constants, occur in many mechanical and 
electrical problems. When the coefficient M is zero the co-ordinates x and 
y oscillate in value independently with periods 27? jm and 27? jn respectively, 
but when M -h 0 the assumption 

x = y == LA (m^ — p^) 

gives the equation 

(1 — ^ 

where = M^jLN. 

This quantity y is called the coefficient of couplingj. 

When m=^ n we have 


pz 




y^P^ 

o2 _ /y,2’ 


pz _ jiz 

and when y is small the value of p which is close to m is given approximately 
by the equation 


gay. 


— n* 

A simple harmonic oscillation of the x-co-ordinate, with a period close 
to the free period 277 /m, is accompanied by a similar oscillation of the 


♦ See R. A. Sampson’s article on “Clocks and Time-Keeping” in Dictionary of Applied Physics ^ 
vol. m. 

t Comptes RenduSf t. oxn, p. 177 (1891). 

X See, for instance, E. H. Barton and H. Mary Browning, Phil Mag. (6), vol. xxxiv, p. 246 
(1917). 
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y-co-ordinate with the same period but opposite phase. The amphtude of 
the 2 /-oscillation is proportional to Now let be the greater of the two 
values of jo. 11 m> n we have p^> m but if m < we have p^ < m. The 
effect of the coupling is thus to lower the frequency of the gravest mode of 
vibration and to raise the frequency of the other mode of simple harmonic 
vibration. If m == n the equation for gives 


= m2 ± 


and the effect of the coupling is to make the periods of the two modes 
unequal. In the general case we can say that the effect of the coupling 
is to increase the difference between the periods. The periods may, in fact, 
be represented geometrically by the following construction : 

Let OA, OB represent the squares of the free periods, the points 0, A, B 
being on a straight line. Now draw a circle F on as diameter and let 
a larger concentric circle cut the line OAB in U and F; the distances 017, 
O V then represent the squares of the periods when there is coupling. If a 
tangent from 0 to the circle F touches this circle at T and meets the larger 
circle in the points M and L the coefficient of coupling is represented by 
the ratio TLjTO (Fig, 6). 

So long as 0 lies outside the larger circle it is evident that the difference 
between the periods is increased by the coupling, but when y > 1 the point 
0 lies within the larger circle and the difference between the periods de- 
creases to zero as the radius CU of this circle increases without limit. There 
is thus some particular value of the coupling for which the difference 
between the periods has the original value, both periods being greater than 
before. 

When y = 1 the equations of motion may be written in the forms 


Lx + My + Lrri^x =0, Lx ^ Mij -f MnHy = 0, 

and imply that Lm^x = Mn'^y. There is 
now only one period of vibration. The 
cases y > 1 are not of much physical 
interest as the values of the constants 
are generally such that < LN, this 
being the condition that the kinetic 
energy may be always positive. 

Equations of the present type occur 
in electric circuit theory when resist- 
ances are neglected. In the case of a 
simple circuit of self-induction L and 
capacity C furnished, say, by a Leyden jar in the circuit, the charge Q 
on the inside of the jar fluctuates in accordance with the equation 

T t Q r\ 



Fig. 6. 
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when the discharge is taking place. The period of the oscillations is thus 

T IV(LG). 

This is the result obtained by Lord Kelvin in 1857 and confirmed by 
the experiments of Fedderson in 1857. The oscillatory character of the 
discharge had been suspected by Joseph Henry from observations on the 
magnetization of needles placed inside a coil in a discharging circuit. 

In the case of two coupled circuits (Lj, Cj), (Lg, C 2 ) the mutual induction 
M needs to be taken into consideration and the equations for free oscil- 
lations are 

hiQi -f "h ~ 

T 2 Q 2 ~ 0 * 

§ 1*33. The Lagrangian equations of motion. Consider a mechanical 
system consisting of I material points of which a representative one has 
mass m and co-ordinates x, ij, z at time t. Using square brackets to denote 
a summation over these material points, we may express d’AlemberUs 
principle in the Lagrangian form 

[m {xhx -h yhy -j- 282 :)] = [X8x YSy + ZSz], 

where Sx, Sy, Sz are arbitrary increments of the co-ordinates which are 
compatible with the geometrical conditions limiting the freedom of motion 
of the system. On account of these conditions, the number of degrees of 
freedom is a number N, which is less than 31, and it is advantageous to 
introduce a set of “generalised’’ co-ordinates g^, g 2 , ... gv which are inde- 
pendent in the sense that any infinitesimal variation Sg^ of g^ is compatible 
with the geometrical conditions. These conditions may, indeed, be expressed 
in the form 

••• ?.v> 0. y = ? ••• Iv.O. z = (?1, 92 , ••• 9a. 0- 

Using the sign S to denote a summation from 1 to A, a prime, to denote 
a partial differentiation with respect to t and a suffix s to denote a partial 
differentiation of x, y ov z with respect to g^, we have the equations 
f - x' + Dx^g,, 8a; - Y^x^hq^, 

[X8x Y8y + Z8z] = Sg(*> 8 g„ 

where the quantities may be called generalised force components 
associated with the co-ordinates g. The first of these equations stiows that 
Xg is also the partial derivative of x with respect to g^ and so if the kinetic 
energy of the system is T, where 

2T = [m (x^ + y^ + z^)l 


we shall have 


0^ [w + 2/2/5 + ^^s)] = Ps. 



Lagrange! s Equations 

where is the generalised component of momentum. Since 
dx dx' ^ . dxr 

dq^Wr^ ^ ^ ~di ^ 


and (xx!) = xx^ + xxg, 

we have 

[m {xSx + ySy + sSs)] = SSq', [ ^ m (xx, + yy, + zz,) - m (xx, + yy, + zz,) 


■ (I) -S’ 

and so Lagrange’s principle may be written in the form 

On account of the arbitrariness of the increments Sq^ this relation gives 
the Lagrangian equations of motion 

=(?<»> 

dt \dqj dq. 

If there is a potential energy function V, which can be expressed simply* 
in terms of the generalised co-ordinates q, we may write 

Qis^^_V,^-dVldqy, L=T-V, 
and the equations of motion take the simple form 

.1(1) -I-- 

The quantity L is called the Lagrangian function. 

Introducing the reciprocal function 


we have 


„ ( . d (dT\ ^ .. dT[ „ /.. di 


.. dT . dT 




(dl\ 

dT) 

w 

Sq,] 


= -29,F,= - 


Hence we have the energy equation 

y -f 7 = constant. 


When the functions /, g and h do not contain the time explicitly we 
have on account of Euler’s theorem for homogeneous functions 

J-.r. 

The Lagrangian equations of motion may be replaced by another set of 
equations for the quantities p and q. For this purpose we introduce the 
Hamiltonian function H defined by 

H (?1> ••• <lNyPu ---Pn) = - L -h XpsQa- 
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If we always consider H as & function of the quantities q, and p, but 
Zy as a function of q, and q,, we have 


dH 

dpi 

dH 


dq,dpi ^’dpi 


__^L_ dLdq, dq, 
dq, ~dq, ^^.dqj^^’dqr 


Thus 


dH 

dpi 


= a.> 


dH 

dq. 


dL 

9?.’ 


consequently the equations of motion can be expressed in the Hamiltonian 

dq^dH dpi dH 


dt dt dq/ 

Systems of equations whose solutions represent superposed simple 
harmonic vibrations are derived from the Lagrangian equations of motion 
of a dynamical system 


d /dT\ ___dV 
dt \dqj dqs “ dq^ ’ 


5=1,2, ... N, 

whenever the kinetic energy T, and the potential energy F, can be ex- 
pressed for small displacements and velocities in the forms 

N N 

m-1 n-1 


N N 

2F = £ S ^mn^m^n 
m-1 n-1 

respectively, where the constant coefficients and are such that T 
and V are positive whenever the quantities q^, im do not all vanish. For 
such a system the equations (A) give the differential equations 

N 

2 iP'mn^n "h ^mn^n) 

n-1 

m = 1, 2, ... N. 

Multiplying by where is a constant to be determined, and 
summing with respect to m, the resulting equation is of type 

V + k^v = 0, (B) 

if the quantities are such that for each value of n 

N N 

2 M„c„„ = fc* 2 = Bb„, say. 

7n-l m-1 

The corresponding value of v is then 

N 

t;= S 

n-1 
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Now when the quantities u„ are eliminated from the linear homo- 
geneous equations ^ 

2 (c„„ - Pa„„) = 0, (C) 

?n =“ 1 

we obtain an algebraic equation of the A^th degree for k^. With the usual 
method of elimination this equation is expressed by the vanishing of a 
determinant and may be written in the abbreviated form 

I ^mn ^ ®wn | “ 

To show that the values of given by this equation are all real and 
positive, we substitute k^ = h + ij, equation (C). 

Equating the real and imaginary parts, we have 

N N 

^ (^wn ^^mn) "i" j ^ ^'mn^m ~ 

m “ 1 m « 1 

N N 

S (c„„ - w„-j S = 0. 

m =» 1 wi 1 

Multiplying these equations by and — respectively, adding and 

summing, we find that 

j S o„„ (,w^w„ + v^v„) = 0. 

//?, n 

The factor multiplying j is a positive quadratic form which vanishes 
only when the quantities v^, are all zero, hence we must have^’ == 0 and 
this means that k^ is necessarily real. That k is necessarily positive is seen 
immediately from the equation 

m, n m, n 

which involves two positive quadratic forms. 

If Uni (ki), (k 2 ) are values of corresponding to two different values 

of k we have the equations 

2 (c„„ - (T^i) = 0, 

7/1-1 


N 

2 (c„„ - ki‘a^n) Mm (* 2 ) = 0. 

771 — 1 

Multiplying these by {k 2 ), (k^) respectively and subtracting we 

find that ^ ^ ^ 

m^n 

Denoting the constant 6„ associated with the value k by 6„ (A;), we see 
from the last equation that if k 2 k^, 

S (k,) (k2) = 0. 

n-l 

On the other hand, 

N 

2 b„ (ki) u„ (ki) = 2 a„„u„ (k^) u„ (k^), 


n- 1 


m, n 


3 
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and is an essentially positive quantity which may be taken without loss of 
generality to be unity since the quantities (k-^) contain undetermined 
constant factors as far as the foregoing analysis is concerned. 

Using the symbol v (k, t) to denote the function v corresponding to a 
definite value of k, we observe that if 

N 

St? (^sj 
8=1 
N 

we must have 2 (kg) X^ns = n^m 

8 = 1 

= 1 n = m. 

Multiplying by (K) and summing with respect to n we find that 

^mr “ {kr)» 

N 

Hence (?„ = E (k,) v (k„ t). 

8=1 

This expresses the solution of our system of differential equations in 
terms of the simple harmonic vibrations determined by the equations of 
type (B). The analysis has been given for the simple case in which the 
roots of the equation for k‘^ are all different but extensions of the analysis 
have been given for the case of multiple roots. 

The relation (D) may be regarded as an orthogonal relation in general- 
ised co-ordinates. When 

^mn ~ Vfl ^ Tly ^mm ~ 

the relation takes the simpler form 

.V 

2 Um (k^) (k^) - 0 p^q. 

in = 1 


§ 1*34. An interesting mechanical device for combining automatically 
any number of simple harmonic vibrations has been studied by A. Gar- 
basso*. 

A small table of mass rn is supported by four light strings of equal 
length I so that it remains horizontal as it swings like a pendulum. The 
table is attached at various points to n simple pendulums (Z^, m^), 
5 = 1, 2, ... 71. Each string is regarded as light and is supposed to oscillate 
in a vertical plane and remain straight as the apparatus oscillates. 

Specifying the configuration of the apparatus by the angular variables 
^ 0 , , • • • we have in a small oscillation 



+ 2 mg {Iq6q + ls6s)^]^ , 
j^moZo^^o^ + 2^ mf{lQdQ^ -h Zs^s^)^ . 


♦ Vorlesungen uber Spektroskopie, p. 65; Torino Attiy vol. XLiv, p. 223 (1908-9). The case in 
which n = 2 has been studied in connection with acoustics by Barton and Browning, Phil. Mag. 
(6), vol. XXXIV, p. 246 (1917); vol. xxxv, p. 62 (1918); vol. xxxvi, p. 36 (1918) and by C. H. Lees, 
ibid. vol. XLvm (1924). 



Compound Pendulum 

The equations of motion are 


mo^o^o + 2 Ws (^0^0 + ^ mQ + 2 (9o = 0, 

8=1 \ 8-1 / 

Iq ^0 + Is + 9^s = 



(« = 

= 1, 2, . 

.. n). 




n 

'3 ~ 2 

Cs = c, 

the equation for 

is 

in this 

case 

8=1 







S' (1 + C) - 

lok^ 

- 9(^1 

~ 9 C 2 ... 

- 

9(^n 

-*0 

- lok^ 

9 

- lik‘^ 

0 


0 


— 


0 

9 ^ 2 ^ *^ • • • 


0 


- w 


0 

0 

g 


i 

g - lok^ 


- gc'i 

- f/C, ... 


- 9('n 

= 0 , 

~Ho + ^i) 

+ g g 

- hk^ 

0 




— {Iq -f- In) 

+ g 

0 


g 

- Ink-^ 

j 


Expanding the determinant we obtain the equation 


where 


/ (k^) = II (ff - 1,1'^). 
8-1 


Now (If, - I,) [g - (lo + I,) ^2] = k(g - - Is {g - h/c^), 

consequently the equation for can be written in the form 


f(k^)\(g-lok^)\i + glo 2 ^ 

I L 8- 1 v^o 


g 2 I = 0. 

8 - 1 ^0 *’S ) 


. v- ^ ^ Ho - Is) (g - lsk-^)\ lo - ls\ 

If the mass of each pendulum is so small in comparison with that of the 
table that we may neglect terms of the second order in the quantities c^, 
the equation may be written in the form 

Hence the periods of the normal vibrations are approximately 

To = ^TrViklg) b + ! 2 , 

8 - 1 ^0 

Ts=2nV{lslg)\l-li^\ 

(s 1, 2, ... n). 


3*2 
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Ilk > Ig the period of the 5th pendulum is decreased by attaching it to 
the table. If Iq < Z, the period is increased. 


EXAMPLES 

1. A simple pendulum (6, N) is suspended from the bob of another simple pendulum 

(a, M) whose string is attached to a fixed point. Prove that the equations of motion for 

small oscillations are •• 

(M -f N) a^d + Nab^ + {M -h N) gad = 0, 

Nab 6 -f -f Ngb(l> = 0, 

where B and <t> are the angles which the strings make with the vertical. 


2. Prove that the coefficient of coupling of the compound pendulum in the last example 

is given by ^ 

3. Prove that it is not possible for the centre of gravity of the two bobs to remain fixed 
in a simple type of oscillation. 


4. A simple pendulum (/, “M) is suspended from the bob of a lath pendulum which is 
treated as a rigid body with a moment of inertia different from that of the bob. Find the 
equations of motion and the coefficient of coupling. 

5. A simple pendulum {I, M) is attached to a point P of an elastic lath pendulum which 
is clamped at its lower end and carries a bob of mass N at its upper end. At time t the 
horizontal displacements of M, N and P are y, z and az respectively, a being regarded as 
constant. By adopting the simplifying assumption that a horizontal component force F at 
P gives N the same horizontal acceleration as a force aF acting directly on A, obtain the 
equations of motion 

IMy -h Mg (y — az) = 0, INz + INnH = Mga (y — az)j 
and show that the coefficient of coupling is given by the equation 

2 _ Mm^a^ 

^ Nri^ + Mm^a* 

where = g. 

[L. C. Jackson,^ PAi/. Mag. (6), vol. xxxix, p. 294 (1920).] 

0. Two masses m and m' are attached to friction wheels which roll on two parallel 
horizontal steel bars. A third mass il/, which is also attached to friction wheels which roll 
on a bar midway between the other two, is constrained to lie midway between the other two 
masses by a light rigid bar which passes through holes in swivels fixed on the upper part of 
the masses. The masses m and rn' are attached to springs which introduce restoring forces 
proportional to the displacements from certain equilibrium positions. Find the equations of 
motion and the coefficient of coupling. 

This mechanical device has been used to illustrate mechanically the properties of coupled 
electric circuits. [See Sir J. J. Thomson, Electricity aiid Magnetism^ 3rd ed. p. 392 ( 1904) ; 
W. S. Franklin, Electrician^ p. 556 (1916).] 

7. Two simple pendulums (/j, M^), (/j, M 2 ) hang from a carriage of mass M which, with 
the aid of wheels, can move freely along a horizontal bar. Prove that the equations of motion 

(Af + M^ + A/ 2 ) ^ "k A/jfj5j -f* M 2 I 2 B 2 ~ 0, 

-f- gliBi = 0, 

X 4- ^2^2 “k ~ 


are 
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Hence show that the quantities 6^^ ^2 regarded as analogous to electric potential 

differences at condensers of capacities M^g and the quantities Miligd^ and as 

analogous to electric currents in circuits, the quantities 

Jkf + ifi 

as analogous to coefficients of self-induction and [(Jlfj + M 2 H- M) as analogous to a 
coefficient of mutual induction. 

[T. R. Lyle, Phil. Mag. (6), vol. xxv, p. 667 (1913).] 

8. A simple pendulum of length Z, when hanging vertically, bisects the horizontal line 
joining the knife edges. When the pendulum oscillates it swings freely imtil the string comes 
into contact with one of the knife edges and then the bob swings as if it were suspended by 
a string of length h. Assuming that the motion is small and that in a typical quarter swing 

Id gd ~ 0 for 0 < Z < t, 
hd gd = 0 for r < t< T, 

prove that the quarter period T is given by the equation 

m cot n(T — r) ^ n tan mr, 
where g = Im^ = hn^. 

§ 1*35. Some properties of non-negative quadratic forms*. Let 

r», n 

! 7 = 2 QrsX.X, 

L 1 

be a quadratic form of the real variables ... which is negative for no 
set of values of these variables, then there are n linear forms 

n 

1 

with real coefficients Prs such that 

n I n v2 

Sr = 2 ( 2 . 

This identity gives the relation 

n 

1 

which can be regarded as a parametric representation of the coefficients in 
a non-negative form. 

This result may be obtained by first noting that g^s is not negative, for 
gf^g is the value of g when = 0 , r ^ 5 and == 1 . If the coefficients g^^ 
are not all zero the coefficients g^^ are not all zero, because if they were and 
if, say, g^i 2 <0 a negative value of g could be obtained by choosing x^^ly 
0:3 = T 1, 0:3 = ... = 0. 

We may, then, without loss of generality assume that there is at least 
one coefficient g^ of the set g^^ which is positive. 


L. Fej6r, Math. Zeits. Bd. i, S. 70 (1918). 
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Writing PnPu = 9is s = \,2, ... n, 

n 

2i = S PuX,, 
gil) ^ g - 2 ^ 2 , 

it is easily seen that the quadratic form g^^^ does not depend on x^. g^^^ is 
moreover non-negative because if it were negative for any set of values 
of x^, x^, ... Xn we could obtain a negative value of g by choosing x^ so that 

Zi = 0 . 

Since is non-negative it either vanishes identically or the coefficient 
of at least one of the quantities x.^^, x^"^, ... Xy,^ in g^^'^ must be positive. 
Let us suppose that is positive and write 

1^22 Vtr ” 7 * = 2 , 3 , ... 72 ., 

n 

^2 = 2 P2r^ri 
r-2 

^( 2 ) ^ gO) _ ^2, 

Continuing this process it is found that g ^ . ,z.y^, where the 

linear forms z^, 2 : 2 , .. . 2 ^ are not all zero ; it is also found that none of the 
quantities (/n, g^^^\ ... are negative and that all these quantities, 

except the first, are ratios of leading diagonal minors in the determinant 

I Ors I > 

and are not all zero. 

n, n 

Now let A — S h^jf.x^Xjc 

1, 1 

be a second non-negative form, and let 

n 

^ik ~ ^ ^stQsk 

1 

be its parametric representation, then* 

n,n n,n n \ 2 

^ Otk^^tk = 2 I 2 Pr^gs^j • 

1,1 1, 1 V<r-1 / 

If 2/i> ^ 2 ? ••• Vn ^^re arbitrary real quantities, 

2 {X, - ey,Y 

1 

is never negative. Regarding this as a quadratic expression in 0 it is 
readily seen that the quadratic form 

h^lx/iy,^-{ix,y,)^ 

1 1 1 

is non-negative. This result, which was known to Cauchy and Bessel, is 
frequently called Schwarz’s inequality as Schwarz obtained a similar 
inequality for integrals. 

♦ L. Fej^r, Math, Zeits. Bd. i, S. 70 (1918). 



Hermitian Forms 39 

Using this particular form of h in Fejer’s inequality we obtain the result 
that 

», n n n 

^ ^rsyrys ^ ^ ^rr ^ 2/s^* 

1 , 1 11 

For further properties of quadratic forms the reader is referred to Brom- 
wich’s tract, Quadratic Forms, Cambridge (1906), to Bocher’s Algebra, 
Macmillan and Co. (1907), and to Dickson’s Modern Algebraic Theories, 
Sanborn and Co., Chicago (1926). 

§ 1-36. Hermitian forms. Let z denote the complex quantity conjugate 
to a complex quantity z and let the complex coeffioients c^s be such that 

^rs ~ 
n,n _ 

the bilinear form S Crs^rZg 

1, 1 

is then Hermitian. If Ci,,, == ai^ + ibirn,z,^ = where ai,,,,bi„,, r,,,, 

are real quantities, we have 

^Im ^nily ^Im 

and the Hermitian form can be expressed as a quadratic form 



1, 1 


where pi^ = cos (di - dj -f bi,^ sin {9i - 9J = p^i. 

The positive definite Hermitian forms which are positive whenever at 
least one of the quantities Zi, Z 2 , z^is different from zero are of special 
interest. In this case the associated quadratic form is positive for all non- 
vanishing sets of values of r^, r^, --r^ and for all values of 0^, d^, ... 6^’ 
An important property of a Hermitian form is that the associated secular 
equation 

1 Cr, - A8„ I = 0 

S„ = 1 r = s 
= 0 r ih s 

has only real roots. When the form is positive these roots are all positive. 
The proof of this theorem may be based upon analysis very similar to that 
given in § 1*33. 


EXAMPLES 

1. If F(t) ^ 0 for — n ^ t ^ TT and 

00 

F{t) = 2 Cy = 

ysss — 00 

n, n 

Hfi — ^ 2 ^ «- == 1 , 2 , 3 . . ., 

then ^ 0. This has been shown by Carath^odory and Toeplitz to be a necessary and 
sufficient condition that F{t) ^ 0. See Rend. Palermo, t. xxxii, pp. 191, 193 (1911). 
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2. If /W= f e*^a) (x)dx, 

J —00 

where ^ (x) = u> {— x) 

n, n _ 

and ^n= 2 <» (arj - a:™) fiCm. 

1. 1 

Mathias has shown that when f{t) ^0 we have H^'^0 for any choice of real parameters 
Xi,X 2 , ... x^ and of the complex numbers fi , C* » • • * fn * Math. Zeita. Bd. xvi, p. 103 ( 1923). 
The analysis depends upon Fourier’s inversion formula which is studied in § 3-12 and it 
appears that, with suitable restrictions on the function a>(x), the inequality ^ 0 is the 
necessary and sufficient condition that/(^) ^ 0. Mathias gives two methods of choosing a 
function a)(a;) which will make ^ 0. The correctness of these should be verified by the 
reader. 

(1) If the functions xM* xM such that when x has any real value xM and x {x) are 
conjugate complex quantities, the function 

b>{x) — I x(^ ^)y(o — x)da 
J —00 

will make ^ 0, 

(2) If the positive constants and the functions Xv(^) are such that 

00 I 

is a function of a; — y, say o) (a; — y)y then this function o) (x) will make ^ 0. 

§ 1*41. Forced oscillations. When a particle, which is normally free to 
oscillate with simple harmonic motion about a position of equilibrium, is 
acted upon by a periodic force varying with the time like sin (pf), the 
equation of motion takes the form 

X + = A sin pt. 

Writing a; = 2 ; -f C sin pt, where (7 is a constant to be determined, we 
find that if we choose C so that 

{k^-p^)C^ A, (A) 

the equation for z takes the form 

z + k^ = 0. 

The motion thus consists of a free oscillation superposed on an oscilla- 
tion with the same period as the force. In other words the motion is partly 
original and partly imitation. It should be noticed, however, that if > k^ 
the imitation is not perfect because there is a difference in phase. The 
difference between the case p^ > k^ and the case p^ < k^ is beautifully 
illustrated by giving a simple harmonic motion to the point of suspension 
of a pendulum. 

When = ^2 quantity C is no longer determined by equation (A) and 
the solution is best obtained by the method of integrating factors which 
may be applied to the general equation 

X 4- k^x = F {t). 
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Multiplying successively by the integrating factors cos kt and sin kt and 
integrating, we find that \i x c, x = u when t = t, we have 

X cos kt + kx sin kt = u cos kr -f kc sin kr [ F (s) cos ks . dSy 

J r 

X sin kt — kx cos kt = u sin kr — kc cos kr ^ F (s) sin ks . ds, 
kx = u sin k (t — t) + kc cos A: (^ — r) + j F (s) sin k (t — s) ds, 

X = u cos k {t ~ r) — kc sin k (t — t) -j- J F (s) cos k (t — s) ds, 

the function F (s) being supposed to be integrable over the range t to t. 

In particular, if the particle starts from rest at the time t we have at 
any later time ^ 

kx j F (s) sin k {t — s) ds, 


J T 

rt 


ft 

r == F (t9) cos k {t — s) ds, 

J T 


When F (s) — A sin ks and r = 0 we find that 
2kx = t cos kt ~ k~^ sin kt, 

and the oscillations in the value of x increase in magnitude as t increases. 
This is a simple case of resonance, a phenomenon which is of considerable 
importance in acoustics. In engineering one important result of resonance 
is the whirling of a shaft which occurs when the rate of rotation has a 
critical value corresponding to one of the natural frequencies of lateral 
vibration of the shaft. For a useful discussion of vibration problems in 
engineering the reader is referred to a recent book on the subject by 
S. Timoshenko, D. Van Nostrand Co., New York (1928). 

By choosing the unit of time so that A: = 1 the mathematical theory 
may be illustrated geometrically with the aid of the curve whose radius 
of curvature, p, is given by the equation p = a sin oji/j, where ip is the angle 
which the tangent makes with a fixed fine. Using p now to denote the 
length of the perpendicular from the origin to the tangent, we have the 
equation 

P = 

The quantity p thus represents a solution of the differential equation, 
and by suitably choosing the position of the origin the arbitrary constants 
in the solution can be given any assigned real values. In this connection 

dj) 

it should be noticed that ^ has a simple geometrical meaning (Fig. 7). 

When CO = 1 the equation (B) is that of a cycloid, while epicycloids and 
hypocycloids are obtained by making co different from unity. The intrinsic 
equation of these curves is in fact 


4 (a 4- 6) 6 . 

8 = — “ sin 


a 


aip 

a + 26 ’ 
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where a is the radius of the fixed circle and b the radius of the rolling circle 
which contains the generating point. 

Epicycloids 6 > 0. 

Pericycloids and hypocycloids 6 < 0. 


N 

Fig. 7. Fig. 8. 

§ 1-42. The effect of a transient force in producing forced oscillations 
is best studied by putting r = — oo and assuming that c and u are both 
zero, then 

F {t — a) sin ka . d<j, 

Jo 

1*00 

X= F (t — a) cos ka , da. 

0 

Let us consider first of all the case when 

F{t)=^e-^\^\ h>0. 

In this case F' (t) is discontinuous at time ^ = 0 in a way such that 
F' (- 0) - F' (-f 0) - 2h. 

The solution which is obtained by supposing that x, x and x are con 
tinuous at time ^ = 0 is 

kx == [ sin kada -h [ sin ka da 

.0 J C 


2h sin kt k 

t> 0 

' _ ' ^ M 

~ k^ + 

t< 0, 

2h cos kt — 

'k^ + 

t’ > 0 

— d'*’ 

^2+ A* 

t< 0. 


It will be noticed that x is discontinuous at < = 0. 
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It is clear from these equations that x increases with t until t reaches 
the first positive root of the transcendental equation 

2 cos kt == e~^K 

The corresponding value of x is then 

2 {h sin kt k cos kt) 

As t increases beyond the critical value x begins to oscillate in value, 
and as ^ oo there is an undamped residual oscillation given by 

A general formula for the displacement x at time t in the residual 
oscillation produced by a transient force may be obtained by putting 
if = 00 in the upper limit of the integral {t being retained in the integrand) *. 
This gives 


In particular, if 


we have 


*-/' 


F (s) sin k (t — s) ds. 

sin bs 


cos ms . dm ~ 

0 S 


kx ~ sin kt cos ks sin bs 


ds 


cos 


sin ks sin bs 


ds 


kt 

the second integral vanishes and we may write 

rco 

2kx = sin kt [sin {b k) s sin (6 — k) s] 

= 277 sin kt ii b> k> 0 

= 0 if 0 < b< k 

= 77 sin kt ii b — k> 0, 

There is thus a residual oscillation only when b> k. 


ds 


EXAMPLES 

fb 

1. If F {s) == L cos ms . dm, 

J a 

there is a residual oscillation only when k lies within the range a < A;< 6. Extend this result 
by considering cases when 

JF (^s) = f cos ms . <l> (m) dm, F (s) ~ f sin ms , <^ (m) dm, 

J a J a 

<l> (m) being a suitable arbitrary function. 

2. Determine the residual oscillation in the case when 

F (s) - (c2 -f s^)-K 

* Cf. H. Lamb, Dynamical Theory of Sound, p. 19. 



44 


The Classical Equations 

3. If F ( 5 ) = 8e~^ 1^1, where A > 0 and x is chosen to be a solution of the diflerential 
equation and the supplementary conditions a: = 0 , .r = 0 , when t ~ —00 ,x and x continuous 
at t = 0, the residual oscillation is given by 

_ 4Ji cos kt 

If > there is a negative value of t for which r = 0, but if k"^ < A- there is no such value. 

4. If X k^x = X(o(t)^ 

where co{t) is zero when oo and is bounded for other real values of t, the solution for which 
X and c are initially zero can be regarded as the residual oscillation of a simple pendulum 
disturbed by a transient force. 

5. If 0 < ^ (t) < 6^ the differential equation 

r-hA(t)x = '0 (C) 

is satisfied only by oscillating functions. Prove that the interval between two consecutive 
roots of the equation a; = 0 lies between 7r/a and 7r/6. 

[Let y be a Stilution of. y + b-y = 0 which is positive in the interval < t < then 

~ — j — A(t)\ xydt. 

Let us now suppose that it is possible for x to be of one sign (positive, say) in the interval 
Tj ^ t <C Tg and zero at the ends of the interval. We are then led to a contradiction because 
the suppositions make .r positive near tj and negative near rg, they thus make the left-hand 
side negative (or zero) and the right-hand side positive. Hence the interval between two 
consecutive roots of x must be greater than any range in which y is positive, that is, greater 
than yfh. In a similar way it may be shown that if 2 is a solution of i -f = 0 the interval 
between two consecutive roots of the equation 2 — 0 is greater than any range in which x > 0.] 

This is one of the many interesting theorems relating to the oscillating functions which 
satisfy an equation of type (C). For further developments the reader is referred to Bocher’s 
book, sur les methodes de Sturm, Gauthier- Villars, Paris (1917) and his article, 

“ Boundary problems in one dimension,” Fifth International Coiigress of Mathematicians, 
Proceedings, vol. I, p. 163, Cambridge (1912). 

6. Prove that x'^ + x'^ remains bounded as t->QO but may not have a definite limiting 
value, x being any solution of (C). [M. Fatou, Compter Rendus, t. 189, p. 967 (1929).] 

The generality of this result has recently been questioned. See Note I, Appendix. 

§ 1-43. Motion with a resistance 'proportional to the velocity. Let us first 
of all discuss the motion of a raindrop or solid particle which falls so slowly 
that the resistance to its motion through the air varies as the first power 
of the velocity. This is called Stokes’ law of resistance; it will be given in 
a precise form in the section dealing with the motion of a sphere through 
a viscous fluid ; for the present we shall use simply an unknown constant 
coefficient h and shall write the equation of motion in the form 

mdvidt = m'g — kv, (A) 

where m is the apparent mass of the body when it moves in air, m' is the 
reduced mass when the buoyancy of the air is taken into consideration and 
g is the acceleration of gravity. The solution of this equation is 

_kt 

kv m' g A' Be 
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where -B is a constant depending on the initial conditions. If = 0 when 
^ = 0 we have kt 

kv = m'g (1 — e 

To find the distance the body must fall to acquire a specified velocity 

V we write v = x, , ,, , , 

ynvdvjdx ^ m g — kv, 

k'^x = ynyn'g log [ ~ ) - kniv. 

® \m g — kvj 

If V denote the terminal velocity the equation may be written in the 
form y 

rn'gx = mV log ^ — m Vv. 

Let us now consider the case in which the particle moves in a fluctuating 
vertical current of air. Let /' {t) be the upward velocity of the air at time 
t, V the velocity of the particle relative to the ground and u ~ v f' (t) the 
relative velocity. On the supposition that the resistance is proportional to 
the relative velocity the equation of motion is 

mdvjdt = m'g — ku m'g — kv ~ kf' (t). 

If == 0 when t = 0 the solution is 






The last integral may be written in the form 


j‘r(t-r) 




which is very useful for a study of its behaviour when t is very large. 
The distance traversed in time t is given by the equation 

the constant in / (t) being chosen so that / (0) = 0. In particular if 


fit) = -TT -V c cos pt, f(t) 


m'gt c . 


sin pt, 


we have v = ^ “■ pt — k cos pi] , 

TTt p fC 


p (m^p‘^ + k!^) 


[k sin pt — mp cos pt -f rape . 


As ^ 00 we are left with a simple harmonic oscillation which is not in 

the same phase as the air current. 

It should be emphasised that this law of resistance is of very limited 
application as there is only a small range of velocities and radius of particle 
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for which Stokes’ law is applicable. It should be mentioned that the product 
of the radius and the velocity must have a value lying in a certain range 
if the law is to be valid. 

An equation similar to (A) may be used to describe the course of a 
unimolecular chemical reaction in which only one substance is being trans- 
formed. If the initial concentration of the substance is a and at time t 
altogether x gram-molecules of the substance have been transformed, the 
concentration is then a — x and the law of mass action gives 

dx 


dt 


== k {a — x)y 


X = a (I — 

the coefficient k being the rate of transformation of unit mass of the substance. 

Simultaneous equations involving only the first derivatives of the 
variables and linear combinations of these variables occur in the theory 
of consecutive unimolecular chemical reactions. If at the end of time t the 
concentrations of the substances B and C are x, y and z respectively 
and the reactions are represented symbolically by the equations 

A-^B, B^C, 

the equations governing the reactions are 

dxjdt == — k^Xy dyjdt == kiX — k^y, dzjdt = 

A more general system of linear equations of this type occurs in the 
theory of radio-active transformations. Let Pq, Pj, ... P„ represent the 
amounts of the substances A^y A^, Ay^ present at time t, then the law of 


mass action gives 


^0 

dt 

dPi 

dt 

dt 


= — AqP q, 

“ \iE 0 1 j 

= AjP I A2P 2> 


dP, 

di 


- — A„_iP — X^P^y 


where the coefficients A, are constants. In my book on differential equations 
this system of equations is solved by the method of integrating factors. 
This method is elementary but there is another method* which, though 
more recondite, is more convenient to use. 


Let us write 


f 

J 0 


P, (*) = f (t) dt, 

Jo 

■ P, (0) + xp, (x), 


•(B) 


dt 


* H. Bateman, Proc, Camb, Phil, Soc. vol. xv, p. 423 (1910). 


then 
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and so the system of differential equations gives rise to the system of 
linear algebraic equations 

xpo (^) - Po (0) = - (^). 

xpi (x) - Pi (0) = (a;) - \Pi (x), 

xpi (x) - P 2 (0) = Aii?! (x) - X-iPi (x), 

^Pn {x) - Pn (0) = A„_1^>„_1 (x) - A^(x), 
from which the functions (a;), p^ (x), ... p^ (a;) may at once be derived. 

If Pi (0) = P^(0) = ... = (0) = 0, i.e. if there is only one substance 

initially, and if Pq (0) = Q, we have 

■ (xTvi + X) ' 


Pn {X) == 


'\) '^l • • • ^rt-1 Q 

{x -h Aq) (a; + Aj) ... {x -f A^) 


To derive P^ {t) from p^ {x) we simply express p^ (a:) in partial fractions 


Ps (^) 


''U _ _|_ ''S 

X “f- Aq X -f- \g 


The corresponding function P, {t) is then given by 


P, (0 = Coe-''«‘ + ... c,e-^s\ 


for this is evidently of the correct form and the solution of the system of 
differential equations is unique. The uniqueness of the function P^ {t) 
corresponding to a given function p^ {x) can also be inferred from Lerch’s 
theorem which will be proved in § 6*29. 

If some of the quantities A^ are equal there may be terms of type 


r(a;+ 1) 


(a; -f A„ 


I <+i 


in the representation of p^ (x) in partial fractions. In this case the corre- 
sponding term in P^ (t) is ^ /< -a < 

Such a case arises in the discussion of a system of linear differential 
equations occurring in the theory of probability*. 


§ 1*44. The equation of damped vibrations. A mechanical system with 
one degree of freedom may be represented at time ^ by a single point P 
which moves along the a:-axis and has a position specified at this instant 
by the co-ordinate x. This point P, wiiich may be called the image of the 
system, may in some cases be a special point of the system, provided that 
the path of such a point is to a sufficient approximation rectilinear. The 


* H. Bateman, Differential Equations, p. 45. 
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mechanical system may also in special cases be just one part of a larger 
system ; it may, for instance, be one element of a string or vibrating body 
on which attention is focussed. To obtain a simple picture of our system 
and to fix ideas we shall suppose that P is the centre of mass of a pendulum 
which swings in a resisting medium. 

The motion of the point P is then similar to that of a particle acted upon 
by forces which depend in value on t, x, x and possibly higher derivatives. 
For simphcity we shall consider the case in which the force F is a linear 
function of * and i, ^ ^ 

In the case when h {t) and k (t) are constants the equation of motion 
takes the simple form ^ ^ ^ _ j ,A) 

The motion of the particle is in this case retarded by a frictional force 
proportional to the velocity. If it were not for this resistance the free 
motion of the particle would be a simple harmonic vibration of frequency 
n/277. The effect of the resistance when > k^ is to reduce the free motion 
to a damped oscillation of type 

X = Ae~^^ sin {pt + e), (B) 

where A and e are arbitrary constants and 

p^ = ^2 


The period of this damped oscillation may be defined as the interval 
between successive instants at which x is a maximum and is 277 /p. One 
effect of the resistance, then, is to lengthen the period of free oscillations. 
It may be noted that the interval between successive instants at which 
a: = 0 is 27r/p. The time range 0 < ^ < 00 may, then, be divided up into 
intervals of this length. The sign of x changes as t passes from one interval 
to the next and so the point P does in fact oscillate. Points P and P' of 
two intervals in which x has the same sign may be said to correspond if 
their associated times t, are connected by the relation 


pt' pt + 2m77, 

where m is an integer. We then have 


The positive constant k is seen, then, to determine the rate of decay 
of the oscillations. 

When = k^ the free motion is given by 

x== {A Bt) 

where A and B are arbitrary constants. In this case x vanishes at a time 
t given by P = i + Bt), thus | x | increases to a maximum value and 
then decreases rapidly to zero. The motion of a dead-beat galvanometer 
needle may be represented by an equation of type (A) with = k^. 
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When the free motion is of type 

X = -I- 

where u and v are the roots of the equation 

- 2kz + 7 i 2 - 0 . 

In this case the general value of x is obtained by the addition of two 
terms each of which represents a simple subsidence, the logaritlimic de- 
crement of which is u for the first and v for the second. Idie time r which 
is needed for the value of x in one of these subsidences to fall to half value 
is given by the equation _ 

In the case of the damped oscillation (B) the quantity Ae~^^ can be 
regarded as the amplitude at time t. In an interval of time r this diminishes 
in the ratio r : 1 , where r = 

Putting T == I, we have k "= log r, whence the name logarithmic decre- 
ment usually given to k. Instead of considering the logarithmic decrement 
per unit time we may, in the case of a damped vibration, consider the 
logarithmic decrement per period or per half-period*. It is knlp for the 
half -period. 

When / {t) = O sin mt, where C and ni are constants, the solution of 
the differential equation (A) is composed of a particular integral of type 
_ {n- — m-) sin nit — 2km cos mt 

^ {n^ — 4:k-m'^ ' ' 

and a complementary function of type (B). The particular integral is 
obtained most conveniently by the symbolical method in which we write 
D — djdt and make use of the fact that -= — m^. The operator D is 
treated as an algebraic quantity in some of the steps 

^ /«) 

Z)- + 2kD H- — m^ 2kD 

_ 71^ — m‘^ — 2kD f if\ _ ~ 2kD „ 

If X = 0 , i = 0 when t ^ a the unknown constants in the complementary 
function may be determined and we find that 

px — j gjn p ^ J ( 7 .) ^7-, (C) 

This result may be obtained directly from the differential equation by 
using the integrating factors sin pt and cos pt. 

We thus obtain the equations 

px .sin pt + {x A- kx) cos pt = \ cos pr ./ (r) dr, 

— px cos pi + (j + kx) sin pi = J sin pr ./ (r) dr, 

* E. H. Barton and E. M. Browning, Phil. Mag. (6), vol. xlvii, p. 495 ( 1924). 


B 


4 
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from which (C) is immediately derived. We also obtain the formula 

X + kx ^ j e~^ cos p (t — r) f (r) dr. 

Introducing an angle e defined by the equation 

, 2km 


the particular integral (I) may be expressed in the form 

X = A sin (mt ~ e), 


where the amplitude A is given by the formula 

A^- [(/i2 + 4k^ni^] - C'\ 

N 

This is the forced oscillation which remains behind when the time t is so 
large that the free oscillations have died down. The amplitude ^4 is a 
maximum when m is such that ni^ — 2k'^ ^ p‘^ — P. We then have 


^max — (J j 2kp . 


Writing A — a/lmax it is easily seen that when m is nearly equal to n 
and kjn is so small that its square can be neglected we have the approxi- 
mate formula* , , , ,, .„_i 

k ^ a \ n — m \ (\ — a^) 


This formula has been used to determine the damping of forced oscillations 
of a steel piano wire. 

It should be noticed that a differential equation of type (A) may be 
obtained from the pair of equations 


it -\- ku nv ~ 0, 
V + kp — nu Q, 


where k and n are constants. These represent the equations of horizontal 
motion of a particle under the influence of the deflecting force of the earth’s 
rotation and a frictional force proportional to the velocity. These equations 

uu vv -\- k (u^ f v^) = 0, 

hence k is the logarithmic decrement for the velocity. 

The equation of damped vibrations has some interesting applications 
in seismology and in fact in any experimental work in which the motion 
of the arms of a balance is recorded mechanically. 

The motion of a horizontal or vertical seismograph subjected to dis- 
placements of the ground in a given direction, say a; = / {t), can be repre- 
sented by an equation of form 

0 + 2k6 4 - + xjl = 0 , 


Florence M. Chambers, Phil. Mag. (6), vol. XLViii, p. 636 (1924). 
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where d is the deviation of the instrument, Jc a constant which depends 
upon the type of damping and I the reduced pendulum length*. 

The motion of a dead-beat galvanometer, coupled with the seismograph, 
is governed by an equation of type 

-f -f rn-<f> -f hd == 0, 

where (f> is the angle of deviation of the galvanometer and li and m are 
constants of the instrument. 

To get rid as soon as possible of the natural oscillations of the pendulum, 
introduced by the initial circumstances, it is advisable to augment the 
damping of the instrument, driving it if possible to the limit of aperiodicity 
and making it dead beat. By doing this a more truthful record of the move- 
ment of the ground is obtained. 

When 71^^ == the solution of the equation of forced motion 

X -f 2kx 1- k-x ^ f (t) 

is x=\ {t - r) e-*--''-') /(t) (It H {A + Bt) e-^'. 

. a 

When t is large the second term is negligible and the lower limit of the 
integral may, to a close approximation, be replaced by 0, — oo, or any 
other instant from which the value of / (t) is known. 

When k is large the second term is negligible even when t has moderate 
values and if, for such values of t, f (t) is represented over a certain range 
with considerable accuracy by C sin 7nt, the value of x is given approxi- 
mately by the formula 

_ f (t) _ O sin rnt 

^ +'2kD ^ k^- + 2kD 

c 

^ (k-^ ~ ~ cos 1 . 

When k is large in comparison with m a good approximation is given by 
k'^x =- C sin mt f (/), 

and the factor of proportionality k- is independent of m, consequently, 
if a number of terms were required to give a good representation of / (t) 
within a desired range of values of t, the record of the instrument would 
still give a faithful representation, on a certain definite scale, of the 
variation of the force. 

When k and m are of the same order of magnitude this is no longer true, 
consequently, if the “high harmonics” occur to a marked degree in the 
representation of / (t) by a series of sine functions, the record of the instru- 
ment may not be a true picture of the forcef. 

* B. Gaiitzin, “The principles of instrumental seismology,” Fifth Inttrnahonal Congress 
of Mathematicians ^ Proceedings^ vol. i, p. 109 (Cambridge, 1912). 

t If m — k/lO the solution of the differential equation is approximately k^x — *99 sin {mt - c), 
where c is the circular measure of an angle of about lb"" 59'. When m = kjb the solution is approxi- 
mately k^x ~ *96 sin {rni -- c), where c is the circular measure of an angle of about 31° 47'. 
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When n k the formula (I') shows that if k is large in comparison with 
both m and n the solution is given approximately by the formula 

2kmx = — C cos mt 


which may be written in the form 

2kx == fit). 


This result may be obtained directly from the differential equation by 
neglecting the terms x and n^x in comparison with 2kx. In this case the 
velocity x gives a faithful record of the force on a certain scale. 

Finally, if is large in comparison with k and m, formula (I) gives 


simply 


and the instrument gives a faithful record of the force when the natural 
vibrations have died down. 


§ 1-45. The dissipation function. The equation of damped vibrations 
mx -j- kx + px = f (t) 

may be written in the form of a Lagrangian equation of motion 

d (dT\ dF dV_ 
dt\dx)'^dx'^dx ' 

where T ~ F = Ikx^, V Ipx^. 

Regarding m as the mass of a particle whose displacement at time t is 
:r, T may be regarded as the Icinetic energy, V as the potential energy and 
F as the dissipation function introduced by the late Lord Rayleigh*. The. 
function F is defined for a system containing a number of particles by an 
equation of type ^ ^ ^ 

where k^, ky, k^ are the coefficients of friction, parallel to the axes, for the 
particle x,y,z. Transforming to general co-ordinates we may 

F^l{n)q^^ ... {I2)q,q„ 

V ...{\2}q,q„ 


where the coefficients [rs], (rs), {r^} are of such a nature that the quadratic 
forms T, F, V are essentially positive, or rather, never negative. These 
coefficients are generally functions of the co-ordinates ... , but if we 

are interested only in small oscillations we may regard q^, ... q^, q^, ... 
as small quantities and in the expansions of the coefficients in ascending 
powers of ... qn it will be necessary only to retain the constant terms 
if we agree to neglect terms of the third and higher orders in q^, ... q^y 

gi, ... g„. 


Proc. London Math.^Soc. (1), vol. iv, p. 357 (1873). 
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The generalised Lagrangian equations of motion are now 

d/aT\ ^ dF dv 

dt [dqj dq„, dq„ ~ ^ ’ 

where is the generalised force associated with the co-ordinate . Since 
T is supposed to be approximately independent of the quantities 
q^, ... the second term may be omitted. 

Using rs as an abbreviation for the quadratic operator 

r . d , . 

the equations of motion assume the linear form 

11^1 4 - + ••• = Qli 

21f/i + 22^2 + ... = Qi- (®) 

Since [r,?] = [,sr], {rs) ~ (sr), = {^r}, it follows that rs = sr. 


§ 1*46. Rayleigh's reciprocal theorem^ Let a periodic force equal to 
coH pi act on our mechanical system and produce a forced vibration of 

qr = KA^ cos {pt — e), 

where K is the coefficient of amplitude and € the retardation of phase. The 

reciprocal theorem asserts that if the system be acted on by the force 

— A cos pt, the corresponding forced vibration for the co-ordinate </, 

will be Tjr 4 r A X 

q^ = KA^ cos {pt — €). 

Let D denote the determinant 


11 

12 

13 

2\ 

¥2 


in 

32 

33 


and let rs denote its partial derivative with respect to the constituent rs 
when no recognition is made of the relation rs = sr and when all the 
constituents are treated as algebraic quantities. This means that rs is the 
cofactor of rs in the determinant operator D. 

Solving the equations (E) like a set of linear algebraic equations on 
the assumption that D ^ 0, we obtain the relations 

Dqi — 1 1 + 2 1 ^2 4- . . . ^ 1 Qn } 

Dq,^T2Q,-h22Q,-^ .„n2Q,„ 


From a property of determinants we may conclude that since rs = sr 
we have also rs — sr. Thus the component displacement qr due to a force 

e. is given by 
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Similarly, the component displacement due to a force is given by 

Dq, = ^Qr. 

Distinguishing the second case by adash affixed to the various quantities, 
we write ^ 

where the coefficients may without loss of generality be supposed 

to be real. If they were complex but had a real ratio they could be made 
real by changing the initial time from which t is measured. 

Expressing the solution in the form 




a' ^ A ' 


and defining the forced vibration as the particular integral obtained by 
replacing d/dt in each of the operators by ip, we obtain the relation 

A /(Jr = A ,q/ 

which gives reciprocal relations for both amplitude and phase. 

In the statical case the quantities [r^], (rs), are all zero and D, r$, rs 
are simply constants. Rayleigh then gives two additional theorems 
corresponding to those already considered in § 2. 

(2) Suppose that only two forces Qi, Qo act, then 

7)^2- 12^1+ 22^2- J 

If = 0 we have ^ ^ ^ ^ > 

12/)(72- fl22~ 1122] g^. 

From this we conclude that if is given an assigned value a it requires 
the same force to keep q^^ 0 as would be required if the force Q 2 is to keep 
q^ ^ 0 when has the assigned value a. 

(3) Suppose, first, that g^ 0, then the equations (F) give 

Secondly, suppose q^ -= 0, then 

- 12 : 22 . 

Thus, when acts alone, the ratio of the displacements q^, q^ is — Q 2 lQiy 
where g^, are the forces necessary to keep ^2 = b- 


§ 1*47. Fundafnental equations of electric circuit theory. A system of 
equations analogous to the system (E) occurs in the theory of electric 
circuits. This theory may be based on Kirchhoff’s laws. 

(1) The total impressed electromotive force (e.m.f.) taken around any 
closed circuit in a network is equal to the drop of electric potential ex- 
pressed as the sum of three parts due respectively to resistance, induction 
and capacity. 
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Thus, if we consider an elementary circuit consisting of a resistance 
element of resistance i?, an inductance element of self-induction (or in- 
ductance) L and a capacity element of capacity (capacitance) (7, all in 
series, and suppose that an e.m.f. of amount E is applied to the circuit, 
Kirchhoff’s first law states that at any instant of time 

" + 

where I is the current in the circuit and Q ^Idt. 

The fall of potential due to resistance is in fact represented by RI 
where R is the resistance of the circuit (Ohm’s law), the drop due to in- 
ductance is Ldljdt and the drop across the condenser is QjC. 

There is an associated energy equation 

in which i?/ represents the rate at which electrical energy is being converted 
into heat, while the second and third terms represent rates of increase of 
magnetic energy and electrical energy respectively. The right-hand side 
represents the rate at which the impressed e.m.f. is dehvering energy to 
the circuit, while the left-hand side is the rate at which energy is being 
absorbed by the circuit. The inductance element and the condenser may 
be regarded as devices for storing energy, while the resistance is responsible 
for a dissipation of energy since the energy converted into Joule’s heat is 
eventually lost by conduction and radiation of heat or by conduction and 
convection if the circuit is in a moving medium. 

If we regard Q as a generalised co-ordinate, we may obtain the equation 

(I) by writing = W, F - iBQ% (' = 0720. 


9 ^ \dQ/ dQ SQ 

(2) In the case of a network the sum of the currents entering any 
branch point in the network is always zero. 

If we consider a general form of network possessing n independent 
circuits, Kirchhoff’s second law leads to the system of equations 

i, y 

(r = 1 , 2 , ... 71), 

where Ej. is the e.m.f. applied to the rth circuit, L^sy Rgs, denote the 
total inductance, resistance and capacitance in series in the circuit s, 
while Lrs, Rrs, C^s denote the corresponding mutual elements between 
circuits r and s. We have written F^s for the reciprocal of C^s and Qs for 

[l^dt, where is the current in the 5th circuit or mesh. 
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An elaborate study of these equations in connection with the modern 
applications to electrotechnics has been made by J. R. Carson*. 

In discussing complicated systems of resistances, inductances and 
capacities it will be convenient to use the symbol {LRC) for an inductance 
L, a resistance R and a capacity C in series. If a transmission line running 
between two terminals T and T' divides into two branches, one of which 
contains {LRC) and the other {L'R'C'), and if the two branches subse- 
quently reunite before the terminal T' is reached, the arrangement will be 
represented symbolically by the scheme 


(T\ __ l 
^ ^ {L'R'C') ^ 


In electrotechnics a mechanical system with a period constant n and 
a damping constant k is frequently used as the medium between the 
quantity to be studied (which actuates the oscillograph) and the record. 
The oscillograph is usually critically damped (k = n) so as to give a faithful 
record over a limited range of frequencies but even then the usefulness of 
the instrument is very limited as the range for accurate results is given 
roughly by the inequality 10m < n. 

A method of increasing the working range of such an oscillograph has 
been devised recently by Wynn-Williamsf. If an e.m.f. of amount E acts 
between two terminals T and T' and the aim is to determine the variation 


of E, the usual plan is to place the oscillograph 0 in line with T and T' so 
that T, 0 and T' are in series. In our notation the arrangement is 


T -0~T', 


Instead of this Wynn-Williams proposes (he following scheme 

(T) - - (n 

in which L, R and C are chosen so that 2k = RjL, = IjCL and , jRj , 
are chosen so that are small and R^ is such that there is a relation 

{k -f- ™ ^2 _|_ ^^ 2 ^ where 2k^ = RJL, = \\LC^, 

Putting Zj == 0 and writing q for the current flowing between T and 
T\ X for the reading of the oscillograph, F for the back e.m.f. of the system 
{LRC), we have ^ ill 

LD^ -f {R ^i) J) + ^ Q ~ E i 

LD^+ RD + ^]q = F, 

[Z)2 + 2kD + m2] X = F. 

^ E 

+ 2 (Ic + kijD + m2 + Mi2 • 

* ElccAnc circuit theory and operational calculus (McGraw Hill, 1926). 
f Phil, Mag. vol. L, p. 1 (1925). 


Therefore 
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Hence when the reading of the oscillograph is used to determine E the 
oscillograph behaves as if its period constant were -f instead of 
n and its damping constant k -j- instead of k. By choosing = 24n^, 
k^ = 4k = 4n we have 

iV = = 5n, K k k^ ^ bk ^ 5n, 

thus we obtain an amplitude scale which is the same as that of an oscillo- 
graph with a period constant 5n and a damping constant 5k. 

§ 1-48. Cauchy's method of solving a linear equation"*^. Let us suppose 
that we need a particular solution of the linear differential equation 

4>{D)u^f{t), (I) 

where (f> {D) = aoi> -{- 

and D denotes the operator djdt. The coefficients a, are either constants or 
functions of t. For convenience we shall write a (t) = Ija^. 

If ^ 2 , ... v^) are distinct solutions of the homogeneous equation 

(fy {D) v = 0 

the coefficients Cj , (72 , . . . in the general solution 

V = C^i\ -f 4- ... 

may be chosen so that v satisfies the initial conditions 

V (t) = (t) = ... (r) = 0, (r) == a (r)/ (r), 

where (t) denotes the <sth derivative of v (t) and r is the initial value of 
t. We denote this solution by the symbol v {t, r) and consider the integral 

u{t)= \ V (t, r) dr. 

Jo 

Assuming that the differentiations under the integral sign can be made 
by the rule of Leibnitz, we have 

DHl = [ D^v {ty r) dr, s = 1,2, ... n — 2yn — 1 ; 

Jo 

the terms arising from the upper limit vanishing on account of the pro- 
perties of the function v. On the other hand 

D^u = D^v (ty r) dr 4- a (t) f (t), 

Jo 

and so ^ (D) u ^ f (t) + I ^ (D) v . dr = f (t). 

Jo 

This particular solution is characterised by the properties 

u (0) == w' (0) - ... (0) = 0, (0) = a (0)/(0). 

If, when f (t) ^ 1, V (t, t) = ill (t, r), the general value for an arbitrary 

* Except for some slight modifications this presentation follows that of F. D. Mumaghan, 
Bull. Amer. Math. Soc. vol. xxxiii, p. 81 (1927). 
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function / {t) is seen to be / {t) xjj {t, r) and so we may write u {t) in the 

form ^ 

u{t) iff (ty r)f{t) dr. (II) 

Jo 


Introducing the notation 

i (t, r) = j iff {t, s) ds, 

r) = - iff (t, r), 


we have 


and the integral in (II) may be integrated by parts giving 

T)f' (r) dr. 

Jo 

This is the mathematical statement of the Boltzmann-Hopkinson 
principle of superposition, according to which we are able to build up a 
particular solution of equation (I) from a corresponding particular solution 
^ (t, r) for the case in which 

/(0=1 l>ry 
— 0 t < r. 


When the coefficients in the polynomial cf> (D) are all constants we may 

<f> (D) = a, {D- r,) (D-r,)...(D- r„), 

where rg, ... are the roots of the algebraic equation ^ (x) = 0. Taking 
first the case in which these roots are all distinct, we write 

~ s = 1, 2, ... n. 


The equations to determine the constants C are then 

Cl -j- On = 0, 

r^Ci + ... r„(7„ = 0, 

==a/(0. 

We may solve for C by multiplying these equations respectively by 
the coefficients of the successive powers of x in the expansion 

{x- r^) [x ~ rg) ... {x - r„) = 6o + + ••• 

Since = 1 we find that 

«/ (r) = C'l (ri - rg) (r^ - rg) ... (r^ - r„) = (r^), 

and the other coefficients may be determined in a similar way. 

Writing for the recipi^ocal of <f>' (r,) we have 

^ (t, r)^f (r) 2 k,ers<t-^^ = / (t) ^ {ty r)y 

«-l 

and it p., denotes the reciprocal of r, 

^(^,t)= S -- 1]. 

s»-l 
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h. 
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1 

^ (D ) ' 


n 

s^iD-r/ 
n 


[<i> (0)]-‘ = - 2 pA, 




^6(0) + »?ir,<^'(r,)- 

When there is a double root we write 

Vj^ = V2^ (t— t ) 

v<^, ... being the same as before. The equations to determine the constants 
Carenow C. + 0 . C. + C, + ... C. - 0, 

+ 1 . (>2 + ^3 . ^^3 + ... • C'n 

ri^-i/7i + (^ - 1) -f- ... = a/ (0- 

Writing (r ~ ^) F {r) = (r — A) (r — r 3 ) ... (r — r„) 

= Co + Cjr -h ... c„_ir«-i 

and multiplying the equations by Cq, Cj, ... c^_i respectively we find that, 
since (7„_i = 1, 

Cl (ri - A) F (ri) + C 2 [F (r,) + (ri - A) F' (ri)] = af (r). 

The quantity A is at our disposal. Let us first write A = rj, we then 

C,F (r,) af (r). 

Simplifying the preceding equation with the aid of this relation we 

C,F (rj) + C^F' (rj) = 0. 

Writing 
we have 


G (r) = a/F (r), 

Cl = fir) O' (r,), C,=f(r)G{r,). 

These are just the constants obtained by writing 


<f> (r) r — r 


+ 


a 


a 


{r - ri)2 r—Ti 


+ ... 


C„ 


and a similar rule holds in the case of a multiple root of any order or any 
number of multiple roots. Thus in the case of a triple root, 


/(t)„ Cl 


+ - 


c. 




2!C3 


(r) r — ' (r — ri)^ (r — ri)' 




§ 1-49. Heaviside's expansion. The system of differential equations (II) 
of § 1*47 may be written in the form 

2 a^a Qa = {t), 

a=* 1 

where the a’s are analogous to the operators rs of § 1*46. 
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Denoting the determinant | a,, | by <f> (D) and using A„ to denote the 
co-factor of the constituent in this determinant, we have 

(/)) a = S (<). 

1 

To obtain an expansion for Q, we first solve the equation 

cf> (D) y, (<) = 1 

with the supplementary conditions 

2/.(0) = y/ (0)= (0)= 0, 

then a;„ = A^^y, (0 

is a particular solution of the equation <f> (D) = A^^ . 1 for which 

(0) = X/ (0) = 0; 

and by the expansion theorem of § 1-48, 

. {t, 0) = A„y, (t, 0) 

a-l (ra)^'{rc) <f> (0) ’ 

which is Heaviside’s expansion formula. The corresponding formula for 
Qs (t) is 




r-1 


(0) X,r {t, 0) + [ E/ (t) (t, t) dr , 

Jo J 


and this particular solution satisfies the conditions 

Qs (0) Qs' (0) == 0. 


§ 1-51. The sim'ple wave- equation. There are a few partial differential 
equations which occur so frequently in physical problems that they may 
be called classical. The first of these is the simple wave-equation 


2 ^"7 

dC ~ dx^ 


(I) 


which occurs in the theory of a vibrating string and also in the theory of 
the propagation of plane waves which travel without change of form. 
These waves may be waves of sound, elastic waves of various kinds, waves 
of light, electromagnetic waves and waves on the surface of water. In 
each case the constant c represents the velocity of propagation of a phase 
of a disturbance. The meaning of phase may be made clear by considering 
the particular solution 

V = sin {x ~ ct) 

which shows that V has a constant value whenever the angle x ~ ct has 
a constant value. This angle may be called the phase angle, it is constant 
for a moving point whose a;-co-ordinate is given by an equation of type 
X = ct ^ a, where a is a constant. This point moves in one direction with 
uniform velocity c. There is also a second particular solution 

V = sin (x 4- ct) 
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for which the phase angle a; + cHs constant for a point which moves with 
velocity c in the direction for which x decreases. These solutions may be 
generalised by multiplying the argument x ± ct by a frequency factor 
27TI//C, where v is a constant called the frequency, by adding a constant y 
to the new phase angle and by multiplying the sine by a faetor A to 
represent the amplitude of a travelling disturbance. In this way the 
particular solution is made more useful from a phj^sical standpoint be- 
cause it involves more quantities whieh may be physically measurable. In 
some cases these quantities may be more or less determined by the supple- 
mentary conditions which go with the equation when it is derived from 
physical principles or hypotheses. 

Usually this particular equation is derived by the elimination of the 
quantity U from two equations 


aF__ du 

dt ^ dx ’ 


du ^ dv 

dt ~^dx 


.(A) 


involving the quantities U and K, the coefficients a and j8 being constants. 
The constant c is now given by the equation 


c2 == a^. 


It should be noticed that if V is eliminated instead of U, the equation 
obtained for U is 


dt^ 


d^u 

dx^ ’ 


and is of the same type as that obtained for 1". This seems to be a general 
rule when the original equations are linear homogeneous equations of the 
first order with constant coefficients, however many equations there may 
be. The rule breaks down, however, when the coefficients are functions of 
the independent variables. If, for instance, a and /3 are functions of x the 
resulting equations are respectively 

dW__ ^(ndV\ 

w _ a / ^\ 

a<2' Pdxvdx)' 

These equations may be called associated equations. Partial differential 
equations of this type occur in many physical problems. If, for instance, 
y denotes the horizontal deflection of a hanging chain which is performing 
small oscillations in a transverse direction, the equation of vibration is 

d^y d / dy\ 

where g is the acceleration of gravity and x is the vertical distance above 
the free end. Equations of the above type occur also in the theory of the 
propagation of shearing waves in a medium stratified in horizontal plane 
layers, the physical properties of the medium varying with the depth. 



62 The Classical Equations 

§ 1*52. The differential equation (I) was solved by d’Alembert who 
showed that the solution can be expressed in the form 

V ^ f {x - ct) g {x + ct), 

where / (z) and g (z) are arbitrary functions of z with second derivatives 
/" (z), g" {z) that are continuous for some range of the real variable z, 
A solution of type f {x ~ ct) will be called a ‘‘primary solution/’ a term 
which will be extended in § 1*92 to certain other partial differential 
equations. 

To illustrate the way in which primary solutions can be used to solve 
a physical problem we consider the transverse vibrations of a fine string 
or the shearing vibration of a building*. 

The co-ordinate x is supposed to be in the direction of the undisturbed 
string and in the vertical direction for the building, the co-ordinate y is 
taken to represent the transverse displacement. If A denotes the area of 
the cross-section, which is a horizontal section in the case of the building, 
and p the density of the material, the momentum of the slice Adx is Mdx, 
01 / 

where M = pA The slice is acted upon by two shearing forces acting 

in a transverse direction and by other forces acting in a “vertical” 
direction, i.e. in the direction of the undisturbed string. Denoting the 

dS 

shearing force on the section x by S, that on the section x -f dx is aS 4 - ^ dx, 
dS . 

The difference is dx, and so the equation of motion is 

dM^dS 
dt dx * 

We now adopt the hypothesis that when the displacement y is very 
small 


S- 


where /a is a constant which represents the rigidity of the material in the 
case of the building and the tension in the case of the string. According 
to this hypothesis if p and A are also constants 

_ 2 

dt^ dx^’ 

where c* = jMjp. The expressions for M and 8 also give the equation 

dS dM 

^ dt~ ’ 

and so we have two equations of the first order connecting the quantities 
M and S\ these equations imply that M and 8 satisfy the same partial 
differential equation as y. 

/ 

♦ The shearing vibrations of a building have been discussed by K. Suyehiro, Journal of the 
Institute of Japanese Architects, July (1926). 
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In the case of the building one of the boundary conditions is that there 
is no shearing force at the top of the building, therefore S = 0 when x = h. 
Assuming that 

y == f (x - ct) + g {x + ct) 

the condition is ^ - = 0 when x = h, and so 

ox 

0 = f' (h -- ct) g' (h ct). 

This condition may be satisfied by writing 

y cf) {ct X — h) (f) {ct — X + h), 

where </> {z) is an arbitrary function. 

A motion of the ground {x = 0) which will give rise to a motion of this 
kind is obtained by putting a: = 0 in the above equation. 

Denoting the motion of the ground hjy==F {t) we have the equation 

F {t) ^ cf) {ct — h) -}- ^ {ct 4 - h) (A) 

for the determination of the function ^ {z). 

In the case of the string the end x = I may be stationary. We therefore 
put y = 0 for X = I and obtain the equation 

0 == f {I -- ct) -h g {I + ct) 

which is satisfied by 

y = ip {ct X — 1) — i/j {ct + I — x), 

where ip is another arbitrary function. If the motion of the end a; — 0 is 
prescribed and is y = G {t) we have the equation 

G {t) = ip {ct — 1) — ip {ct + 1) (B) 

for the determination of the function ip {z). 

If, on the other hand, the initial displacement and velocity are pre- 
scribed, say p, 

y=e (x), gf = X (x) 

when ^ = 0, we^have the equations 

0 (x) = / (x) + g (x), X (»=) = c [g' {x) - /' (x)] 
which give 2c/' {x) = c9' {x) — x (^)y 

2cg' {x) = cO' (x) + X (x), 
and the solution takes the form 

1 fjr+ct 

^[e(x-~ ct) + d{x + ct)] + 1^^^^ X ('^) 

If in the preceding case both ends of the string are fixed, the equation 
(B) implies that tp {x) is a periodic function of period 21, the corresponding 
time interval being 2Z/c. Submultiples of these periods are, of course, 
admissible, and the inference is that a string with its ends fixed can perform 
oscillations in which any state of the system is repeated after every time 
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interval of length 2lmjnCy where m and n are integers, n being a constant 
for this type of oscillation. 

In the case of the building the ground can remain fixed in cases when 
(j) {z) is a periodic function of period 4/i such that 

ct>{z-^2h)^ -~cf> ( 2 ). 

It should be noticed that the conditions of periodicity may be satisfied 
by writing 

0 {z) == sin (f> (z) = sin [{n + \) irzlh], 

where m and n are integers. Thus in the case of the string with fixed ends 
there are possible vibrations of type 

. niTTX miTCt 

cos-y-, 


and in the case of the building with a free top and fixed base there are 
possible vibrations of type 


y=b^ sin 


/ 1 V 

+ J) ^ j 




TTCt 


These motions may be generalised by writing for the case of the string 

^ . triTTX TYlTTCt 

y=^ 2 : am sin j ~ cos , 

m-l ^ ^ 


where the coefficients a^, are arbitrary constants. For complete generality 
we must make s infinite, but for the present we shall treat it as a finite 
constant. The total kinetic energy of the string is 



dx = 


?n = 1 


m^TT^c^ „ 

- n * 

4/2 


sin2 


rniTCt 


since we have 


i 


^ . rriTTX . mrx . 
sin , sin , dx^ 0 
0 ^ t' 

= //2 


n^m 

m. 


Since the kinetic energy is the sum of the kinetic energies of the motions 
corresponding to the individual terms of the series, these terms are supposed 
to represent independent natural vibrations of the string. These are generally 
called the normal vibrations. 

The solution for the vibrating building can also be generalised so as to 
give 

y= 2 : sin 

n-l 

and the kinetic energy is in this case 




cos 




i. (2n+ , 

^ 1 rtT 


n^l 


16i 


Sin' 


(»»+ J) 


rrct 
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for now we have corresponding relations 


f ^ ttOC 

J sio (n-h i) sin (m + 


Such relations are called orthogonal relations. 


dx = () 

= hl2 


m^n 


§ 1-53. In the case of the equation of the transverse vibrations of a 

string there is a type of solution which can be regarded as fundamental. 

Let us suppose that the point x = a is compelled to move with a simple 

harmonic motion* ^ 

1 / = jS cos (jpt + «), 

where a, ^ and p are arbitrary real constants. If the ends x = 0, x I 
remain fixed, it is easily seen that the differential equation 


and the conditions i/ = 0 at the ends may be satisfied by writing y = yi for 
0 < < a and y = y 2 for a < x < I, where 

yi== P cosec (Aa) sin (Xx) cos (pt + a), 
y 2 = ^ cosec X(l — a) sin X{1 ~ x) cos (pt + a), 

and Ac = p. The case of a periodic force F ~ Fq cos (pt + cc) concentrated 
on an infinitely short length of the string may be deduced by writing down 
the condition that the forces on the element must balance, the inertia 
being negligible. This condition is 

F = Py^' - Py^ for x = a, 

where P is the pull of the string. Substituting the values of y/ and y^' we 


Therefore 


cFq = ppP [cot Xa + cot X (I — a)]. 
F 

p = cosec XI sin Aa sin A (Z — a). 


The solution can now be written in the form 

F 

y== 


where 


g (x, a) 


sin Xx sin X(l — a) 
X sin XI 

sin A (Z — x) sin Xa 
X sin AZ 


0 < a; < a 


a ^ X ^ 1. 


This function g (x, a) is a solution of the differe^tial equation 

S + AV-o 


B 


Rayleigh, Theory of Sound, vol. i, p. 19f^ 


5 
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and satisfies the boundary conditions g = 0 when x = 0 and when x ~ 1. 
It is continuous throughout the interval 0 < x < I, but its first derivative 
is discontinuous at the point x = a and indeed in such a manner that 


lim 

8->0 


^g(x-s, a)-^g(x-^s, a) 


= 1 . 


The function g (x, a) is called a Green’s function for the differential 

'll/ 

expression -f it possesses the remarkable property of symmetry 
expressed by the relation 

g {x, a)^ g (a, x). 


This is a particular case of the general reciprocal theorem proved by^ 
Maxwell and the late Lord Rayleigh. 

It should be noticed that the Green’s function does not exist when A 
has a value for which sin AZ = 0; that is, a value for which the equation (A) 
possesses a solution g = sin Xx which satisfies the boundary conditions and 
is continuous (Z), 1) throughout the range (0 < a: < /). 

A fundamental property of the Green’s function g {x, a) is obtained by 
solving the differential equation 


d^u 

dx^ 


+ X^u = f (x) 


by the method of integrating factors. Assuming that y is continuous (D, 2) 
in the interval (0, Z) and that the function / (x) is continuous in tliis interval, 
the result is that 

“ - - (IL. - " Sl.ri/ 

where u (0) and u (Z) are assigned values of u at the ends. If these values 
are both zero y is expressed simply as a definite integral involving the 
Green’s function and / (a). 


§ 1-54. The torsional oscillations of a circular rod are very similar in 
character to the shearing oscillations of a building. Let us consider a 
straight rod of uniform cross-section, the centroids of the sections by 
planes x = constant, perpendicular to the length of the rod, being on a 
straight line which we take as axis of x. Let us assume that the section at 
distance x from the origin is twisted through an angle 0 relative to the 
section at the origin. It is on account of the variation of 6 with x that 
an element of the rod must be regarded as strained. The twist per unit 
length at the place x is defined to be 

d9 

it vanishes when 6 is constant throughout the element bounded by the 
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planes x and x + dx, i.e. when this element is simply in a displaced position 
just as if it had been rotated like a rigid body. 

The torque which is transmitted from element to element across the 
plane x is assumed to be iC/xr, where p is an elastic constant for the material 
(the modulus of rigidity) and ii is a quantity which depends upon the size 
and shape of the cross-section and has the same dimensions as 7, the 
moment of inertia of the area about the axis of x. 

Let p denote the density of the material, then the moment of inertia 
about) the axis of x of the element previously considered is pidx and the 
angular momentum is plOdx. 

Equating the rate of change of angular momentum to the difference 
between the torques transmitted across the plane faces of the element, we 
obtain the equation of motion 




which holds in the case when the rod is entirely free or is acted upon by 
forces and couples at its ends. In this case the differential equation must 
be combined with suitable end conditions. 

A simple case of some interest is that in which the end x 0 is tightly 
clamped, whilst the motion of the other end x ^ a is prescribed. 


§ 1*55, The same differential equation occurs als(>in the theory of the 
longitudinal vibrations of a bar or of a mass of gas. 

Consider first the case of a bar or prism whose generators are parallel 
to the axis of x. Let x ^ ^ denote the position at time t of that cross- 
section whose undisturbed position is x, then ^ denotes the displacement 
of this cross-section. An element of length, 8x, is then altered to 8 (x -f f), 
of (1 -f i') 8^, where the prime denotes differentiation with respect to x. 
Equating this to (1 ~f e) S:r we shall call e the strain. The strain is thus the 
ratio of the change in length to the original length of the element and is 
given by the formula ^ . 


According to Hooke’s law stress is proportional to strain for small 
displacements and strains. The total force acting across the sectional area 
^ in a longitudinal direction is therefore F = EeA, where E is Young’s 
modulus of elasticity for the material of which the rod is composed. The 
stress across the area is simply Ee, 

The momentum of the portion included between the two sections with 
co-ordinates x and + So; is MZx, where M = pA and p is the density of 
the material. The equation of motion is then 

dM _dF 
dt dx ’ 


5-2 
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or 


pA\ 




EA 


3$' 


dx 


- = 1 
dx 

When the material is homogeneous and the rod is of uniform section the 
equation is 


0 ^ 

dt^ 


= c 


dx^’ 


where = Ejp. Since the modulus E for most materials is about two or 
three times the modulus of rigidity fx, longitudinal waves travel much more 
rapidly than shearing waves and the frequency of the fundamental mode 
of vibration is higher for longitudinal oscillations than it is for shearing 
oscillations. In the case of a thin rod shearing oscillations would not occur 
alone but would be combined with bending, and the motion is different. 

The fundamental frequency for the lateral oscillations is, however, much 
lower than that for the longitudinal oscillations. Let us next consider the 
propagation of plane waves of sound in a direction parallel to the axis of x. 

Let Vq ^ A8x be the initial volume of a disc-shaped mass of the gas 
through which the sound travels, v = AS (x -f the volume of the same 
mass at time t. We then have 

i; = Vo (1 + e), 

where e is now the dilatation. If po is the original density and p the density 
of the mass at time t, we may write 

p ^ Pq{\ s), 

where s is the condensation, it is the ratio of the increment of density to 
the original density. Since pv ~ pqVq we have 

(1 -f 5) (1 + e) = 1, 

and if s and e are both small we may write 



To obtain the equation of motion we assume that the pressure varies 
with the density according to some definite law such as the adiabatic law 


Po 



where Pq is the pressure corresponding to the density y and is a constant 
which is different for different gases. 

This law holds when there is no sensible transfer of heat between 
adjacent portions of the gas. Such a state of affairs corresponds closely 
to the facts, since in the case of vibration of audible frequency the con- 
densations and rarefactions of our disc-shaped mass of gas follow one 
another with a frequency of 500 or more per second. 

For small values of s we may write 

P=Po(^ + Y«)- 



Waves of Sound 

The equation of motion is now 

m ^dF 
dt ~ dx’ 


where 


= F=-Ap. 


Substituting the values of p and s we obtain the equation 


in which 


Po 


For sound waves in a tube closed at both ends the boundary conditions 
are ^ =. 0 when x = 0 and when x I . The solution is just the same as the 
solution of the problem of transverse vibration of a string with fixed ends. 

For sound waves in a pipe open at both ends and for the longitudinal 
vibrations of a bar free at both ends we have the boundary conditions 

n 


when X == 0 and when x = I, which express that there is no stress at the 

ends. The normal modes of vibration are now of type 

> ^ mnx (niTTCtX 

f = c;^ cos cos j , 

where is an arbitrary constant and m is an integer. This solution is of 

^ (x ct) ^ {ci - x), 


and may be interpreted to mean that the progressive waves represented 
by == ^ {ct — x) are reflected at the end a; = 0 with the result that there 
is a superposed wave represented by f o = + ^)- 

There is a different type of reflection at a closed end of a tube (or fixed 
end of a rod), as may be seen from the solution 

i ^ (ct ~ x) — (f> {ct + x), 


which makes f == 0 when x = 0. 

Reflection at a boundary between two different fluid media or between 
two parts of a bar composed of different materials may be treated by 
introducing the boundary condition that the stress and the velocity must 
be continuous at the boundary. 

If progressive waves represented by approach the 

boundary x = 0 from the negative side and give rise to a reflected wave 
= ai(f> {t 4- x/c) and a transmitted wave ^2 = ^ 2 ^ f'he boundary 


conditions-are 


dt " dt ’ 


X (•So + -Si) = x'S2, 
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where k = ypo and k = y'po , the constants y and y' referring respectively 
to the media on the negative and positive sides of tlie origin. The equi- 
librium pressure Pq is the same for both media. 


Now 

hence, when x = 0 , 


dt 


CSn 


dt 


- cs^, 


dt 


c So 


CSn 


(0) 


and 

Therefore 


(0, c's2 = (0, 

t§2 . 


c 

(So - Si) 


K (Sq + — 

k's. 


k'c — 

KC' 

2kc 


s^ 

/c'TT 

kC 

So = , / 

K C + KC 

Sq j 


KC' — 

k'c 

2kc' 
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^2 ^ / / 

K C -h KC 

ao. 


§ 1*56. The simple wave-equation occurs also in an approximate theory 
of long waves travelling along a straight canal, with horizontal bed and 
parallel vertical sides, the axis of x being parallel to the vertical sides and 
in the bed (see Lamb’s Hydrodynamics, Ch. viii). 

Let h be the breadth of the canal and li the depth of the fluid in an 
initial state at time ^ 0 when the fluid is at rest and its surface horizontal. 

We shall denote the density of the fluid by p and the pressure at a point 
[x, y, z) by p. The motion is investigated on the assumption that p is 
approximately the same as the hydrostatic pressure due to the depth 
below the free surface. This means that we write 


p = Po + gp (It' + 1 - y), (I) 

where ^p^ is the external pressure, which is supposed to be uniform, rj is 
the elevation of the free surface above its undisturbed position and g is 
the acceleration of gravity. One consequence of this assumption is that 
there is no vertical acceleration, in other words, the vertical acceleration is 
neglected in making this approximation. 

If, in fact, we consider a small element of fluid bounded by horizontal 
and vertical planes parallel to the planes of reference, the axis of y being 
vertically upwards, the equations of motion are 

pa . hxdydz = — . dydz, 


pP . SxSySz ~ — pgdxhyhz, 

py . dxdydz == — 82 . hxhy, 


where a, j8, y are the component accelerations. With the above assumption 
we have = y = 0, and so 


pa ~ 


dx* 
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The assumption of no vertical acceleration is not equivalent to the 
assumption (I), because an arbitrary function of x, z and t could be added 
to the right-hand side of (I) and the equations of motion would still give 
no vertical acceleration. 

Equation (I) gives pa = — gp^. 

This expression for ot is independent of y, consequently, since g is 
assumed to be constant, the acceleration a is the same for all particles in 
a vertical plane perpendicular to the axis of x. The horizontal velocity u 
depends on x and t only. 

Now let ^ be the total displacement from their initial position of the 
particles which at time t occupy the vertical plane x. Each particle is 
supposed to have moved horizontally through a distance but actually 
some of the particles will have moved slightly upwards or downwards as well. 

If AX^^, A'X' = ^ + 

the fluid which occupies the region QQ'X'X is 
supposed to have initially occupied the region 
PP'A'A. 

Equating the amount of fluid in the region 
QQ^N'N to the difference of the amounts in the 
regions PNXA, P'N'X'A' we obtain the equa- 


tion of continuity Fig. 9. 

- 0^ Sx = 7]b8x, 

or (II) 


A second equation is obtained by writing a = This is approximately 
true in the case of infinitely small motions, the exact equation being 

du du 



Writing 
we have 



du __ dr] 
W~dt ~^dx' 


(III) 


The equations (II) and (III) now give the wave-equations 

dx^’ df^~ dx^' 

where = gh. 

When, in addition to gravity, the fluid is acted upon by small dis- 
turbing forces with components (A, F) per unit mass of the fluid, the 
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assumption that the pressure is approximately equal to the hydrostatic 
pressure leads to the equation 

P = + p 

dp 


V 


This gives 


dx 


= p(g- 




{g- Y)dy. 

h^vdY 


dx 


dy, 


and the equation of horizontal motion 


dp 

dx 


indicates that in general u depends on y as well as on x and t. 

With, however, the simplifying assumptions that Y is small compared 
07 

with g and that h is small in comparison with X the equation takes the 
form ^ ^ 

OU ^ 07] 


and, if X depends only on x and t, this equation indicates that u is inde- 
pendent of y. We may then proceed as before and obtain the equations 


dH 


»2 I X 

^ dx^ ^ ’ 


a>' ~ dx^ dx' 


EXAMPLES 

1. An elastic bar of length I has masses ttiq, at the ends x ~ 0, x — I respectively. 
Prove that the terminal conditions are 

EA g- = ^00^2 when a; == 0 , 

EA 5- = — ^ .f when x~L 

ox ^ dt^ 

Prove that the possible frequencies of vibration are given by the equation 
(1 - tan 0 -h (/xq + Mi) ^ = 0, 

where = lAE^i^y = lAE^i^y d — nl, 

and nc/ 27 r is the number of vibrations per second. 

2 . If a prescribed vibration ^ = C cos nt is maintained at the end a; = 0 of a straight 
pipe which is closed at the end x = I the vibration at the place x is given by 

. ^ nl . n {I — x) 

t~C cosec — sm — ^ ^ cos nU 
c c 

Obtain the corresponding solution for the case in which the end a; ~ Z is open. 


3 . Discuss the longitudinal oscillations of a weighted bar whose upper end is fixed. 
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4. If La = 


,log|l+i.^}, L^ = log|l+’«^|. L = log"^-t_« 


and A is an arbitrary constant, the function 

y — A [sin 257ra ~ sin 2s7tP] 
satisfies the differential equation 

^ V _ ^ J 

dfi dx^ ’ 

and the end conditions y = 0 when a; = 0 and when x = a + vL Prove also that when r -> 0, 

» . . SttX Snct 

y~^2A sin — cos — . 

a a 

[T. H. Havelock, Phil. Mag. vol. XLvn, p. 754 (1924).] 

6. Prove that if y == 0 when a; = 0 and x = v/, 

y = / (^). y = 9 (^)> when 

d^y d^v 

a solution of = c* is given by 

® . Vna. ct + X~^ ( . nar .. . nar] 

where a log = 2n, 

c — V 


=<;^-cv 


1 

F (cIq + x) = \f(x) + 2 ” I 9 (^) -vtQ<x< vIq , 


. 2a /■ ^^<0 . dx 

•Bn = - - f -B (c <0 + x) cos (reatu) 

‘TT J ^Vto CtQ-hX 


and it is supposed that 


/(- x) = “/(^), g{-x)== -g(x), 

[E. L. Nicolai, Phil. Mag. vol. xlix, p. 171 (1925).] 


§ 1-61. Conjugate functions and systems of partial differential equations. 
If in equations ((A) § 1-51) we write a = 1, ^ == — 1 and use the variable 
y in place of t we obtain the equations 

dU_^dV dU____dV 

dx dy ' dy dx 

satisfied by two conjugate functions U and V. In this case both functions 
satisfy the two-dimensional form of Laplace’s equation 

dx^ ^ 

This equation is important in hydrodynamics and in electricity and 
magnetism. 

The equations (A) may be generalised in another way by writing 
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where a, y, 8, 0, 4^, A, /x, or, t are arbitrary constants. In particular, 


the equations 


dU _ dV^ 
dt ^ dx ’ 


lead to the equation 


ax 

d^u 


du_ 

dt “ ax* ’ 

which is the equation for the conduction of heat in one direction when U 
is interpreted as the temperature and k as the diffusivity. The same 
equation occurs in the theory of diffusion. It should be noticed that the 
quantity V satisfies the same equation. 


Again, if we write 


0K rdU 


dU 

dx 


dV 


and interpret V as electric potential, U as electric current, we obtain the 
differential equation 

027 027 07 

which governs the propagation of an electric current in a cable*. The 
coefficients have the following meanings : 

R L C S 

resistance inductance capacity leakance 

all per unit of length of the cable. The quantity U satisfies the same 
differential equation as 7. This differential equation may be reduced to a 
canonical form by introducing the new dependent variables u, v, defined 


by the equations ^ ^ 

These variables satisfy the equations 


7e«^/^. 


dv 

dx 

du 


du 

'dC 




CRjL) V, 


and the canonical equations of propagation are Heaviside’s equations 






These equations are of the simple type (I) if 

SL = GR. 

In this case a wave can be propagated along the cable without distortion. 

* Cf. J. A. Fleming, The Propagation of Electric Currents in Telephone and Telegraph Circuits j ch. v. 
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When dealing with the general equations (A) it is advantageous to use 
algebraic symbols for the differential operators and to write 


dt 






the differential equations may then be written symbolically in the form 
{6D, -yD,- (aD^ + A) U, ~ 8D, ^ a) {pD, + r) F. 

The first equation may be satisfied by writing 

U = (0D, - yD, - W, V = (aD, + A) W, (B) 

where IF is a new dependent variable. Substituting in the second equation 
we obtain the following equation for IF, 

[{6Dt - yD^ - fi) - 8Z)^ - a) - {aD^ + A) + t)] If = 0, 
which, when written in full, has the form 
d^W 

e4> m + ^y) + (yS - a^) l-J - + 4 >^) ^ 

31F 

— {ar 4- j3A 4- yor -f- 8/x) -g— + (jxa — At) IF == 0. 

When this equation has been solved the variables JJ and V may be 
determined with the aid of equations (B). It is easily seen that U and V 
satisfy the same equation as PF. 

The equation for PF is said to be hyperbolic, parabolic or elliptic 
according as the roots of the quadratic equation 

dipX^ — {68 4- (f>y) A 4“ yS — == 0 

are real and distinct, equal or imaginary. In this classification the co- 
efficients a, j8, y, S, 6, (f), A, fjL, (7, T are supposed to be all real, the simple 
wave-equation is then of hyperbolic type, the equation of the conduction 
of heat of parabolic type and Laplace's equation of elliptic type. The 
telegraphic equation is generally of hyperbolic type, but if either (7 = 0 or 
L — 0 it is of parabolic type and the canonical equation is of the same form 
as the equation of the conduction of heat. 

The foregoing analysis requires modification if the coefficients a, y, 
S, 6, <f), A, /A, (7, T are functions of x and t, because then the operators aD^ 4- A 
and 6Dt — yD^. — /x are not commutative in general, and so the first 
equation cannot usually be satisfied by means of the substitution (B). If, 
however, the conditions 

dy da . da 

^ dx ^dx dt’ 


d/i, 

dx 


' dx 


1 ^ 

dt 
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are satisfied the operators are commutative (permutable) and a differential 
equation may be obtained for W, In this case the variables U and V do 
not necessarily satisfy the same partial differential equation. This is easily 
seen by considering the simple case when the first equation is U = OdVjdt 
and ^ and r are independent of t. 

Differential operators which are not permutable play an interesting 
part in the new mechanics. 

§ 1-62. For some purposes it is useful to consider the partial difference 
equations which are analogous to partial differential equations in which 
we are interested. The notation which is now being used in Germany is 
the following * : 

u {x h, y) - u {x, y) = u(x,y h) - u {x, y) = hUy, 

u {x, y) — u (x — h, y) = hu^, u (x, y) ~ u {x, y ~ h) = huy, 
u (x h, y) - 2u (x, y) u (x - h, y) == == hhi 2 x • 

The equations Vy, Uy = — 

are analogous to those satisfied by conjugate functions since they imply 

. A , A 

+ Vyy = 0 , V^2 + Vyy = 0 . 

The equations % = , Uy — 

give the equations u ^2 = > '^xx = 

analogous to the equation of the conduction of heat. 


§ 1-63. The simultaneous equations from which the final partial 
differential equation is derived need not be always of the first order. In 
the theory of the transverse vibrations of a thin rod the primary equations 


aret 


M - EAk^ 


d^Tj 

dx^^ 


^ \dl^ dx^dty dx^’ 


where r] is the lateral displacement, the bending moment, A the sectional 
area, x the radius of gyration of the area of the cross-section about an axis 
through its centre of gravity, p the density and E the Young’s modulus 
of the material. The resulting equation 

^ 3'’? 3= 0 fi) 

pdx^ ^ ^ 

is of the fourth order. The equation is usually simplified by the omission 
of the second term. This process of approximation needs to be carefully 
justified because it will be noticed that the term omitted involves a 
derivative of the fourth order, that is a derivative of the highest order. 
Now there is a danger in omitting terms involving derivatives of the highest 

* See an article by R. Courant, K. Friedrichs and H. Lewy, Math. Ann. Bd. c, S. 32 (1928). 
f Cf. H. Lamb, Dynamical Theory of Sound, p. 121. 
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order because their coefficients are small. This may be illustrated in a very 
simple way by considering the equation 


dx dx ^ ’ 


.(II) 


where v is small. The solution is of type 

7] ~ A 

where A and B are constants. When the term on the right of (11) is omitted 
the solution is simply t] = A. When x and u are both small and positive 
the term Be^l'', which is omitted in the foregoing method of approximation, 
may be really the dominant term. In this example all the terms involving 
derivatives of the highest order have been omitted, and as a general rule 
this is more dangerous than the omission of only some of the terms as in 
the case of the vibrating rod. The omission of the second term from the 
rod equation seems to be quite justifiable when the rod is very thin. When 
the rod is thiek Timoshenko’s theory* shows that there is a term giving 
the correction for shear which is at least as important as the second term 
of the usual equation (I). 

This point relating to the danger of omitting terms involving derivatives 
of the highest order comes up again in hydrodynamics when the question 
jof the omission of some or all of the viscous terms comes under considera- 
tion. The omission of all the viscous terms lowers the order of the equations 
and requires a modification of the boundary conditions. This does not lead 
to very good results. On the other hand, in Prandtl’s theory of the 
boundary layer some of the viscous terms are retained, the boundary 
condition of no slipping at the surface of a solid body is also retained and 
the results are found to be fairly satisfactory. 


EXAMPLE 

Prove that the equations =a^f' 4- 6 

ox ox oy 

dv _ du du 

dy ^dx ^ dy 

give an equation of the second order which is elliptic, parabolic or hyperbolic according as 
(a — d)^ + 4:bc is less than, equal to or greater than zero. 

[E. Picard, Compt, Bend, t. cxii, p. 685 (1891).] 


§ 1 * 71 . Potentials and stream functions. The classical equations are of 
great mathematical interest and have played an important part in the 


Phil. Mag. (6), vol. 








where p is the mo^ulds of rigidity and a is a constant which depends upon the shape of the cross- 
section. For the equation of resisted vibrations see Note II, Appendix. 
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development of mathematical analysis by suggesting fruitful lines of 
investigation. It can be truly said that the modern theory of functions 
owes its origin largely to a study of these equations. The theory of functions 
of a complex variable is associated, for instance, with the theory of con- 
jugate functions and the solutions of Laplace’s equation. 

If, for instance, we write 

^ -f- = / (^ -f iy) = / ( 2 ), 

where / (z) is an analytic function* and (f> and 0 are real when x and y are 
real, we have, for points in the domain for which / [z) is analytic, 

+ -f' {z\ 

dx^ dx~^ ^ 

.dif) 

where/' (z) denotes the derivative of/ ( 2 ). 

These equations give 

dy ^ dy 

Equating the real and imaginary parts of the two sides of this equation, 
we see that ^ , 

C(p dip 


.difj' 
dx'^ dx 


dx 

d<t> 

dy 




dy 


.(A) 


difj 

dx 


V, say. 


These relations between the derivatives of two conjugate functions </» 
and i// are called Cauchy’s relations because they play a fundamental part 
in Cauchy’s theory of functions of a complex variable. The relations can 
also be given many very interesting physical interpretations. 

The simplest from a physical standpoint is, perhaps, that in which u 
and V are regarded as the component velocities in the plane of x, y of a 
particle of a fluid in two-dimensional motion, the particle in question being 
the particular one which happens to be at the point (x, y) at time t. If u 
and V are independent of t the motion is said to be “steady” and a curve 
along which it is constant may be regarded as a “stream-line” or “hne of 
flow” of the particles of fluid. The condition that a particle of the fluid 
should move along such a line is, in fact, expressed by the differential 
equations 


dx dy 


u 




.(B) 


which give vdx — udy = 0, 

that is = 0 or ^ = constant. 


The reader is supposed to possess some knowledge of the properties of analytic functions. 
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Another way of looking at the matter is to calculate the “flux’’ across 
any line AP from right to left. This is expressed by the integral 

where ds denotes an element of length of AP and the suffix is used to 
indicate the point at which 0 is calculated. It is clear from this equation 
that there is no flow across a line AP along which if/ is constant. 

The conjugate function ^ is called the “velocity potential” and was 
first introduced by Euler. The curves on which is constant are called 
“ equipotential curves.” The function ip is called the stream-function or 
current function, it was used in a general manner by Earnshaw. 

It must be understood that the fluid motion which is represented by 
such simple formulae is of an ideal character and is only a very rough 
approximation to a real motion of a fluid. A study of this type of fluid 
motion serves, however, as a good introduction to the difficult mathe- 
matical analysis connected with the studies of actual fluid motions. It will 
be worth while, then, to make a few remarks on the peculiarities of this ideal 
type of fluid motion*. 

In the first place, it should be noticed that the expression udx vdy 
is an exact differential dcp, and so the integral 

j {udx -f vdy) 

represents the difference between the values of <p at the ends of the path of 
integration. If the function <p is one- valued the integral round a closed 
curve is zero, but if (p is many-valued the integral may not vanish. The 
value of the integral in such a case is called the circulation round the 
closed curve. It is different from zero in the case when 

^ -f = i log z = i (log r -f i6) 

and the curve is a circle whose centre is at the origin. In this case 

(p= ~ 0, (/r = log r, 

and it is easily seen that the circulation F defined by the integral 

F = I udx -f vdy =:^ j d<p = — j dO 

is equal to — 27t, The fluid motion for which 

(p iip A log z, 

where .4 is a constant, is said to be that due to a vortex of strength F when 

"jF 

A is an imaginary quantity . If, on the other hand, A is real, the motion 

is said to be due to a source if — .4 is positive and due to a sink if — .4 is 
negative. The flow in the last two cases is radial. 
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Since the stream-function in the last two cases is — ^40 and is not one- 
valued, the flux across a circle whose centre is at 0 is — 2ttA, 

The flow due to a vortex, source or sink at a point other than the origin 
may be represented in the same way by simply interpreting r and 6 as 
polar co-ordinates relative to the point in question. 

Since the equations expressing u and v in terms of (f> and ip are linear, 
the component velocities for the flow due to any number of vortices, 
sources and sinks may be derived from the complex potential 

(p + iip^ {as - i^s) log [x- Xs +i{y~ y,)] , 


where the constants , ps specify the strengths of the source and vortex 
associated with the point (.r,, The word source is used here in a general 
sense to include both source and sink. 

One further remark may be made regarding the motion if we are 
interested in the career of a particular particle of fluid. If yo are the 
initial co-ordinates of this particle at time t these quantities at time t will 
be functions of x, y and t 

^^0 = / 0 , yo^ 9 {^> 2 /> 0 , 

but functions of such a nature that the equations (B) are satisfied when 
Xq and yo regarded as constant. We have then 


9/ 9/ 9/ A 

u/- + v / -f - 0, 

dx dy dt 


dg dg dg . 
^ dy'^ dt 


(C, D) 

(a^o. Vo) will 


and any quantity h which can be expressed in the form h 
be a solution of the equation 

dh dh dh ^ 
a< + “8» + '’5s<-"’ 

and will be constant throughout the motion. We shall write this equation 
in the form dhjdt = 0 and shall call dhjdt the complete time derivative of 
li. When the motion is steady we evidently have dipjdt = 0. 

1 and 


The equations (C) and (D) may be solved for u and v if 


give expressions 


u 


Hf, g) 
2 (y, t) ’ 


= — 


0 {x, t) 


S') 

9 (x, y) 


which satisfy the equation 


du ^ 

dx dy ~~ 


on account of 


3 . 

d{x,'y) 


^ y) 


= 1. 


This last equation expresses that the area occupied by a group of 
particles remains constant during the motion. To obtain a solution of this 
equation we take x and x^ as new independent variables, then 

dy d{x,y) d{x,y) d{Xo,yo) 9(i^o,2/o) 
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Motion of a Fluid 

Sy ^ _ dpo 
dxQ dx ’ 


This means that ydx — y^dx^ is an exact differential and so we may write 

dF dF 

y~dx' dz^’ 


where F = F {x, Xq, t) and t is regarded as constant. If, however, we allow 
t to vary and use brackets to denote derivatives when x, y and t are 
regarded as independent variables, we have 



dv 


a?F 


dx 


V 

dt ^ dx^ 

dxdt’ 

u ~ 

d:t’ 


0 

1 

II 

a^F 

^ dxdx^ 

d^-F 

dx^dt^ 



0 

- (^y\ - 

a^F 

d^F 

/ ^Xn\ 



~ \3.r/ ~ 

ax2 

dxdXf^ 

.U) 

> 


1 

= 

a^F 

(dXo\ 




\^y) 

dxdx^ 

\dy) 

> 



/d^F\ 

_ d^F 

d^F / 

'dxQ\ 

d^F 


d^F 

\dxdt) 

dxdt 

dXffdt 1 


dxdt 

+ u 

dx^ 

(d^F\ 

_ d^F n 






\dydt) 

dx^dt V 

dy)- 

— u. 





- V, 


Hence we may write ^ and obtain a convenient expression for the 

stream -function. 

Another physical interpretation of the functions ^ and ifj is obtained by 
regarding ^ as the electric potential and Uy v as the components of the 
electric field strength due to a set of fictitious point charges, or, if we prefer 
a three-dimensional interpretation, to a system of uniform line charges on 
lines perpendicular to the plane of a;, y. The curves </> = constant are then 
sections by this plane of the equipotential surfaces </> = constant, while the 
curves ifj ~ constant are the “lines of force” in the plane of a;, y. For 
brevity we shall sometimes think in terms of the fictitious point charges 
and call a curve ^ = constant an “equipotential.” 

Again, may be interpreted as a magnetic potential of a system of 
magnetic line charges (fictitious magnetic point charges) or of electric 
currents of uniform intensity flowing along wires of infinite length at right 
angles to the plane of x, y. The curves iff = constant are again lines of force, 
a line of force being defined by the equations 


dx __ dy 
u V 


B 


6 
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In all cases the lines of force are the orthogonal trajectories of the equi- 
potentials, as may be seen immediately from the relation 

d<f> dijj _ 

dx dx ^ dy dy ’ 

which is a consequence of Cauchy’s relations. 

For any number of electric or magnetic line charges perpendicular to 
the plane of x, y we have by definition 

^ = 22/x, log [x- Xs+ i {y - y,)], 

where is the density per unit length of the electricity, or magnetism as 
the case may be, on the line which passes through the point (x, y) . It must 
be understood, of course, that when is the electric potential we consider 
only electric charges and when </> is the magnetic potential we consider only 
magnetic charges. When the number of terms in the series is finite we can 
certainly write ^ . /(r, + iy) = / (r), 

where / (z) is a function which is analytic except at the points z = Zg. 

When in the foregoing equation fig is regarded as a purely imaginary 
quantity, ^ may be interpreted as the magnetic potential of a system of 
electric currents flowing along wires perpendicular to the plane of x, y. 
If fig = iCg the current along the wire Xg, yg is of strength Cg and flows in 
the positive direction, i.e. the direction associated with the axes Ox, Oy by 
the right-handed screw rule. 

When a potential function (f> is known it is sometimes of interest to 
determine the curves along which the associated force (or velocity) has 
either a constant magnitude or direction. This may be done as follows. We 

f't ^ - \ 

{x+ty), 

log (u — iv) = log /' {x -j- iy) = 3> -f iT*, say, 


where O == ^ log -f v^), T* = tt — tan“^ 

The curves O = constant are clearly curves along which the magnitude 
(u^ -f of the force or velocity is constant, while Y = constant is the 
equation of a curve along which the direction of the force is constant. The 
functions O and T are clearly solutions oi Laplace’s equations, i.e. 

02 ( 1 ) 
dx^ dy^ 

A function O which satisfies this equation is called a logarithmic 
potential to distinguish it from the ordinary Newtonian potential which 
occurs in the theory of attractions. The electric and magnetic potentials of 
line charges are thus logarithmic potentials. 
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A logarithmic potential O is said to be regular in a domain D if 
’ dx^ dy' 0x2 ’ dxdy dy^ 

are continuous functions of x and y for all points of D. If D is a region 
which extends to infinity it is further stipulated that 


lim (f> {x, y) = Cy lim r 

r—^co 

(^2 


d<f, 


d<f> 


0, 


„ — lim r , 

0x / -> Qo ^y 

x2 4- y^), 

where (7 is a finite quantity which may be zero. In this sense the potential 
of a single line charge is not regular at infinity. 

Still another physical interpretation of conjugate functions is obtained 
by writing 




- y. 






0. 


Cauchy’s relations then give 


0X 0X,_^ 

0x dy “ ’ 


== 0. 


0y 0_y, 

0x dy 

These are the equations for the equilibrium of an elastic sohd when there 
are no body forces and the stress is two-dimensional. The quantities 
(X^y Xy) are interpreted as the component stresses across a plane through 
(x, y) perpendicular to the axis of x, while (Y^y Yy) are the component 
stresses across a plane perpendicular to the axis of y. The relation Xy = Y^^ 
is quite usual but the relation X^ -f y^ = 0 indicates that the distribution 
of stress is of a special character. A stress system satisfying this condition 
can, however, be obtained by writing 

- Yy== I {U^ — V^)y Y^ = Xy 

for these equations give 


uv^ 


0Xa; , dXy (du , dv\ fdv du\ _ 


0X 

dx 




dy 

dy 


= u 


du\ , (du , dv\ ^ 


dx dy 


The fact that the various potentials (f> and i/j which have been considered 
so far are solutions of Laplace’s equation 

0x2 ‘ 0y2 

is a consequence of the circumstance that they have been defined as sums 
of quantities that are individually solutions of this equation. No physical 
principle has been used except a principle of superposition which states 
that when the individual terms give quantities with a physical meaning. 


6-2 
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the sum will give a quantity with a similar physical meaning. In the 
analysis of many physical ^problems such a superposition of individual 
effects is not strictly applicable, for the sources of a disturbance cannot be 
supposed to act independently, each source may, in fact, be modified by 
the presence of the others or may modify the mode of propagation of the 
disturbance produced by another. Such interactions will be left out of 
consideration at present, for our aim is not to formulate at the outset a 
complete theory of physical phenomena but to gradually make the student 
familiar with the mathematical processes which have been used successfully 
in the gradual discovery of the laws of physical phenomena. 

In applied mathematics the student has always found the formulation 
of the fundamental equations of a problem to be a matter of some difficulty. 
Some men have been very successful in formulating simple equations be- 
cause, by a kind of physical instinct, they have known what to neglect. The 
history of mathematical physics shows that in many cases this so-called 
physical instinct is not a safe guide, for terms which have been neglected 
may sometimes determine the mathematical behaviour of the true solution. 
In recent years the tendency has been to try to work with partial differential 
equations and their solutions without the feeling of orthodoxy which is 
created by a derivation of the equations that is regarded for the time being 
as fully satisfactory. The mathematician now feels that it is only by a 
comparison of the inferences from his equations with the results of ex- 
periment and the inferences from slightly modified equations that he can 
ascertain whether his equations are satisfactory or not. In the present 
state of physics the formulation of equations has not the air of finality 
that it had a few’ years ago. 

This does not mean, however, that the art of formulating equations 
should be neglected, it means rather that mathematicians should also 
include amongst their special topics of study the processes which lead to 
the most interesting partial differential equations of physics. These pro- 
cesses are of various kinds. Besides the process of elimination from equa- 
tions of the first order there are the methods of the Calculus of Variations 
and methods which depend upon the use of fine, surface and volume 
integrals. Mathematically, the direct process of elimination is the simplest 
and will be given further consideration in § 1*82. 

i 

§ 1*72. Oeometrical properties of equipotentials and lines of force. When 
the potential </> is a single-valued function of x and y there cannot be more 
than one equipotential curve through a given point P in the (x, y) plane. 
An equipotential curve <f> = <f>Q may, however, cross itself at a point and 
have a multiple point of any order at a point Pq. In such a case the 
tangents at the multiple point are arranged like the radii from the centre 
to the corners of a regular polygon. To see this, let us take the origin at Pq, 
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then the terms of lowest degree in the Taylor expansion of </> — 

Cn^nia ^ lyY ^ 

where n is an integer and c and a are constants. In polar co-ordinates 
r cos d, y = r sin 6, these terms become 

2c^r” cos n {0 + a), 

and the directions of the n tangents are given by cos n (6 -f a). The possible 
values oin {0 a) are thus 7r/2, 37r/2, ... {n — J) tt, the angle between con- 
secutive tangents being 7r/n. 

Since cos n {0 a) is positive for some values of 0 and negative for 
others, the function cannot have a maximum or minimum value at a 
point, for this point may be chosen for origin and the expansion shows that 
there are points in the immediate neighbourhood of the origin for which 
</► > (/»o , and also points for which </> < . 

By means of the transformation 
x' - iy' = {x + 
x' + iy' = k^ (x — iy)~^, 
which represents an inversion with 
respect to a circle of radius k and centre 
at the origin, an equipotential curve of 
a system of line charges is transformed 
into an equipotential curve of another system of line charges. 

In polar co-ordinates we have 

r' = k^jr, 0' - 0. 

If in Fig. 10 Q corresponds to P and B to A, we have 

B/r - R'/b, 

where AP = R, OP == r, BQ = R', OB = b. 

For a* number of points A and the corresponding points B 
2 m, log (RJr) = 2 m, (log R' - log b). 

An equipotential system of curves represented by the equation 

2 fis log R' ^ C 

is thus transformed into an equipotential system represented by the 
equation ^ i?, - log r 2 m, = C - 2 m, log 6. 

A line charge at B is seen to correspond to a hne charge of equal strength 
at A and another one of opposite sign at 0 which may be supposed to 
correspond to a line charge at infinity sufficient to compensate the charge 
at B. 

Aji equipotential curve with a multiple point at O inverts into an equi- 
potential which goes to infinity in the directions of the tangents at the 


Fig. 10. 
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multiple point. This indicates that the directions in which an equipotential 
goes to infinity are parallel to the radii from the centre to the corners of 
a regular polygon. 

In the simple case of two equal fine charges at the points (c, 0 ), (— c, 0 ) 
the equipotentials are 

log -f- log J ?2 = constant, 
or R^R^ = ^ 2 ^ 

where a is constant for each equipotential. These curves are Cassinian 
ovals with the polar equation 

-f — 2 r 2 c 2 cos 29 = 

When a ~ c we obtain the lemniscate cos 26 with a double 

point at the origin. The tangents at the double point are perpendicular. 

Inverting we get the equipotentials for two equal line charges of 
strength -f 1 at the points (6, 0), (— 6, 0), where be ~ and a line charge 
of strength — 2 at the origin. The equipotentials are now 

log i?/ + log R 2 — 2 log r' = constant, 
or cm/R^' = 

Dropping the primes we have the polar equation 
(r^ -f- — 2tH'^ cos 29) = 

of a system of bicircular quartic curves. When a = c we obtain the rect- 
angular hyperbola cos 29 = which is the inverse of the lemniscate. 
The rectangular hyperbola goes to infinity in two perpendicular directions. 

It is easily seen that lines of force invert into lines of force. In Fig. 10 , 
if we denote the angles POAj PAB, QBO by 9, 0 and 0' respectively, we 

have the relation ^ 

0 — ^ == 0 . 

Hence the lines of force represented by the equation 

2 M'S 0 / = constant 

transform into the lines of force represented by the equation 

05 — 0 S/X 5 = constant. 

In particular, the lines of force of two equal line charges 
©1 02 = constant, 

being rectangular hyperbolas, invert into the family of lemniscates repre- 
seated by ^ ^ 

and these are the fines of force of two equal fine charges of strength -f 1 
and a single fine charge of strength — 2 at O. 

At a point of equilibrium in a gravitational, electrostatic or magnetic 
field, the first derivatives of the potential vanish and so the equipotential 
curve through the point has a double point or multiple point. A similar 
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remark applies to a curve ijj == constant, but this curve cannot strictly be 
regarded as a single line of force for, if we consider any branch which passes 
through the point of equilibrium without change of direction, the force is 
in different directions on the two sides of the point of equihbrium and the 
neighbouring lin^ of force avoid the point of equilibrium by turning through 
large angles in a short distance. This is exemplified in the case of two equal 
masses or charges when the equipotentials are Cassinian ovals which include 
a lemniscate with a double point at the point of equilibrium. The lines of 
force are then rectangular hyperbolas, the system including one pair of 
perpendicular lines which cross at the point of equilibrium. 

In plotting equipotential curves and lines of force for a given system of 
line charges it is very useful to know the position of the points of equi- 
librium, since the properties just mentioned can be employed to indicate 
the behaviour of the lines of force. At a point of stagnation in an irrota- 
tional two-dimensional flow of an inviscid fluid the component velocities 
vanish and so the first derivatives of the velocity potential and stream- 
function are zero. The properties of the equipotentials and stream-lines at 
a point of stagnation are, then, similar to those of equipotential and lines 
of force at a point of equilibrium. There is, however, one important 
difference between the two cases. In the electric problem the field is often 
bounded by a conductor, i.e. an equipotential surface, while in the hydro- 
dynamical problem the field of flow is generally bounded by some solid 
body whose profile in the plane 2 : = 0 is a stream-line. A point of stagnation 
frequently lies on the boundary of the body and two coincident stream- 
lines may be supposed to meet and divide there, running round the body 
in opposite directions and reuniting at the back of the body when the 
profile is a simple closed curve. 

A point on a conductor may be a point of equilibrium if the conductor’s 
profile is a curve with a double point with perpendicular tangents or if it 
consists of two curves cutting one another orthogonally at all their 
common points. It should be remarked, however, that the force at a double 
point may be either zero or infinite ; it is zero when the double point repre- 
sents a pit or dent in the curve, but is infinite when the double point 
represents a peak. This may be exemplified by the equations (f> ~ — y^, 

ifi == 2xy, If the field lies in the region x > 0 , y^ < x^y the force is zero at 
0 and there is a single line of force through 0, namely, y = 0 (Fig. 11). 
If, on the other hand, the field is outside the region x<0, x^> y^, and 

2xy 

the force at the origin is infinite for most methods of approach and there 
are three lines of force through the origin (Fig. 12). 

Similarly, when two conductors meet at any angle less than tt, but a 
submultiple of tt, the angle being measured outside the conductor. The 
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point of intersection is a point of equilibrium and we have the approximate 
expression .^ = cos « (0 + a) 



for the value of (f> in the neighbourhood of the point, the equation of the 
conductor in the neighbourhood of the point being n {6 + a) = ± 7r/2 and 

the field being in the region — n (6 -h a) < ■^. The angle is in this case 

nln and the radial force varies initially according to the {n — l)th power 

of the distance as a point recedes from the position of equilibrium. 

The corresponding approximate expression for ifj is 
if) — 2o^r^ sin n {d a) 

and there is a single line of force 6 = — a which lies within the field, this 
being its equation in the immediate neighbourhood of the point O. 

There is another simple transformation which is sometimes useful for 
deriving the equipotentials and lines of force of one set of line charges from 
those of another. This is the transformation 

z' = z a^Jz 

which gives two values of z for each value of 2 ' . Let these be 2 : and z, then 
22 : == Similarly, let z^ and correspond to 2 /, then 

2' — Zi' = 2 — 2i -f a^fz — a^jzi = (2 — 2i) (1 — a'^jzzi) 

= (z - Zi) (1 - z^jz) = (z - Zi) (z - Zi)/z. 

Taking the moduli we obtain a relation 

= nhir, 

where r/ = | z' - z/ |, ri = ( z - z^ |, rj = | z - Zj |, ■r=\z\. 
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Similarly, if and correspond to z^ we have, with a similar notation, 

= r^r^jr, 

j ro' VoU 

and so ^ . 

Ti 

The transformation thus enables us to derive the equipotentials for four 
charges ( 1 , 1 , — 1 , — 1 ) from the equipotentials for two charges ( 1 , — 1 ) 
and a similar remark holds for the lines of force, as may be seen by equating 
the arguments on the two sides of the equation 

z' - Z2 (z- Z^) (z - Z^) ■ 

This is just one illustration of the advantages of a transformation. 

A general theory of such transformations will be developed in 
Chapter III. 

Some geometrical properties of equipotential curves and lines of force 
may be obtained by using the idea of imaginary points. The pair of points 
with co-ordinates (a db i^, b T ia) are said to be the anti-points of the pair 
with co-ordinates (a ± a, b ± ^), the upper or lower sign being taken 
throughout. Denoting the two pairs by , S2, respectively, we can 

say that if and 82 are the real foci of an ellipse, then F^ and F2 are the 
imaginary foci. F^ and F2 can also be regarded as the imaginary points of 
intersection of the coaxial system of circles having aS\ and 82 as limiting 
points. 

If the co-ordinates of F^ and F2 are y^), (xg, 2/2) respectively aild 
those of 81, 82 are (^j, (^2? V2) respectively, we have 

+ iVi = a + 4- a 4- ijS == 

^1 ~ iyi = « — — « 4- ijS = ^2 ~ iV2y 

^2 4 - iy2 = a -i- ib - a - i /3 = ^2 + 

^2 “ % = a ~ 4- a - ijS = - irji . 

If now u iv = f (x iy), u — iv f (x — iy), 
and 8 ^ , 82 lie on a curve u = constant, we have 

/ (^1 4 - i'ni) 4 - / (^1 - ir]^) = / (^2 4 - 4 - / (^2 “ 

The foregoing relations now show that 

/ (^1 4 - iyi) +f(x2- m) = / (^2 4 - %) Wl)y 

and this means that F^, F2 he on a curve v = constant. 

When the imaginary points on a curve v = constant admit of a simple 
geometrical representation or description, the foregoing result may be 
sometimes used to find the curves u = constant. If the curve v = constant 
is a hyperbola, the imaginary points in which a family of parallel lines meet 
the curve have geometrical properties which are sufficiently well known 
to enable us to find the anti-points of each pair of points of intersection. 
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These anti-points lie on a confocal ellipse which is a curve of the family 
u = constant. By taking lines in different directions the different ellipses 
of the family u = constant are obtained. Similarly, by taking a set of 
parallel chords of an ellipse and the anti-points of the two points of inter- 
section of each chord, it turns out that these anti-points all lie on a confocal 
hyperbola, and by taking families of lines with different directions the 
different hyperbolas of the confocal family may be obtained. 

In this case the relations are particularly simple. In the general case 
when one curve of the family u = constant is given there will be, pre- 
sumably, a family of lines whose imaginary intersections with this curve 
are pairs of points with anti-points lying on one curve of the family v = con- 
stant, but these lines cannot be expected, in general, to be parallel, and a 
simple description of the family is wanting. 

EXAMPLES 

1. If a family of circles gives a set of equipotential curves, the circles are either con- 
centric or coaxial. 

2. Equipotentials which form a family of parallel curves must be either straight lines 
or circles. 

[Proofs of these propositions will be found in a paper by P. Franklin, Journ. of Math, 
and Phya. Mass. Inst, of Tech. vol. vi, p. 191 (1927).] 


§ 1'81. The classical partial differential equations for Euclidean space. 
Passing now to the consideration of some partial differential equations in 
which the number of independent variables is greater than two we note 
here that the most important equations are Laplace’s equation 


027 dW d^V 
dx^ dy^ dz^ 


the wave-equation 


dW 027 027 

^ 0^2 02:2 


"0^2 


the equation of the conduction of heat 


= 0 , 

1 S27 

c2 0^2 ’ 


(A) 

(B) 


dV_ _ (dW 027 

dt ~ dz^j’ 


(C) 


.(D) 


the equation for the conduction of electricity 

jd^E d^E d^E\ „ d^E dE 

and the wave-equation of Schrodinger’s theory of wave -mechanics. This 
last equation takes many different forms and we shall mention here only 
the simple form of the equation in which the dependence of 0 on the time 
has already been taken into consideration. The reduced equation is then 

8772^ 


020 020 020 

0 X 2 01/2 02-2 


A2 


{E- 7)0=0, 


.(E) 


where 7 is a function of x, y and z an3. J? is a constant to be determined. 
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In these equations k represents the diffusivity or thermometric con- 
ductivity of the medium, K the specific inductive capacity, /x the per- 
meability, and a the electric conductivity of the medium. The quantities 
c and h are universal constants, c being the velocity of light in vacuum 
and h being Planck’s constant which occurs in his theory of radiation. 

Laplace’s equation, which for brevity may be written in the form 

0 , 


may be obtained in various ways from a set of linear equations of the first 
order. One set. 




SF 

dx^ 




dx dY az ^ 

dx dy~^ dz 


(F) 


occurs naturally in the theory of attractions, V being the gravitational 
potential and X, Y, Z the components of force per unit mass. The last 
equation is then a consequence of Gauss’s theorem that the surface integral 
of the normal force is zero for any closed surface not containing any 
attracting matter. 

The same equations occur also in hydrodynamics, the potential V being 
replaced by the velocity potential <j> and the quantities X, Y, Z by the 
component velocities u, v, w. The equation is then the equation of con- 
tinuity of an incompressible fluid. 

The electric and magnetic interpretations of X, 7, Z and V are similar 
to the gravitational except that the electric (or magnetic) potential is 
usually taken to be — F when X, Y, Z are the force intensities. 

As in the two-dimensional theory, Laplace’s equation is satisfied by the 
potential F because by the principle of superposition F is expressed as the 
sum of a number of elementary potentials each of which happens to be a 
solution of Laplace’s equation, the elementary potential being of type 

V=[(x- x'Y + (2/ - y'Y + (2 - z'y]-i = l/R. 


When F is interpreted as the electrostatic potential this elementary 
potential is regarded as that of a unit point charge at the point (x', y\ z ') ; 
when F is interpreted as a magnetic potential the elementary potential is 
that of a unit magnetic pole. In the theory of gravitation the elementary 
potential is that of unit mass concentrated at the point (x, y,z). A more 
general expression for a potential is 

7 = 2m, [(* - x,Y + (3/ - y,Y + (2 - 2,)*]"^, 

where the coefficient m, is a measure of the strength of the charge, pole or 
mass concentrated at the point (a:,, i/,, Zg), If we write <f> in place of F, 
where ^ is a velocity potential for a fluid motion in three dimensions, the 
elementary potential is that of a source and the coefficient can be 
interpreted as the strength of the source at (Xg, y^, Zg), Sources and sinks 
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are useful in hydrodynamics as they give a convenient representation of 
the disturbance produced by a body when it is placed in a steady stream. 


§ 1*82. Systems of partial differential equations of the first order which 
lead to the classical equations. When we introduce algebraic symbols 

for the differential operators the equations (F) of § 1*81 become 

X-D,V=0, 

7~i),F= 0, 

Z-D,V = 0, 

D^X 4" Ey Y -f- = 0, 

and the algebraic eliminant 


1 

0 

0 


0 

1 

0 


0 

0 

1 

A 


-A 
~ A 
-A 
0 


0 


is simply 


D/ -f A" + A' = 0. 


.(G) 


If, on the other hand, we consider the set of equations 

dw dv ds 


dy 

du 

dz 

dv 

dx 


dz 

dw 


dx 


= 0, 


— ^-^=0 
dx dy ’ 


du 

dy' 


ds 

dz 


.(H) 


0 , 


du dv 

dx~^ dy'^ dz ’ 


0 , 


which give = V^s 

the corresponding algebraic equations 

— D^v + DyW — D^s = 0 , 
D^u — D^w — DyS = 0 , 

— DyU + DxV — DjS = 0, 

= 0 


Z)*M + DyV + D^w 


give the eliminant 


0 

-A 

Dy 

-A 

= 0, 

A 

0 

-A 

-A 


-Dy 

D, 

0 

-A 


D. 

Dy 

A 

0 



which is equivalent to 


+ D/ + A*)* = 0. 


(I) 
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These examples show that the problem of finding a set of linear equa- 
tions of the first order which will lead to a given partial differential equation 
of higher order admits a variety of solutions which may be classified by 
noting the power of the complete differential operator (in this case 
which is represented by the algebraic eliminant written in the form of a 
determinant. 

It is known that Laplace’s equation also occurs in the theory of elas- 
ticity. If u, V, w denote the components of the displacements and Yy, 
Z^, Zy., Xy the component stresses the equations for the case of no 
body forces are 

dx 

dY^ dY, ay. 


. dXy dx. 


0 , 


dx 


-f- 


dy 

dz. 


+ 


dx dy 


+ 


dz 

dz 


= 0 , 


= 0 , 


.(J) 


and if the substance is isotropic the relations between stress and strain 
take the form 


X* = AA + 2/i 


= AA + 2p 


Y. 

Z. 


AA “1“ 2p 
Z 


dv 
dx ’ 

dv 

dy’ 

dw 


az’ 

/dw dv\ 
^dy + dz)’ 

(du 


^ iaz 


dx 


where 


Y - V - fdv . du 
Av- + 

A __Su dv dw 
dx~^ dy^ dz' 


.(K) 


The equations obtained by eliminating X^,, Yy, Z^, Y^, Z^, Xy are 


== (A -f- />c) 


aA 

dx ’ 


= (A + /t) , 

(A + 

and, except in the case when A + 2/i = 0, a case which is excluded because 
A and fi are positive constants when the substance is homogeneous, these 
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equations imply that A is a solution of Laplace’s equation. The algebraic 
eliminant is in this case 

== 0. (L) 

It is easily seen that the quantities Y y, Y., Xy, u, v, w are 

all solutions of the equation of the fourth order 

= 0 , 

i.e. — 0, 


which may be called the elastic equation. The algebraic equation obtained 
by eliminating the twelve quantities X^, Xy, X^, Y^, Yy, Y^, Z^, Zy, Z^, 
Uy Vy w from the twelve equations (J) and (K) by means of a determinant 
is also equivalent to (L). 

The question naturally arises whether as many as four equations are 
necessary for the derivation of Laplace’s equation from a set of equations 
of the first order. The answer seems to be yes or no according as we do 
or do not require all the quantities occurring in the linear^quations of the 
first order to be real. Thus, if we write U = u — iVy V w iSy where 
Uy Vy Wy s are the quantities satisfying the equations (H), it is easily seen 

dU .dU 

dx dy'^ dz ’ dx ^ dy dz ~ ' 
and these equations imply that 

V2C7 = 0, V2F= 0. 


The algebraic eliminant is in this case simply (G). 

It should be noticed that if we write ict in place of y the two-dimensional 


wave-equation 


027 dW _ldW 
dx^ dz^ 


may be derived from the two equations 

dij_ dv y.yy^iy-ci 

dx"^ dz'^ c dt ' dx dz c dt 

which have real coefficients. The wave-equation (B) may also be derived 
from two linear equations of the first order 

du ^duyv idv 

dx dy dz c dt' 

dV_ .dvy _dU 
dx ^ dy c dt dz ’ 

but in this case the coefficients are not all real. The algebraic eliminant is 
in this case simply 

^ C2 (D,2 + J)^2 ^ J)2 ^ 0. 
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To obtain the wave-equation from a set of linear equations of the first 
order with only real coefficients we may use the set of eight linear equations, 


dy 


dX 

dT 

dZ 

dY _ 

0T 

da 

dy~ 

dz 

ds 

dx’ 

dy 

dz 

dx 

ds’ 

da 

dy 

dY 

dT 

dx 

dz_ 

dr 

d^ 

dz 

dx~~ 

ds 

dy’ 

dz 

dx ~ 

dy 

ds’ 


da 

dz 

dT 

dY 

dX_ 

dr 

dy 

dx 

'dy~ 

ds 

dz’ 

dx 

dy " 

dz 

ds’ 

dX 

dY_ 

dT 

dZ 

da 


dr 

dy 

dx 


ds 

dz ’ 

dx 

+ ay = 

T8~~ 

dz’ 


in which for convenience s has been written in place of ct. 

These equations imply that X, Y , Z, T, a, j3, y and r are all solutions 
of the wave-equation. The algebraic eliminant is now 
04 = ( i ),2 + 2)^2 + - D , 2)4 _ 0 , 

If in the foregoing equations we put jT = r = 0 we obtain a set of 
equations very similar to that which occurs in Maxwell’s electromagnetic 
theory. The eight equations may be divided into two sets of four and an 
algebraic eliminant. may be obtained by taking three equations from each 
set and eliminating the six quantities X, Y, Z, a, j8, y. There are altogether 
sixteen possible eliminants but they are all of type Q^L = 0, where the 
last factor L is obtained by multiplying a term from the first of the two 


rows 


Dy A A 


D, Dy A A 


by a term from the second. 


§ 1 - 91 . Primary solutions. Let f $2 y ••• ^m) ^ homogeneous poly- 
nomial of the degree in its m arguments ii, $ 2 y • • • let each of the 

quantities A that is used to denote an operator d/dxg be treated as an 
algebraic quantity when successive operations are performed. The equation 

/(A, A. ••• EJ u = 0 (A) 

is then a Hnear homogeneous partial differential equation of a type which 
frequently occurs in physics. An equation such as 

Dj^w = D2W 

may be included among equations of the foregoing type by writing 

u == e^.Wy 

and noting that u satisfies the equation 

(A^ - A A) = 0. 

A solution of the form 


u = F (01, 02, ... 6,) 
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in which 0i, 62, ... 0 , are particular functions of X2, ... x„^, and F is 

an arbitrary function of the parameters 0^, 02, 0^, ... 0,, will be called a 
primary solution. An arbitrary function will be understood here to be a 
function which possesses an appropriate number of derivatives which are 
all continuous in some region R. Such a function will be said to be con- 
tinuous (/), n) when derivatives up to order n are specified as continuous. 

It can be shown that the general equation (A) always possesses primary 
solutions of type 

u = F {0), 

where ^ 4- CgOTg + . 

and Cl , C2 , ... c^j are constants satisfying the relation 

/(c,, C2, ... --= 0. (D) 

This relation may be satisfied in a variety of ways and when a para- 
metric representation 


.(B) 

.(C) 




Cl {ai,a2, ... a,, 


Cg — C 2 («! , (t2, ... am-2)j 
(^1 > ^2 j ... CCm — 2 )^ 


.(E) 


is known for the cfi-ordinates of points on the variety whose equation is 
represented by (D), the formulae (B) and (( ’) will give a family of primary 
solutions. 

When m = 2 there is generally no family of primary solutions but 
simply a number of types, thus in the case of the equation 

(A^ - A^) ^ = b 

there are the two types 

-■= F (Xi -h X2), u ^ F (.Tj — :r2). 

Primary solutions may be generalised by summing or integrating with 
respect to a parameter after multiplication by an arbitrary function of 
the parameter. Thus in the case of Laplace^s equation we have a family of 
primary solutions V ^ F {0) . G {a), where 

0 = 2 -f ix cos a -f iy sin «, 

and a is an arbitrary parameter. Generalisation by the above method leads 
to a solution which may be further generalised by summation over a 
number of arbitrary functional forms for F (0) and G (a) and we obtain 
Whittaker’s solution* 

V = W (z -f ix cos a -f iy sin a, a) da, 

JO 

which may also be obtained directly by making the arbitrary function F 
a function of a as well as of 0. 

The primary solutions (B) are not the only primary solutions of 


♦ Math. Ann. vol. LVii, p. 333 (1903); Whittaker and Watson, Modern Analysis, ch. xvm. 
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Laplace’s equation, for it was shown by Jacobi* that if 6 is defined by the 
equation ^ ^ ^ ^ 

where ^ (6), rj (6) and ^ (0) are functions connected by the relation 

[i (0)Y + [rj {0)]^ -f (0)Y = 0, 

then F = (0) is a solution of Laplace’s equation. 

This is easily verified because iff 

M ^ I- xe (0) - yri' (0) - zC' (0), 


we have 


" S - (!)■ W" (») + W (9) + »?" (9)1 - {' («) II 

These equations give 

/d9\^ (de\^ /de\^ ^ 

(a*) +[&) -'*• 




d0 


and so 


/*/ //)X / //IV W //IV /V 

f'(»)3i + V(«)3j,+ r (9)^-0. 

V*9=0. VM^’(9))=0. 


This theorem is easily generalised. If (a), Cg (a), ... (a) are functions 

connected by the identical relation (D) the quantity 0 defined by the 
equation 


0 = XjCi (0) + X 2 C 2 (0) + ... x^c^ (0) 


.(G) 


is such that u ~ I" (0) is a primary solution of equation (A). 

Since v == dujdx^ is also a solution of the same differential equation it 
follows that if G {0) is an arbitrary function and 

M = I - x^c^ (0) - X 2 C 2 ' (0) - ... x^cj (0) 


rne expression v = M~^G (0) 

is a second solution of the differential equation. The reader who is familiar 
with the principles of contour integration will observe that this solution 
may be expressed as a contour integral 

If G (a) da 

27Ti J c « - ^1^1 («) - ^ 2^2 («)-••• («) ' 


where (7 is a closed contour enclosing that particular root of equation (G) 
which is used as the argument of the function G (0). 

It is easy to verify that the contour integral is a solution of the 
differential equation because the integrand is a primary solution for all 
values of the parameter a and has been generalised by the method already 
suggested. 


* Journal fur Malh. vol. xxxvi, p. 113 (1848); Werke, vol. ii, p. 208. 
f We use primes to denote differentiations with respect to 0. 


B 


7 
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In this method of generalisation by integration with respect to a para- 
meter the limits of integration are generally taken to be constants or the 
path of integration is taken to be a closed contour in the complex plane. 
It is possible, however, to still obtain a solution of the dijfferential equation 
when the limits of integration are functions of the independent variables 
of type d. Thus the integral 


V= W (z -h i^ cos a + iy sin a, a) da 
J 0 

satisfies Laplace’s equation = 0 when 6 is defined by an equation of 

type (F) where . , . 

^ (g) 7? (a) C (g) 

icosa islna 1 


When the equation (A) possesses primary solutions of type u = F (6) 
and no primary solutions of type u = F (6, it will be said to be of the 
first grade. When it possesses primary solutions of type u — F (0, cf>) and 
no primary solutions of type u ^ F (0, (f>, ijj) it will be said to be of the 
second grade and so on. 

The equation d'^ujdxdy = 0 is evidently of the first grade because the 
general solution is u — F {x) G (y), where F and G are arbitrary 
functions. The primary solutions are in this case F {x) and G (y), 

Laplace’s equation (u) = 0 is also of the first grade but the equation 

du du _ p. 
dx dy dz 

is of the second grade because the general solution is of type 

u ~ F {y — z, z — x). 

There is, of course, a primary solution of type 

F {y - z,z~ x,x - y), 

where F (0, </>, 0) is an arbitrary function of the three arguments 0, <^, 
but these arguments are not linearly independent ; indeed, since 

0 -j- <f} i/f = 0, 

a function of 0, (f> and is also a function of 0 and <f>. In the foregoing 
definition of the grade of the equation it must be understood, then, that 
the parameters 0, (f>, ip, etc., are supposed to be functionally independent. 
The differential equation 

has not usually a grade higher than one. If, in particular, an attempt is 
made to find a solution of type 

u== F {0, (f>), 

<f> = XlVl + ^2V2 + ^ 3^3 + 


where 
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it is found that a number of equations must be satisfied. These equations 
imply that 

where a and b are arbitrary parameters and this means that all points of 
the line 

_ ^2 _ ^3 _ ^4 

+ bri ^ a ^2 + f > l 2 + f > V 3 «?4 + 

lie on the surface whose equation is 

x^y x^y X^) = 0. 


When / (iCi yX^yX^y x^) has a linear factor of the first degree or is itself 
of the first degree the equation (A) is of grade 3. In particular the equation 

{Di + D2 E3 "i" Pa) u — 0 
possesses the general solution 

U = F {Xy^- X^y Xy^ — X^, Xy^ - X^) , 

and so is of grade 3. An equation with m independent variables which, by 
a simple change of variables, can be written in the form 

d / d d d 


dZr, 


'(a|. 


2^ = 0, 


is said to be reducible. Such an equation is evidently of grade m — \. It 
is hkely that whenever the number of independent variables is m and the 
grade m — 1 the equation is reducible. The wave-equation 

1 


3^24 3^2^ 




= 0 


where 


is of grade 2 because there is a primary solution of type 

u = F {6, <f>), 

6 = X cos a 2 / sin a -1- iz, <f> = xsina — y cos a + ct. 
This solution may be generalised so as to give a solution 

r2ir 

u= F ( 0 , 6 , «) da, 

Jo 

analogous to Whittaker’s solution of Laplace’s equation. 


The equations 


_ ^Qj, , i _ rt 

dy dz c dt 

^Qx __ ^Qz , ^ ^Qy _ Q 
3z 3a; 3^ ' 


dx dy ^ c dt 


^Qx , ^Qv , ^Qz 
dx dy dz 


= 0 , 


7-2 
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which may be written in the abbreviated form * 

curl Q + * ^ = 0, div ^ = 0, 
c ot 

and which give the simple equations of Maxwell 

curl^=^|f, div^=0, 
cdt 

curljE/= — , div^ = 0, 

c ot 

when the vector Q is replaced by H -f iE, where E and H are real, may be 
satisfied by writing 

Q = [ F (6, cf), a) q (a) da, 

J 0 

where q («) is a vector with components cos a, sin a, i, respectively and 
F {6, (j>, a) is an arbitrary function of its arguments. 

EXAMPLES 

1. Let 7), T be functions of a, p, y connected by the relation 

e + = 1 , 

and let X — rx — riz — u, Z — — t)X ^ rz — U 

Y ix ry — — 7)1 -\- Vy T = 7)y Y f- rt + «. 

Prove that if the integration extends over a suitable fixed region the definite integral 

V fljf[X,Y,Z,T;a, /3, y] dadpdy 

satisfies the differential equation 

d'^V dW d-V dW ^d'^V d^V dW 

dx^ ^ dy^ ^ dt^ dv^ ^ dw^ ^ ds^ ' 

2. If V =^F(AyB,CyDyE) 

is a solution of the equation 

d^V dW d'W dW 

dA^ dB‘ dC^ d£>‘ ~ dE^ 

when considered as a function oi Ay B, C, D and E; then, when 

A 2 (x8 yw — zv — tu)y C 2 (zs xv — yu — tw)y 

B = 2 (ys zu — xw — tv)y D=^2(ts-\-xu-^yv + zw)y 

4 - ^ 2:2 ^2 ^2 ^2 q . ^2 ^ ^ 2 ^ 

the function F is a solution of 

dW djv dW d'^v dw d^V 

dx^ ^ dy'^ dz^ ^ dt^ du^ ^ dv^ ^ dw^ ^ ds^ 

when considered as a function of Xy y, z, t, u, v, w, s. 

♦ Wo use the symbol Q to denote the vector with components Q^y respectively. This 

abbreviated form is due to H. Weber and L. Silberstein. 
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§"'1-92. The partial differential equation of the characteristics. It is easily 
seen that when 6 = c^x^ C 2 X 2 -i- ... c^x^ and Cj, Cg, ... are constants 
satisfying the equation / (Ci, Cg, ... c^) = 0, the function F (6) u is not 


only a primary solution of the equation / {D^ , Z> 2 , ... D^) u ^ 0 but it is 
also a solution of the equation 

/ {D^u, D 2 U, ... D„,u) = 0 . (A) 

This partial differential equation of the first order is usually called the 
partial differential equation of the characteristics of the equation 

/ (^U -^2> “• ^m) — 0. (B) 

In particular, the quantity u == 0 is a solution of this differential 


equation and the locus 0 X 2 y ... x^) == constant is a characteristic or 
characteristic locus of the partial differential equation. 

A characteristic locus can generally be distinguished from other loci of 
type </) (x^, X 2 , ... x^) = constant by the property that it is a locus of 
‘‘singularities” or “discontinuities” of some solution of the differential 
equation. If we adopt this definition of a characteristic locus 0 = constant 
it is clear that 0 = constant is a characteristic locus whenever there is a 
solution of the equation which involves in some explicit manner an 
arbitrary function F{0), for the function F(0) can be given a form which 
will make the solution discontinuous on the characteristic locus. 

Thus the quantity u = is a solution of the differential equation (B) 
when 0 0 and is discontinuous at each point of the characteristic locus 

0 == 0. It should be observed that this function and all its derivatives on 
the side 0 > 0 of the locus 0=0 are zero for 0=0. The function u = 
possesses a similar property and the additional one that the derivatives 
on the side 0 < 0 of the locus 0 = 0 are also zero. From these remarks it 
is evident that if there is a solution of the partial differential equation (B) 
which satisfies the condition that u and its derivatives up to order n — I 
have assigned values on the locus <f> (x^, X 2 , ... x^) = constant and so gives 
the solution of the problem of Cauchy for the equation, this solution is not 
unique when (f> = 0 because a second solution may be obtained by adding 
to the former one a solution such as which vanishes and has zero 

derivatives at all points of the locus. This property of a lack of uniqueness 
of the solution of the Cauchy problem for the locus 0 Xg, ... x^) = 0 is 
the one which is usually used to define the characteristic loci of a partial 
differential equation and can be used in the case when the equation does 
not possess primary solutions. Since, however, we are dealing at present 
with equations having primary solutions the simpler definition of 0 as the 
argument of a primary solution or other arbitrary function occurring in a 
solution will serve the purpose quite well. 

An equation with a solution involving an arbitrary function explicitly 
(not under the sign of integration) will be called a basic equation. 
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Let us now write = D^u, — D^u, ... so that the partial differential 
equation for the characteristics may be written in the form 

f(Pl>P2. --Pm) = 0 . 

The curves defined by the differential equations 

dxi dx^ dx„ „ 

-ir 

dpi dp2 dp^ 

are called the bicharacteristics * of the equation ; they are the character- 
istics of the equation (A) according to the theory of partial differential 
equations of the first order. 

When jPi , P2 > • • • ^^e eliminated from these equations it is found that 
F (dx^, dx2, ... dx^) == 0, 


where F {xi, X2, x^) = 0 is the equation reciprocal to/ (pi , p 2 > • • • Pm) = b 

in the sense of the theory of reciprocal polars. 

In mathematical physics the loci of type u = constant, where u 
satisfies the equation (A), frequently admit of an interesting interpretation 
as wave-surfaces. The curves given by the equations (C) associated with the 
function u are interpreted as the rays associated with the system of wave- 
surfaces. 

In the particular case when the partial differential equation of the 
characteristics is 


where 


de\^ 
dt 

de 

dt 


) = F* 

de 


dd\^ 

dx, 




dy) 


+ 


dB\^- 

Tz) 


.(D) 


de de , de 

dt'^'^d^'^^dy'^^ dz' 


and u, V and w are constants representing the velocity of a medium and 
V is another constant representing the velocity of propagation of waves 
in the medium, the differential equations of the bicharacteristics are 

dx dy dz dt 

dt 


dt ox 


de j,.de'' 


dO 

'"di-/ Sz 


dd dd de 


30. 

vr. IS 


and the equation obtained by eliminating 

{dx — udt)^ + {dy — vdt)^ -f {dz — wdt)^ = VHt^, 


This result is of considerable interest in the theory of sound and may be 
extended so as to be applicable to the case in which u, v, w and V are 
functions of x^ y, z and t. 

It may be remarked that if we have a solution of (D) in the form of a 
complete integral e . , ^ - y f,). 

* See J. Hadamard’s Propagation dea Ondes, The theory is illustrated by the analysis of § 19. 
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in which r, a and p are arbitrary constants, the rays may be obtained by 
combining the foregoing equation with the equations 



^9 

dp 


= 0. 


The characteristics of a set of linear equations of the first order may be 
defined to be the characteristics of the partial differential equation obtained 
by eliminating all the dependent variables except one. The relation of the 
primary solutions of this equation to the dependent variables in the set of 
equations of the first order is a question of some interest which will now be 
examined. 

Let us first consider the equations 


which lead to the equation 


du dv du 

dv 

(E) 

dx dy^ dy^ 

dx' 

d^u d^u 
dx^ dy^ * 


(F) 


In this case the quantity w — u + v satisfies a linear equation of the 
first order 


dw 
dx ' 


dw 


and this equation possesses the primary solution w = F {x + y) which is 
also a primary solution of the equation (F). 

Similarly the quantity z — u — v satisfies the equation 


dx^dy ’ 


which possesses a primary solution z ^ G {x — y) which is also a primary 
solution of the equation (F). 

To generalise this result we consider a set of m linear partial differential 
equations of the first order, 

-^H^l -^12^2 “1" ••• ~ 

^ 21^1 + ^ 22 ^2 + ••• ~ 



where Lj,g denotes a linear operator of type 

{p, q, 1) + (p, q, 2) -f- ... {p, q, m) 


where the coefficients [p, q, r) are constants. 

Multiplying these equations by coefficients b^, 62? ••• respectively, 
the resulting equation is of the form 

L (ajiq + ^2^2 + ••• = 0 


(H) 
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if the constants 62, ... b^ \ a^, ag, ... are of such a nature that 
biLii 4- 631^21 + ••• t>mTmi = 
b '^ L -^2 ^2 “^22 ^»n-^w2 ~ ^2'^> 


W^im b^L 2m + ...6 

m^mm — ^ n^)J 


(I) 


and the operator L is of the form 

L — liDi H- I2D2 -f ... IffiEjny 

where the operator coefficients li,l2, Im constants to be determined. 

Equating the coefficients of the operator D in the identities (I) we 
obtain , 

This equation indicates that if Z2, 2/i , 2/2 ? • • • 2/m arbitrary 

quantities, the bilinear form 

i:S 26 ^ (p, q; r) 

can be resolved into linear factors 


X ^IrZr^ 

When the coefficients 61, ... b^ can be chosen so that the bilinear form 
breaks up in this way the two factors will give the required coefficients 
... a,n\ Zj, ... Im and the partial differential equations will give an ex- 
pression for + ... which may be called a primary solution of the 
set of linear partial differential equations of grade m ~ 1. When such a 
solution exists the system is said to be reducible. The problem of finding 
when a set of equations is reducible is thus reduced to an algebraic problem. 
Now let Q denote the determinant 



£12 .. 


■^21 

J^22 • 

•• J^2m 

-^ml 

£m2 • 

* • ^mm 


and let A„ , ... denote the co factors of the constituents £^2, ... £im 
respectively. If we write 

Uj = AiiV, U2 = A12V, = Ai^v 

it is easily seen that the last m ~ 1 equations of the set are all formally 
satisfied, and since 

fl = LiiAji + L^2^12 + ••• ^lm-^lm> 


the first equation is formally satisfied if v is a solution of the partial 
differential equation ^ 

which is of order m. Since 


Qui = QAjiV = Aiifiv = 0, 

the quantities 21^, U2, ... are all solutions of the same partial differential 
equation. 
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It should be noticed that 

ai^i + ... == (OiAn + + ... a^A^J v, 

consequently 

L {a^u^ + ... a^Ur^) = L (aiAn + a^A^^ 4- ... a^Aj,m) v. 

The equation L ... a^u^) == 0 will be a consequence of the equation 

fit; = 0 if the operator D breaks up into two factors L and 

(CtlAii + (I2A12 4 “ ... 

of which one, L, is linear. The set of linear equations is thus reducible when 
the equation Qv = 0 is reducible. 

It is clear from this result that we cannot generally expect a set of linear 
homogeneous equations of type (G) to possess primary solutions of grade 
m — 1. 

The equations do, however, generally possess primary solutions of 
grade 1. To see this we try 

=/l ^2 =/2 ••• =/m {0)- 

Substituting in the set of equations we obtain the set of linear equations 
// {6) Lnd -f // (9) L,2e 4- ... /^' (9) L,^9 = 0, 

fi '(9) +/ 2 ' (0) L2,9 4 - .../J (9) L2m9 = 0 , 


from which the quantities// (9), f 2 ' (9), (9) may be eliminated. The 


resulting equation, 


Z/ii9 ^12^ Li^9 — 0, 

-^21^ 2^22^ •** ^ 2 m 9 

! ^ml9 I^m29 ... ^mm9 


is no other than the partial differential equation of the characteristics of 
the equation Qu = 0. 


§ 1*93. Primary solutions of the second grade. We have already seen 
that the wave-equation possesses primary solutions of type F (9 ycf)) which 
may be called primary solutions of the second grade. The result already 
obtained may be generalised by saying that if io> ^q, Pq, Zj, m^, tij, p^ 
are quantities independent of x, y, z and t and connected by the relations 

4- 4- = po^ 

-f. 4- ^ . (J) 

ZjZo 4- mjWo 4- WjTio == PiPo, 

the quantities 

9 = IqX m^y 4* nQZ — p^cty <^ = Z^x 4- m^y 4- n^z — p^ct 
are such that the function u — F (9, <f>) is a solution of == 0. 
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This result may be generalised still further by making the coefficients 
Zq, > functions of two parameters a, r and forming the double con- 

tour integral 

^ L f[ / (or, t) dadr 

iTT^JJ (IqX -h moy -f UqZ - - g^) (l^x -f rn^y + n^z - p^ct - g^Y 

where / (a, r), g^ (a, r), gi (a, r) are arbitrary functions of their arguments. 

This integral will generally be a solution of the wave-equation and the 
value of the integral which is suggested by the theory of the residues of 
double integrals is r , /* / nv 

in which a, /3 satisfy 

h (a, /3) = 0, ^0 K = 0, (K) 

where 

hi (o', r) = xly^ (a, r) -f- (cr, r) + zn^ (a, r) - ctp^ (a, r) - (a, r), 

^0 '7') = ^lo (o^, t) -f- ymo (a, r) -f (a, r) - ctpo (a, r) - g^ (or, r), 

and J is the value when a = a, r = j8 oi the Jacobian 

r _ ^ (^0 ) hi) 

d (a, rj * 

This result, which may be extended to any linear equation with a two- 
parameter family of primary solutions of the second grade, will now -be 
verified for the case of the wave-equation. It should be remarked that the 
method gives us a solution of the wave-equation of type 

^ = r/(«> 

where y is a particular solution of the wave-equation. Such a solution will 
be called a primitive solution ; it is easily verified that the parameters a and 
j3 occurring in a primitive solution are such that the function i; = (a, j8) 

is a solution of the partial differential equation of the characteristics 



Instead of considering the wave-equation it is more advantageous to 
consider the set of partial differential equations comprised in the vector 
equations . 

curl ^ ^ " 37 = Q = 0 (M) 

and to look for a primitive solution of these equations of type 

in which / is an arbitrary function of the two parameters a and j3, which 
are certain functions of x, y, z and t, and the vector g is a particular solution 
of the set of equations. 

Substituting in the equations (L) we find that since /is arbitrary a and 
j8 must satisfy the equations in a>, 

cVa> X q = — iqdajdty = 0, 
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which indicate tJiat ^ / o. • / nv 

„ ^ («. X 

8 {y, z) c 8 (x, t) ’ 

n - u- ^ ^ ^ 

3{z, a:) c 8 (y, t)’ ‘ 

_ 8 (a, _ *K 8 (g, 

^ 3 (x, j/j c 8 (z, <) ’ 


(N) 


where k is some multiplier. To solve these equations we take a, x, y as 

new independent variables and write the equation connecting a and ^ in 

the form 2/0 • o / o x 

8 («, p, X, t) ^ %_ 8 (a, y, z) 

8(y,z,x,t) c8(x,t,y,z)’ 


^ («. A y. 0 ^ 

8 (z, X, y,t) c 8 {y, t, z, x) ’ 


8 ( a, z, t) 8{a, jS, x, y) 

8 (x, y,z,t) ' c 8 (z, i, x, y) ' 

Now multiply each of the Jacobians by and make use of 

8(a,^,x,y) 

the multiplication theorem for Jacobians. We then obtain a set of equations 
similar to the above but with 9 (a, x, y) in each denominator. The new 
equations reduce to the form 

dt _ i dz dt _i dz d (z, t) _i 
dy cdx' dx cdy’ 9 {x, y) c * 


The first two of these equations are analogous to the equations con- 
necting conjugate functions t and izjc, consequently we may write 

z - ct=- S[x iy, a, j3], 
z ct = [x — 4y^ a, j8] . 


Substituting in the third equation, we find that 

= - 1 , 

where in each case the prime denotes a derivative with respect to the first 
argument. Evidently S' must be independent of a; -f iy and J"' inde- 
pendent of a; — iy. The general solution is thus determined by equations 

of the form , . , ov , / , • x n / nx 

z - ct = (f> (a, P) + (x -h %y) 0 (a, ^), 

z + ct = iff {a, ^) - (x - iy) [0 (a, 

where 0,(f>,ip are arbitrary functions of a and p which are continuous (D, 1) 

in some domain of the complex variables a and jS. 

For some purposes it is more convenient to write the equations in the 
equivalent form ^ ^ ^ ^ 

d (a, P) (z + ct) = x (a. P)- (x- iy)- 



108 The Classical Equations 

These equations are easily seen to be of the type (K) and may indeed 
be regarded as a canonical form of (K). When the expressions for q are 
substituted in the equations (M) it is easily seen that k is a function 
of a and Since Q already contains an arbitrary function of a and ^ we 
may without loss of generality take ac == 1. 

A case of particular interest arises when 

cf> ^ (a) - CT (a) - (a) + ir] («)] 0, 

0 = ^ (a) + CT (a) + (a) - ir] (a)] 0-i, 

0^ 

where ^ («), rj («), ^ (a) and r («) are real arbitrary functions of a which are 
continuous (D, 2). We then have 

B = ^ ~ - c [^ - T (g)] ^ _ X - - i (a ) - i[y - 7] (g)] 

X - ^(a)-{-i[y-~r] («)J z - -f c [^ - r (a)] ^ 

and so a is defined by the equation 

[x ~ i (a)]2 -j- [y -- rj {a)Y + [2 - ^ (a)f = c- [t - r {a)f. 

We may without loss of much generality take r (a) — a and use r as 
variable in place of a. Let us now regard f (r), t] (t), ^ (t) as the co- 
ordinates of a point /S moving with velocity v which is a function of r. 
For the sake of simplicity we shall suppose that for each value of r we 
have the inequality < c^, which means that the velocity of S is always 
less than the velocity of light. We shall further introduce the inequality 
T < t. This is done to make the value of r associated with a given space- 
time point {x, y, z, t) unique*. 

To prove that it is unique we describe a sphere of radius c (t — r) with 
its centre at the point occupied by S at the instant t. As t varies we 
obtain a family of spheres ranging from the point sphere corresponding 
to T = ^ to a sphere of infinite radius corresponding to r = — 00 . 

Now, since it is easily seen that no two spheres intersect. Each 

sphere is, in fact, completely surrounded by all the spheres that correspond 
to earlier times r. There is consequently only one sphere through each 
point of space and so the value of r corresponding to (x, y, z, t) is unique. 
The corresponding position of 8 may be called the effective position of 8 
relative to (x, y, z, t). 

In calculating the Jacobians r may be treated as constant in the 
differentiations of jS. Now 

y--r]{T) = M^p c^{t- t) = - 

♦ Proofs of this theorem have been given by A. Li6nard, L'^clairage ^ectrique, t. xvi, pp. 5, L 
106 (1898); A. W. Conway, Proc. London Math. Soc. (2), vol. i (1903); G. A. Schott, Electromagnetic 
Radiation (Cambridge, 1912). 
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where 

M == [x - ^ (r)] f (r) [y - Tf (r)] 7]' (r) + [ 2 : - ^ (r)] ^'(r) - {t - r), 
and primes denote derivatives with respect to r. We thus find that 

a (a, 

0 {y, z) 2M ’ 

9 ^ _ L 

0 ( 2 :, x) 

9 («, _ _ i^ 

0 (x, if/ ‘ 

The ratios of the Jacobians thus depend only on jS and we have the general 

result that the function ^ ^ 

u = M'^f (a, ft) 

is a solution of the wave-equation. 

When the point (^, 17 , is stationary and at the origin of co-ordinates 
this result tells us that if,/ is an arbitrary function which is continuous 
(/), 2 ) in some domain of the variables a, ^ and if == x^ -f ?/“ -i- 2 :^ the 
function 


1 


f 


t - 


c' x+iyj 

is a solution of the wave-equation. There is a corresponding primitive 
solution of type ^ 


JJ 


t ~\- 


X -f iy 


obtained by changing the sign of t and using another arbitrary function. 

In the case of the wave-function M-^f (a, /3) the parameter a may be 
called a phase-parameter because it determines the phase of a disturbance 
which reaches the point (x, y, z) at time t when the function/ is periodic 
in a. The parameter ^ is on the other hand a ray-parameter because a 
given complex value of ^ determines the direction of a ray when a is given. 

It is easily deduced from the equations (N) that a and /3 satisfy the 
differential equation of the characteristics 


0a\“ 


+ 


and that 


da 

\dx) ~^\dy) ^ \dz) 
da 0/3 da 0/3 9a 0/3 1 da d^ 

dx dx ^ dy dy^ dz dz dt dt 

It follows that the quantity v — F {a, P) is also a solution of (L). 

An interesting property of this equation (0) is that if a is any solution 
and we depart from the space-time point (x, y, 2 ;, t) in a direction and 
velocity defined by the equations 

dx dy dz _ c^dt 

da da da da 

dx dy dz dt 




da 1 3a 


.( 0 ) 

(P) 


. = ds, say, 
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then a and its first derivatives are unaltered in value as we follow the 
moving point. We have in fact 


, da . Sa . , 3a T , Sa 

da = dt 


”/0a\2 /0a\2 /0a\2 1 /da^ 

\dx) ~^\dy) ^\dz) c^\dt) 


ds 


d 


(da\ 0^a , 0% , d^a , 0% 

^x) dx^ ^ dxdy ^ ^ dxdz ^ dxdt 


dt 


da 0^a da d^a da d^a 1 da d^a 
dx dx^ dy dxdy ’^^dz dxdz dt dxdt 


ds 


= 0 . 


Also, if a and ^ are connected by an equation of type (P), 

___ /da dp da dp da dp 1 da dp\ , 

\0a; 0a; 0y 0^ 02: dz dt dt) ^ 

- 0 . 


The equations (0 and P) thus indicate that the path of the particle 
which moves in accordance with these equations is a straight line described 
with uniform velocity c and is, moreover, a ray for which P is constant. 


§ 1‘94. Primitive solutions of Laplace's equation. As a particular case 
of the above theorem we have the result that the function 



r 



is a primitive solution of Laplace’s equation. This is not the only type of 
primitive solution, for the following theorem has been proved*. 

In order that Laplace’s equation may be satisfied by an expression of 
the form V — yf (3), in which the function / is arbitrary, the quantity 0 
must either be defined by an equation of the form 

~ ^ iO)Y + [y - ^ {0)Y + ^ (0)Y = 0, 

or by an equation of the form 

xl {0) 4- ym {0) + zn (0) == p (3), 


where I, m, n are either constants or functions of 0 connected by the re- 
lation ^2 ^ ^2 _|. ^2 _ 0 


The most general value of y is in each case of the form 
y = y^a (0) + y^b {0), 


* See my Differential Equations, p. 202. 
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where and are particular values of y, whose ratio is not simply a 
function of 9, In the first case we may take 

Yi = Yi = 

where = [x - ^ (^)J A (0) + [y - 7 , (^)] /x (0) + [2 - I 

w,^[x-^ (0)] {6) + [y - 7 , (0)] Ml [6) + [2 - ^ (6)] vi (0), 

and A, /it, v, A^, /x^, are two independent sets of three functions of 9 which 
satisfy relations of type 

A2 + /x2 + - 0, 

A {9) r {9) + M {9) rj' (9) + (9) I' (9) ^ 0. 

In the second case we may take yi = 1 and define by the equation 

yg-i = xV (9) + 7jm' (9) + zn' (9) — p' (9). 

If in the first theorem we choose ^ = 0, ^ = 0, we have 

9 ~ . - , A4- iix = 0 , V ~ 0, 

w ~ X iy, 

and the theorem tells us that the function 

is a primitive solution of Laplace’s equation. If we write x iy ~ t, 
X — iy = 4:S this theorem tells us that the function 

F - ri/ (4s + 270 

is a primitive solution of the equation 

d^V , d^V 
dsdt ^ 

§ 1-95. Fundamental solutions'^. The equations with primary and 
primitive solutions have been called basic because it is believed that 
solutions of a diflFerential equation with the same characteristics as a basic 
equation can be derived from solutions of the basic equation by some 
process of integration or summation in which singularities of these solutions 
of the basic equation fill the whole of the domain under consideration. 

This point will be illustrated by a consideration of Laplace’s equation 
as our basic equation. 

We have seen that there is a primitive solution of type 



By a suitable choice of the function / we obtain a primitive solution 

♦ These are also called elenjentary solutions. See Hadamard, Propagation des Ondes. 
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with singularities at isolated points and along isolated straight lines issuing 
from isolated singular points. The particular solution 

F= l/r 

has the single isolated point singularity a; = 0, y = 0, 2 = 0. Let us take 
this particular solution as the starting-point and generalise it by forming 
a volume integral 

V = OdidrjdC, (A) 

over a portion of space which we shall call the domain 

When the point (x, y, z) is in the domain 'L/' this integral is not a solution 
of Laplace’s equation but is generally a solution of the equation 

-f ^ttF (x, y, z) = 0, (B) 

provided suitable limitations are imposed upon the function F. 

Now the function F is at our disposal and in most cases it can be chosen 
so as to represent the terms which make the given differential equation 
differ from the basic equation of Laplace. It is true that this choice of F 
does not give us a formula for the solution of the given equation but gives 
us instead an integro-differential equation for the determination of the 
solution. Yet the point is that when this equation has been solved the 
desired solution is expressed by means of the formula (A) in terms of 
primitive solutions of the basic equation. 

A solution of the basic equation which gives by means of an integral a 
solution of the corresponding equation, such as (B), in which the additional 
term is an arbitrary function of the inde])endent variables, is called a 
fundamental solution. Rules for finding fundamental solutions have been 
given by Fredholm and Zeilon. In some cases the solution which is called 
fundamental seems to be unique and the theory is simple. In other cases 
difficulties arise. In any case much depends upon the domain W and the 
supplementary conditions that are imposed upon the solution. 

When the basic equation is the wave-equation the question of a funda- 
mental solution is particularly interesting. There are, indeed, two solutions. 


r/c) 


and 



I ^ 1 ■ 

r — ct ' r ct 




r2- c2^2» 


which may be regarded as natural generalisations of the fundamental 
solution l/r of Laplace’s equation. The former seems to be the most useful 
as is shown by a famous theorem due to Edrchhoff. 

In the case of the equation of the conduction of heat the solution which 
is regarded as fundamental is 

V = 
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when the equation is taken in the form 

dV 


dt 


= /cV2F, 


and is 


F = H( 




when the equation is taken in the simpler form 


dV 

dt 


dx^ * 


The equation of heat conduction is not a basic equation but may be 
transformed into a basic equation by the introduction of an auxiliary 
variable in a manner already mentioned. Thus the basic equation derived 


from 


is 


dj _ 
dt 

dW d^W 

dsdt dx’^ ’ 


a^F 

dx^ 


W = F6«^, 


and this equation possesses the primitive solution 


of which W = t~i exp 

is a special case. 

The theory of fundamental solutions is evidently closely connected 
with the theory of primitive solutions but some principles are needed to 
guide us in the choice of the particular primitive solution which is to be 
regarded as fundamental. The necessary principles are given by some 
general theorems relating to the transformation of integrals which are 
forms or developments of the well-known theorems of Green and Gauss. 
These theorems will be discussed in Chapter II. An entirely different 
discussion of the fundamental solutions of partial differential equations 
with constant coefficients has been given recently by G. Herglotz, Leipzig er 
Berichte, vol. lxxviii, pp. 93, 287 (1926) with references to the literature. 



1. Prove that the equation 


EXAMPLES 
dt dx^ 


is satisfied by the two definite integrals 

V 4k j ^ (cos — sin xs) da, 

fao 

F =» / v{8,t)v (x, a) day 

where v (x, t) « 

Show also that the two integrals represent the same solution. 


B 


8 
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2. Prove that this solution can be expanded in the form 


where 


3. Show also that 


it 

Too 

Fo == 4 / cos 8X cosh sxds, 

Fj = 4 [sin sx cosh 8x -f cos sx sinh sx] ds, 


Fo = 4 I sin 5a: sinh sx . ds» 

JO 


4. Prove that there is a fourth solution 


ri 1 a:^ 1.2 /x*\^ I i 

Fg = ” 7 ! T ^ ( 1 1)1 \ < / J ~ ^ J Q ”* 


5. If F {x, t) is a solution of the equation 

dv d^v 

di ~ dx" * ^ 

the quantity 

is generally a solution of the set of equations 


VnW = yn-s(i) n>S - I, 

In particular, if 5 — 2 and F (x,t) is the function v {x,t) of Ex. 1, the corresponding 
function yn (t) is 


n 




This may be called the fundamental solution, and when the second form is adopted 
s may have any positive integral value. In particular, when 5 = 4, this function is de- 
rivable from t{|e function v (x, t) of Ex. I, p. 113. 



CHAPTER II 


APPLICATIONS OP THE INTEGRAL THEOREMS 
OF GAUSS AND STOKES 


^2-11. In the following investigations much use will be made of the 
well-known formulae 


J + »*) - jj [i - *3 

+ mY + nZ)dS = jjj 


+ m 


dX 

dx 


fdu 

dY 


dx 

dz 


\ (dv du\ 
^\dx dy)\ 


dS, 




(A) 

for the transformation of line and surface integrals into surface and volume 
integrals respectively. In these equations Z, m, n are the direction cosines 
of the normal to the surface element dS, the normal being drawn in a 
direction away from the region over which the volume integral is taken or 
in a direction which is associated with the direction of integration round 
the closed curve C by the right-handed screw rule. 

The functions v, w, X, T, Z occurring in these equations will be 
supposed to be continuous over the domains under consideration and to 
possess continuous first derivatives of the types required*. The equations 
may be given various vector forms, the simplest being those in wliich 
u, Vj w are regarded as the components of a vector q and X, Y, Z the 
components of a vector F, The equations are then 


q . ds = j (curl q) . dS, 

F.d/S ~ I (div F) dr {dr = dx , dy . dz), 


(B) 


where ds now stands for a vector of magnitude ds and the direction of the 


tangent to the curve C, while dS represents a vector of magnitude dS and 
the direction of the outward-drawn normal. The dot is used to indicate a 
scalar product of two vectors. Another convenient notation is 


jqtds = 

f (curlq)„dS, 

’F„dS J 

f (div F) dr, 

J 


(C) 


♦ See for instance Goursat-Heclrick, Mathematical Anulysisy vol. i, pp. 262, 309. Some in- 
teresting remarks relating to the proofs of the theorems will be found in a paper by J. Carr, Phil. 

(7), vol. IV, p. 449 (1927). The first theorem is well discussed by W. H. Young, Proc. London 
Math, Soc, (2), vol. xxiv, p. 21 (1926); and by O. D. Kellogg, Foundations of Potential Theory, 
Springer, Berlin (1929), ch. iv. 


8-2 
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where the suffixes t and n are used to denote components in the direction 
of the tangent and normal respectively. 

If we write Z ^ v, Y = — w, X = 0; X = Wy Z — — u, 7=0; Y — u, 
X ==-- V, Z = 0 in succession we obtain three equations which may be 
written in the vector form 


J X dS) = — J(curl q) dr, 


.(D) 


where the symbol x is used to denote a vector product. 

Again, if we write successively X = p, Y = Z = 0; Y = p, Z = X ^ 0 \ 
Z p, X = y = 0, we obtain three equations which may be written in 
the vector form . ^ . 

I (P)<^=J (^P)dr, (E) 

where Vp denotes the vector with components ~ respectively. 


§ 2*12. To obtain physical interpretations of these equations we shall 
first of all regard u, v, w as the component velocities of a particle of fluid 
which happens to be at the point (x, y, z) at time t. The quantities r], ^ 
defined by the equations 


i ^IV W 1/ 


dv 

dz^ 


du 

dz 


dw 

dx^ 


y _dv du 
^ dx dy 


may then be regarded as the components of the vorticity. 

The line integral in (A) is called the circulation round the closed curve 
C and the theorem tells us that this is equal to the surface integral of the 
normal component of the vorticity. When there is a velocity potential 
(f> we have 


u = 


W : 


d<^ 

dz 


30 30 

dx^ ~ dy’ 

(in vector notation q = V0) and i = t] = ^ = 0, the circulation round a 

closed curve is then^zero so long as the conditions for the transformation 

of the fine integral into a surface integral are fulfilled. The circulation is 

not zero when / i x 

0 = tan-i (y/x), 


and the curve C is a simple closed curve through which the axis of z passes 
once without any intersection. The axis of z is then a line of singularities 
for the functions u and v. The value of the integral is 27 t, for 0 increases by 
277 in one circuit round the axis of z. The velocity potential 

0 = (r/ 277 ) tan-i {y/x) 

may be regarded as that of a simple line vortex along the axis of z, the 
strength of the vortex being represented by the quantity F which is- 
supposed to be constant. F represents the circulation round a closed curve 
which goes once round the line vortex. 



Equation of Continuity 117 

If we write X = pu, Y ~ pv, Z — pw, where p is the density of the fluid, 
the surface integral in (A) may be interpreted as the rate at which the 
mass of the fluid within the closed surface S is decreasing on account of 
the flow across the surface S. If fluid is neither created nor destroyed 
within the surface this decrease of mass is also represented by 



The two expressions are equal when the following equation is satisfied at 
each place (rr, y, z) and at each time t, 

tt + ax + Ij Fz ^ 

This is the equation of continuity of hydrodynamics. There is a similar 
equation in the theory of electricity when p is interpreted as the density 
of electricity and u, v, w as the component velocities of the electricity 
which happens to be at the point (a:, y, z) at time t. When p is constant 
the equation of continuity takes the simple form 

du dv dtv __ 
dx^ dy'^ dz 

(in vector notation div ^ == 0). This simple form may be used also when 
dpjdt = 0, where djdt stands for the hydrodynamical operator 

d d d d d 

a fluid for which dpjdt == 0 is said to be incompressible. 

When p is interpreted as fluid pressure the equation (E) indicates that 
as far as the components of the total force are concerned the effect of fluid 
pressure on a surface is the same as that of a body force which acts at the 
point {x, y, z) and is represented in magnitude and direction by the vector 
— Vp, the sign being negative because the force acts inwards and not 
outwards relative to each surface element. Putting q ^ pr in equation (D), 
where r is the vector with components x, y, z, we have an equation 

J(r X pds) ^ — I (curlpr) dr = j* (r x Vp) dr, 

which indicates that the foregoing distribution of body force gives the 
same moments about the three axes of co-ordinates as the set of forces 
arising from the pressures on the surface S, The body forces are thus 
completely equivalent to the forces arising from the pressures on the 
surface elements. This result is useful for the formulation of the equations 
of hydrodynamics which are usually understood to mean that the mass 
multiplied by the acceleration of each fluid element is equal to the total 
body force. If in addition to the body force arising from the pressure there 
is a body force F whose components per unit mass are A, T , Z for a particle 
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which is at (x, y, z) at time t, the equations of hydrodynamics may be 
written in the vector form 

When viscosity and turbulence are neglected the body force often can be 
derived from a potential Cl so that F =VQ.. The hydrodynamical equations 
then take the simple form 


Vp + vn, 


dq _ 
dt p 

which implies that in this case there is an acceleration potential if p is a 
constant or a function of p. When in addition there is a velocity potential 
<f> the equations may be written in the form 


'dcf> 

dt 


+ k" + 


[dp 


- n 


and imply that 


/ 


dp d(f) 


-"- 4 - 




p dt 

where / (^) is some function of t. This may be regarded as an equation for 
the pressure, when = 0 it indicates that the pressure is low where the 
velocity is high. 


§ 2-13. The equation of the conduction of heat. When different parts of 
a body are at different temperatures, energy in the form of heat flows from 
the hotter parts to the colder and a state of equilibrium is gradually 
established in which the temperature is uniformly constant throughout 
the body, if the different parts of the body are relatively at rest and do 
not participate in an unequal manner in heat exchanges with other bodies. 
When, however, a steady supply of heat is maintained at some place in the 
body, the steady state which is gradually approached may be one in which 
the temperature varies from point to point but remains constant at each 
point. 

A hot body is not like a pendulum swinging in air and performing a 
series of damped oscillations as the position of equilibrium is approached, 
it is more like a pendulum moving in a very viscous fluid and approaching 
its position of equilibrium from one side only. The steady state appears, 
in fact, to be approached without oscillation. 

These remarks apply, of course, to the phenomenon of conduction of 
heat when there is no relative motion (on a large scale) of different parts 
of the body. When a liquid is heated, a state of uniform temperature is 
produced largely by convection currents in which part of the fluid ^moves 
from one place to another and carries heat with it. There are convection 
currents also in the atmosphere and these are responsible not only for the 
diffusion of heat and water vapour but also for a transportation of momentum 
which is responsible for the diurnal variation of wind velocity and other 
phenomena. 
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Conduction of Heat 

A third process by which heat may be lost or gained by a body is by 
the emission or absorption of radiation. This process will be treated here 
as a surface phenomenon so that the laws of emission and absorption are 
expressed as boundary conditions ; the propagation of the radiation in the 
intervening space between two bodies or between different parts of the 
same body is considered in electromagnetic theory. The mechanism of the 
emission or absorption is not fully understood and is best described by 
means of the quantum theory and the theory of the electron. The use of a 
simple boundary condition avoids all the difficulty and is sufficiently 
accurate for most mathematical investigations. In many problems, how- 
ever, radiation need not be taken into consideration at all. 

The fundamental hypothesis on which the mathematical theory of the 
conduction of heat is based is that the rate of transfer of heat across a 
small element dS of a surface of constant temperature (i.e. an isothermal 
surface) is represented by 



where K is the thermal conductivity of the substance, 0 is the temperature 
in the neighbourhood of dS, and denotes a differentiation along the 

outward-drawn normal to dS. The negative sign in this expression simply 
expresses the fact that the flow of heat is from places of higher to places 
of lower temperature. The rate of transfer of heat across any surface 
element d<j in time dt may be denoted by f^dadt, where the quantity fy is 
called the flux of heat across the element and the suffix v is used to indicate 
the direction of the normal to the element. 

Let us now consider a small tetrahedron DABC whose faces DBCy 
DC A, DAB, ABC are normal respectively to the directions Ox, Oy, Oz, Ow, 
where the first three lines are parallel to the axes of co-ordinates. Denoting 
the area ABC by A, the areas DBC, DC A, DAB are respectively 
WyA, w^A, where 'W^:, Wy, are the direction cosines of Ow, 

Wher A is very small the rate at which heat is being gained by the 
tetrahedron at time t is approximately 

(w*/x + Wv/v + ^zfz - /w) A. 

This must be equal to. Vcp ^ , where V is the volume of the tetrahedron, 

c the specific heat of the material and p its density. Now V == ^pA, where 
p is the perpendicular distance of D from the plane ABC, hence 

dS 

Wxfx + W,/, + Wj, - /„ = ^pcp ^ 

and so tends to zero as p tends to zero. 

When DAB is an element of an isothermal surface we may use the 
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additional hypothesis that f^ and fy are both zero and the equation 

on 

cd „ 00 
Jw ~ Wzjz - Aw;, - K . 

The law (A) thus holds not simply for an isothermal surface but for 
any surface separating two portions of the same material. The vector AO 

whose components arc is called the temperature gradient at the 

point (x, y, z) at time t. 

Let us now consider a portion of the body bounded by a closed surface 
S. Assuming that /y, fy, /. and their partial derivatives with respect to 
X, y and 2 are continuous functions of x, y and z for all points of the region 
bounded by S, the rate at which this region is gaining heat on account of 
tlie fluxes across its surface elements is 


T 


jjK <hS. 


dn 


^IVansforming this into a volume integral and equating the result to 


ij} 


Cp dxdydz, 


we have the equation 




dO 


- 1 K^^-i 
dx\ dx 


K 


de. 




dxdydz. 


d 

' dt dx dx' dy dy ' 

This must hold for any portion of the material that is bounded by a simple 
closed surface and this condition is satisfied if at each point 

dO 


cp 


dt 


div (KVO) = 0. 


If the body is at rest we can write in place of but if it is a moving 

^ at 


dt 
dd . 


fluid the appropriate expression for ^ is 


dd 
(it ' 


d9 

dt 




dd 

dx 


dd dd 


where u, v and w are the component velocities of the medium. 

In most mathematical investigations the medium is stationary and the 
quantities c, K and p are constant in both space and time and the equation 
takes the simple form 


dO 

dt 




in which /c is a constant called the diffusivity *. If at the point (x, y, z) 
there is a source of heat supplying in time dt a qusniiAty F (x,y,z,t)dxdydzdt 


* This narae was suggested by Lord Kelvin. A useful table of the quantities K, c, p and x is 
given in Ingeraoll and Zobel’s Mathematical Theory of Heat Conduction (Ginn & Co., 1913). 



The Drying of Wood 121 

of heat to the volume element dxdydz, a term F (x, ?/, z, t) must be added 
to the right-hand side of the equation. 

A similar equation occurs in the theory of diffusion ; it is only necessary 
to replace temperature by concentration of the diffusing substance in order 
to obtain the derivation of the equation of diffusion. The quantity of 
diffusing substance conducted from place to place now corresponds to the 
amount of heat that is being conducted. The theory of diffusion of heat was 
developed by Fourier, that of a substance by Fick. In recent times a 
theory of non-Fickian diffusion has been developed in which the coefficient 
K is not a constant. Reference may be made to the work of L. F. Richard- 
son*. 

§ 2*14. An equation similar to the equation of the conduction of heat 
has been used recently by Tuttle f in a theory of the drying of wood. It 
is known that when different parts of a piece of wood are at different 
moisture contents, moisture transfuses from the wetter to the drier regions ; 
Tuttle therefore adopts the fundamental hypothesis that the rate at which 
transfusion takes place transversely with respect to the wood fibres or 
elements is proportional to the slope of the moisture gradient. 

This assumption leads to the equation 

dd_ dW 

dt dx^’ 

where 6 is moisture content expressed as a percentage of the oven-dry 
weight of the wood and is a constant for the particular wood and may 
be called the transfusivity (across the grain) of the species of wood under 
consideration. 

From actual data on the distribution of moisture in the heartwood of 
a piece of Sitka spruce after five hours’ drying at a temperature of 160° F. 
and in air with a relative humidity of 30%, Tuttle finds by a computation 
that is about 0*0053, where lengths are measured in inches, time in 
hours and moisture content in percentage of dry weight of wood. 

The actual boundary conditions considered in the computation were 

9 = 0 ebt X ^ 0, 0 = 0 at .r 1, 0 ^ 9q when ^ 0. 

A more complete theory of drying has been given recently by E. E. 
LibmanJ in his theory of porous flow. He denotes the mass of fluid per 
unit mass of dry material by v and calls it the moisture density. The 
symbols p, a, r are used to denote the densities of moist material, dry 
material and fluid respectively and p is used to denote the coefficient of 
compressibility of the moist material. 

♦ Proc. Roy. Soc. London, vol. cx, p. 709 (1926). 
f F. Tuttle, Journ. of the Franklin Inst. vol. oc, p. 609 (1925). 
t E. E. Libman, PhiL Mag. (7), vol. iv, p. 1285 (1927). 
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The rate of gain of fluid per unit mass of dry material in the volume V 
is the rate of increase of v, where v is the average value of v in F. If w 
is the mass of dry material in volume V of moist material and /„ = mass 
of fluid flowing in unit time across unit area normal to the direction n we 

have 0 ^ 1 .M- 

" fndS 


dt 


w 


therefore 


^ JjJ divf . dxdydz, 
div/. 


•(B) 


w . 

dv^ __ V ^ 
dt w ^ 

Now, the mass of fluid in the volume V vfv and the total mass of 
material in V is wv + w and is also pF, hence 

W = _ V, 

\ V 

and (B) gives the equation ' 

dv 1 + w j. f 

a = - y- *''f 

for the interior of the porous body. 

If EdS denotes the mass of fluid evaporating in unit time from a small 
area dS of the boundary of the porous body the boundary condition is 

fn-E. 

The flow of fluid in a porous material may be regarded as the sum of 
three separate flows due respectively to capillarity, gravity and a pressure 
gradient caused by shrinkage. We therefore write, for the case in which 
the z axis is vertical and p is the pressure, 






dn ' dn dn ' 
where K and k are constants characteristic of the material. 

Consider now a small element of volume Sw at the point P (x, y, z), 

the associated mass of dry material being Sw and the volume per unit mass 


of dry material 


Then 


But by definition 


dV 

dv 

dp 

dv 


V 

V' 


I V 


{-)■ 


d 

dv\ p 
dpdj^ 
dV dv 


dp d 

dVd^ 

R--l^ 
V dp’ 




dp 

1 d , 

'1 + 

dv ~ 

FjSdv' 

^ P > 

dp 

1 d /, 

1 + 


dv 


therefore 
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Putting 


we have 

or 


and so 


The Heating of a Porotbs Body 



30 

3x’ 


_ r _ 

div/= - V20, 


p dv 
l + vdt 




hgr, 


wliile the boundary condition takes the form 


30 

dn 


It I 

+ ^ + 


= 0 . 


It should be mentioned that in the derivation of this equation the 
material has been assumed to be isotropic. 

In the special case of no shrinkage we have 

p = o- (1 + ^), ^ = K, (f> = Kv + const., 


and the equation for v becomes 


dv^K 

dt a 




which is similar in form to the equation of the conduction of heat. The 
boundary condition is ^ ^ 

+ ^ + 


§ 2-15. The heating of a porous body by a warm fluid*, A warm fluid 
carrying heat is supposed to flow with constant velocity into a tube which 
contains a porous substance such as a solid body in a finely divided state. 
For convenience we shall call the fluid steam and the porous substance 
iron. The steam is initially at a constant temperature which is higher than 
that of the iron. The problem is to determine the temperatures of the iron 
and steam at a given time and position on the assumption that the specific 
heats of the iron and steam are both constant and that there are no* heat 
exchanges between the wall of the tube and either the iron or steam, no 
heat exchanges between different particles of steam and no heat exchanges 
between different particles of iron. The i^roblem is, of course, idealised by 
these simplifying assumptions. We make the further assumption that the 
velocity of the steam is the same all over the cross-section of the pipe. 
This, too, would not be quite true in actual practice. 

Let U be the temperature of the iron at a place specified by a co-ordinate 
X measured parallel to the axis of the pipe, V the corresponding temperature 


* A. Anzelius, Zeitft. f, ang. Math. u. Mech. Bd. vi, S. 291 (1926). 
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of the steam. These quantities will be regarded as functions of x and t only. 
This is approximately true if the pipe is of uniform section so that the 
cross-sectional area is a constant quantity A. 

Let us now consider a slice of the pipe bounded by the wall and two 
transverse planes x and x }- dx. At times t and t + dt the heat contents 
of the iron contained in this slice are respectively 


uUAdx and 


u{U + dt] A dx, 


where (i is the quantity of heat necessary to raise the temperature of unit 
volume of the iron through unit temjxirature. Thus the quantity of heat 
imparted to the iron in the slice in time dt is 

dQi -= uA dldx. 
ct 

Similarly, at time t the heat content of the vapour in the slice is r 1^4 dx 

( 3 F \ 

and at time t 4- dt it is f F -f dt] A dx, where is a quantity analogous 
to u. 

With the steam flowing across the plane x in time dt a quantity of heat 
vVAcdt is brought into the slice where c is the constant velocity of flow. 

In the sam(‘ time a (piantity of heat v^V -f- ^ dx^ Acdt leaves the slice across 

the plane x dx. 'I’he steam has tlius conveyed to the iron a quantit}^ of 

heat ^ ^ 

fdV d F\ 


dQ<2, 


(d\ 

-’[h 


Adtdx. 


In accordance with the law of heat transfer that is usually adopted the 
quantity of heat transferred from the steam to the iron in the slice in time 

dQ:, = h{V - U) Adtdx, 

where k is the heat transfer factor for iron and steam. We thus have the 
equations 


dx 

du 


With the notation a = kjev, b = 

^ = ax 

the equations become 


k{U-V), 

u =MF-C/). 
kjeu and the new variables 


dV 


= U -V, 


= b {ct 
dU 


x), 


= F - U. 


These equations imply that the quantity A (^, t) defined by 

A(^, = f/) 

is a solution of the partial differential equation 

d^A 


did: 


= A. 


(A) 
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Laplace's Method 

The supplementary conditions which will be adopted are 

F(0,t)=Fi, 

where and Fi are constants. The equation (A) then gives 
U (0, t) = V^~ {V^~ C/i) 

^ (^j b) = C/j 4- (Fj ~ C/j) 

and so the supplementary conditions for the quantity A are 
A (^, 0) = A (0, r) = Fi - t/i = W, say. 


§ 2*16. Solution by the method of Laplace. The equation (A) may be 
solved by a method of successive approximations by writing 

A = z\) 4* Aj 4- A 2 + . . . , 

0“A 

where A^ = IF and = A„_i. 

(jg OT 

This gives A = WI^ 

F - C7 = PFe-'f+’-' lo [2 V(H], 

rax 

F =. Fi — |Fe-^><c<-ar) g~s ^2 \/{bs {ct — a:)}J dSy 
Jo 

rb(ct-x) 

U = Ui -h IFe*~“^ [2\/(^^'5)] ds. 

J 0 

For x> ct the solution has no physical meaning but for such values of x 
the iron has not yet been reached by the steam and so U = Ui . 

As < 00 we should have f/ -> V Fj ; this condition is easily seen 

to be satisfied, for our formula for V — U indicates that F — U 0 and 
U -> Fi because 

e~®/o [2^^{axs)] ds = e^^. 

Jo 

The properties of the solution might be used, however, to infer the value 
of this integral. 

EXAMPLE 


Prove that if 
the differential equation 


is satisfied by V ■■ 


III: 


00 T-n 

£(’•) = 2 ,--^3, 

0 (n !f 
♦ dxdydz 

w) E {x(y — v) (z — w)} dvdw 


0 (Wy u) E {y{z — w) {x — u)} dwdu 


I / — w)(w — 

J 0 JO 

I P(u)E {(x — u) yz} du+ jQ (v) E {(y — v) zx) dv 
Jo Jo 

j E (w) E {{z — w) xy} dw 4- SE (xyz). 

[T, W. Chaundy, Proc. London Math. Soc. (2), vol. xxi, p. 214 (1923).] 
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§ 2*21. Riemann's method. Let L {u) be used to denote the differential 

expression ^ . 

au , ou 

n ^ ^ -j- CU, 

dxoy ox o^J 

where a, b, c are continuous (D, 1) in a region R in the {x, y) plane. The 
adjoint expression L (?;) is defined by the relation 

, . ^ j ^ dM dN 

where M and N are certain quantities which can be expressed in terms of 
u, V and their first derivatives. Appropriate forms for L, M and N are 


L(v)^ 


dxdy 



d 

dy 


(bv) + cv, 


M = auv + l(vf^-u = I (uv) - uP (r), say, 
iV ^ buv +l{vll-u ll) = I {uv) - uQ (v), say, 


where P (v) ^ Q (^) = 0^ - bx. 

Now if C is a closed curve whic^^Hes entirely within the region R and 
if both u and v are continuous (/), 1) in we have by the two-dimensional 
form of Green’s theorem 


I (IM + mN) ds ~ [ I 4 - dxdy = j* j [vL (u) — uL (i;)] dxdyy 

where /, m are the direction cosines of the normal to the curve C and the 
double integral is taken over the area bounded by C, and so will be ex- 
pressed in terms of the values of u and its normal derivative at points of 
the curve P, for when u is known its tangential derivative is known and 

g and can be expressed in terms of the normal and tangential de- 
rivatives. If (.To, ?/o) are the co-ordinates of the point A the function v 
which enables us to solve the foregoing problem may be written in the 
form 

V ^ g {x, y\ To, yo)> 

and may be called a Green’s function of the differential expression L {u). 

This theorem will now be applied in the case where the curve C consists 
of lines XA, A Y parallel to the axes of x and y respectively and a curve 1’ 
joining the points Y and X. 

Using letters instead of particular values of the variable of integration 
to denote the end points of each integral, we have when L (u) = 0, L (t;) = 0, 

[ iVdT - [ Mdy = - \ \lM + mN) ds. 

J A Jy Jy 



Now 

and 

therefore 


Riemann^s Method 

rA 
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j^Mdy= J [(w)y- (uv)j] + j^uP (v)dy, 

j-A' fA- 

Ndx= ^ {(uv)x - («*')..(] — uQ (v) dx, 

J A J A 

(uv)j = i [(«?’) V + (wf)) ] + f (T'M +,mN) ds 

Jr 

i: 


-f ?/P (v) dy — uQ (v) dx. 


If now the function v can be chosen so that P (v) = 0 on ^ y and Q (i;) == 0 
on the value of u at the point A will be given by the formula 

fX 

(uv)a = \ [{uv)^^ + {'^v)y] + {IM + 'inN) ds; 

J Y 

It should be noticed that if u is not a solution of L (u) = 0 but a solution of 

L {ii) +f(x, y) = 0 
the corresponding expression for u is 

(uv)a = ^ + (uv)y] + [ {IM -h niN) ds + | U/ (x, y) dxdy. 

r 

An interesting property of the function r/ may be obtained by consider- 
ing the case when the curve F consists of a line YB parallel to and a 
line BX parallel to YA. We then have , 

{IM + m]V) ds = \^Mdy- Ndx, 

J Y JB J Y 


also 


we have 


A = - ^ (uv) + (u), Q (u) = ||. + bu. 


!B (B _ 

Ndx= \ [{uv)y — {uv)Yt^ + vQ (u) dxy 

J Y J Y 

\ Mdy= I [{uv)ii - {uv)x] + [ vP {u) dy. 

J B J B 

Hence I vQ (u) dx + f vP {u) dy. 

Jy Jb 

Now let a function u == h (x, y; x^, y^) be supposed to exist such that 
L (u) = 0, P (u) ^ 0 on BX, Q (u) = 0 on BY; the co-ordinates Xi, y^ being 
those of B. The formula then gives 

{uv)a = {nv)s^ 

Choosing the arbitrary constant multipliers which occur in the general 
expressions for g and h, in such a way that 

g {xoy Vol Xo, yo) = 1, A (x^, y^; x^, y^) == 1, 
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the preceding relation can be written in the form 

h (xo, Vo) Xi, y^) = g (x^, Xq, y^). 

When considered as a function of (x, y) the Green’s function g satisfies 
the adjoint equation L (v) == 0 , but when considered as a function of 
(Xq, i/o) satisfies the original equation expressed in the variables Xq, 2/0 . 


EXAMPLE 


Prove that the Green’s function for the differential equation 

is /o - ^0) (y - yo)] . 

and obtain Laplace’s formula 




fx 


lo (y - -s)]} 0 (S) ds + /o {W[y (x - 5)]} ifs (s) ds 


for a solution which satisfies the conditions 

du 
dx 


tp (x) when y = 0, 


§ 2 - 22 . 


JL/ \ 

= 


Solution of the equation 
0*2 


when a; = 0. 


J 




.(A) 


Let the curve B consist of a line ^1^2 parallel to the axis of x and two 
curves Gj, Gg starting from respectively and running in an upward 

direction from the line A1A2. Let S denote the realm bounded by the 
portion of B below a line y parallel to the axis of x and the portion of B 
which lies between G^ and Gg. When y is replaced by the parallel lines 
yo, y' the corresponding realms will be denoted by Sq and S' respectively. 
The portions of B below the lines y, yo, y' will be denoted by and 
respectively. The equation of AiA^ will be taken to he y = y^. 

We shall now suppose that y and y' both lie below yo and that 2 ; is a 

solution of (A) which is regular in Sq, regularity meaning that z, 

ox oy 

02- 

and are continuous functions of x and y in the realm Sq . 

The differential expression adjoint to L {z) is L {t), where 

T (f\ 

dx^'^dy' 

and we have the identity 

t [L ( 2 ) -f(z, y)] - zL (t) = 4 ■ 


dt 

dxj dy 


[< 2 ] - tf- 



Hence if. 


we have 


Generalised Equation of Conduction 

L (2) = / (x, y), 

L (t) = 0, 


dx dx 


a/] 

^dx\ 


[tz] - </= 0 . 


Let us now write ^ = z {^, 7))yT = t {$, ij) and integrate the last equation 
over the region S', then 

t -IL 

In this equation we write 

r a, y) = T [x, y, i, rf]s{y- ij)-i CAp [- {x - ^y/(y - 77)], 
and we take y' to be a line which lies just below the line y which passes 
through the point (x, y). Our aim now is to find the limiting value of the 
integral on the left as y' -> y. 

By means of the substitution ^ x 2 u^/{y ~ vj) this integral is 
transformed into 

rUi 

2 z[x 2 u{y — 7 ])^, 7 ]] e-^*du, 

J tti 

If the equations of the curves , C2 are respectively 

^ (y), ^ = ^2 (y), 

the limits of the integral are respectively 

= [Ci (v) - ^]/2 \/(l/ - V)y ^2 = [^2 (V) - ^]/2 V(l/ ~ V)- 
If the point (a;, y) lies within S we have 

Ui-> — CO, 1^2 + 00 as y' -> y and rj y \ 

if it lies outside 8 we have 


U2-^ ± 00 as y' -V y and y] y. 

Finally, if the point (x, y) lies on either Cj or C2 one limit is zero, thus 
we may have either 0, U2-^ co, or — co, U2-^ 0. 

The hmiting value obtained by putting 97 = y in the integral is 2z {x, y)\/rr 
in the first case, zero in the second case and z {x, y) y/ir in the third. Hence 
when the limiting value is actually attained we have the formula 

2 (X, y) [2 0 or ^/■n\ = \T^d^ + ^ If) “ f 

The transition to the limit has been carefully examined by Levi*, 
Goursatf and GevreyJ. The last named has imposed further conditions 


♦ E. E. Levi, Armali di Matematica (3), vol. xiv, p. 187 (1908). 
t E. Goursat, Traitd d* Analyse, t. in, p. 310. 

t M. Gevrey, Journ. de Mathdmatiques (6), t. ix, p. 305 (1913). See also Wora Lebedeff, Disa. 
Oottinge'n (1906); E. Holmgren, /or Matematik, Aatronomi och Fyaik, Bd. in (1907), Bd. iv 
(1908); G. C. Evans, Amer. Journ, Math. vol. xxxvn, p. 431 (1915). 


9 
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in order to establish the formula in the case when (x, y) Ues on either 
or C 2 . His conditions are that, if ^ (s) is continuous, 

lim [c, (y) - c„ (rj)] (y - ij)-^ = 0 (p = 1, 2), 

that 


r [Cj, (y) - ( 5 )] (y-s) i<f> (s) ds . exp [- {Cj, (y) - (5)}V4 (y - 5 )] 

should exist and that the functions {y), {y) be of bounded variation. 

It may be remarked that the line integrals in this formula are particular 

solutions of the equation while the integral 


Z (^. »/) = - 2 ^ 1 1 ^ ^ v)f(i’ V) 

is a particular solution of the equation (A) . Sufficient conditions that this 
may be true have been given by Levi and less restrictive conditions have 
been formulated by Gevrey. The properties of the integrals 

I {^,y)= \t (x,y,^,y])^ (ij) dr], J (x, y) = 0 ^ ^ (’?) 

have also been studied, where (7 is a curve running from a point on the 
line y = yi to a point on the line y = y. It appears that when the point P 
crosses the curve G at a point Pq the integral J suffers a discontinuity 
indicated by the formula 

lim (Jp - Jp„) = ± <i>p„V'rr> 

P ->Po 


the sign being + or — according as P approaches Pq from the right or the 
left of the curve C. 

In this formula <f> denotes any continuous function and a suffix P is 
used to denote the value of a function of position at the point P. 

A Green’s function for the region 8 may be defined by the formula 


G (x, y, i,7)) = T {X, y, ^,7])~ H {x, y ; rj), 

d^H dH 

where H {x, y; rj), which satisfies the equation ~ 

y when considered as a function of ^ and rj, which is regular and which 
takes the same values as T (x,y; r)) on the curves and . The function 

G satisfies the two equations j g '^2 0^ ^ when a; = Ci(y), 

when ^ = Cj (rj), when x = Cg (y) and when = Cg (>y), and is positive in 8. 
With the aid of this function a formula 


22 : (x, y) v^TT = - [ 2; (f , 77) ^ (/t; + [ G(x,y; y^) 2; (^, y^) df 

.'Ci+c, JAxAi 

2 /’ v)f v) 
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may be given for a solution of (A) which takes assigned values on j8. The 
problem of determining O is reduced by Gevrey to the solution of some 
integral equations. 

Fundamental solutions of the equations 

02 _ dH d^z _ 0^2 
dy dy^ dx^ 


have been obtained by H. Block* and have been used by E. Del Vecchiof 
to obtain solutions of the equations 


02 

dy 


0^2 

dx^ 


= f(x, y). 


dy^ 


d^z 

dx^ 


-fix, y). 


EXAMPLES 

1. Show by means of the substitutions 

^ - X == 2^{st), y~7j=-t 


that the integral 


II. 


{X - (y - ,)-«exp [- (X - ifH (y - ,) d^dr, 


has a meaning when p + 1 > 0 and p ~ 2q + 3 > 0, / being an integrable function . 

[E. E. Levi.] 

2. Show that by means of a transformation of variables 

x' = x' {x, y\ y' = ±y 


the parabolic equation 


d'h dz . dz r. 


dx^^ dx 


may be reduced to the canonical form 


d^z dz dz . 

dx'^ ~ dy' ^ " dx' 

Show also that the term may be removed by making a substitution of type z — uv 
and that the term involving u will disappear at the same time if 

d'^a da da dc 
dx'^ ^ dx' dy' ^ dx' ’ 


3. If a, h and c are continuous functions in a region R a solution of 


022 dz 
dx^ ^ ^ dx 



4- cz = 0 


(6<0) 


which is regular in R can have neither a positive maximum nor a negative minimum. Hence 
show that there is only one solution of the equation which is regular in R and has assigned 
values at points of a closed curve C lying entirely within R. 

[M. Gevrey.] 


§ 2-23. Green's theorem for a general linexxr differential equation of the 
second order. Let the independent variables x^, x^^ ... be regarded as 
rectangular co-ordinates in a space of m dimensions. The derivatives of 


* Arkiv f, Mat.y Aat. och Fysik, vol. vn (1912), vol. vm (1913), vol. ix (1913). 
t Mem, d. R. Accad. d. Sc, di Torino (2), vol. Lxvi (1916). 


9-2 
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a function u witli respect to the co-ordinates may be indicated by suffixes 
written outside a bracket, thus {u)^ stands for ^ and (2^)23 for ^7- ;r“ • 

( 7^*2 ^*^2 ^^3 

We now consider the differential equation 

'in m m 

L(u) = I, 2 Ar, (m)„ -f S {u)r + Fu = 0, 

r -1 

A — A 

'^rs '^sr j 

where the coefficients F are functions ot X 2 , ... x^. 

The expression L (v) adjoint to L (u) is 

m m m 

L (t)) = 2 2 (Ar,v)rs - 2 (B^v)r + Fv, 

r-=ls“l r==l 

and we have the identity 


vL(u) - uL(v) - 2 {QX. 

r»l 

m m 

u 2 Ars + V 2 (w),, + nv 

S=»l S=1 


Br S (^rs)s 

1 


where 

The n-dimensional form of the theorem for transforming a surface 
integral into a volume integral may be written in the form 

I [ 2 (Qr)r dXi ... = - I ) 2 UrQrdS, 

where Ui, ... are the direction cosines of the normal to the hyper- 
surface S, the normal being drawn into the region of integration. Hence 
we have the equation 


Ih 


where 


(u) — uL (y)] dx^ ... dXy^ = ~ J r ”” “ uvP^} dS, 

in in 

Bfi (^) ~ S 2 TI^Aj.^ (^)r> 
r-= 1 1 


: 2 
r=l 


^ (^rs)s “ Br 
5“1 


Let us write 


S n,Ars 


Kvr, 


where ^^2? ••• ^he direction cosines of a line which may be called 

the conormal*, then 

m 

D„ (u) = A 2 Vr (w)r = A (?«).• 

r -1 


§ 2 - 24 . The characteristics of a partial differential equation of the second 
order. Let the values of the first derivatives (2/.)i, (22)2, ... (22), „ be given at 
points of the hypersurface 6 (.Ti, X2y ... x^) = 0. If dxi, dxg, ... dx^ are 
increments connected by the equation 

{^)ldXi -j- { 0)2 dX2 4“ ••• (^)m ~ 

* This is a term introduced by R. d’Adh^mar. 
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and if (d)i # 0, we may regard the increments , dx^ , dx„ as arbitrary, 

and since i r . . i / . i / . » 

d [(w)J = {u)^idx^ + (u)j,idXi + ... (u)^„dx^, 

(d)i d [(m)^] = [(0)i (m)j 2 - (0)2 (tt)„i] dx^ + ... [(0)i (m)p„ - (0)„ (m)j,i] dx^, 

the quantities (0)i {u)^, — {6)s («).i 

may be regarded as known. Similarly the quantities 

(6)i ('M-)ij, — {0)p {u)ii 

may be regarded as known and so the quantities 


(0)i (^)i {n),s - (6), (e)s {u)n 

may be regarded as known. Substituting the values of (u)^^ in the partial 
differential equation 

m m m 

L{u)==^ S Z A„{u)r,+ Br(u)r + 0, (I) 

' r- 1 s-“ 1 r- 1 

we see that we have a linear equation to determine {u\-^ in which the 
coefficient of (u)^^ is 

^ ^ S S AsWr W.. (11) 

r=*l 


If this quantity is different from zero the equation determines 
uniquely, but if the quantity A is zero the equation fails to determine 
( 2 /.)n and the derivatives {u) are likewise not determined. In this case the 
hypersurface 6 ... x^) == 0 is called a characteristic and the dif- 

ferential equation J = 0 is called the partial differential equation of the 
characteristics. 

The equations of Cauchy’s characteristics for this partial differential 
equation of the first order are 


dx^ __ dx2 dx^ 

and these are called the bicharacteristics of the original partial differential 
equation. All the bicharacteristics passing through a point (Xj®, x.^, ... x^^) 
generate a hypersurface or conoid with a singular point at {x^, x^, ... x^). 
When all the quantities are constants this conoid is identical with the 
characteristic cone which is tangent to all the characteristic hypersurfaces 
through the point {x-^, x^, ... x^). 

For the theory of characteristics of equations of higher order reference 
may be made to papers by Levi* and Sanniaf. These authors have also 
considered multiple characteristics and Sannia gives a complete classifica- 
tion of linear partial differential equations in two variables of orders up to 5. 


♦ E. E. Levi, Ann. di Mat. (3 a), vol. xvi, p. 161 (1909). 
t G. Sannia, Mem. d. R. Acc. di Torino (2), vol. LXiv (1914); vol. Lxvi (1916) 
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§ 2*25. The classification of partial differential equations of the second 
order. A partial differential equation with real coefficients is said to be of 
elliptic type when the quadratic form 

is always positive except when Aj = Xg = ... == X„ = 0. 

The use of the words elliptic, hyperbolic and parabolic seems natural in 
the case n = 2, the term to be used depending upon the nature of the conic 

+ 2A,,X,X^ 4- ^ 22 ^ 2 " == 1* 


For a non-linear equation F {7, s, t, p, 2 ) = 0 


' 0-2 „ 

7 dx^' '■ ^ ^ ^ dx’ ^ JyY 

tht^re is a similar classification depending on the nature of the quadratic 
form 




dF 

dr 


-f- 2X^X2 


dF 

ds 


+ 


dF 

dt' 


When n> 2 the classification is not so simple ; for instance, when ?i = 3 
it may be based on the different types of quadric surface and it is known 
that there arc two different types of hyperboloid. 

The word ellipsoidal might be used in this case instead of elliptic, but 
it seems better to use the same term for all values of n because the im- 
portant question from the standpoint of the theory of partial differential 
equations is whether the equation is or is not of elliptic type. For an 
equation of elliptic type the characteristics are all imaginary and this fact 
has a marked influence on the properties of the solutions of the equation. 
When n = 2 typical equations of the three types are 


d'^u 

d'^u 



du 

, du 

dx^ 


-h 

a 

dx 

+ b.- 
dy 


d'^u 



du 

, du 


dxdy 

4- 

a 

dx 



dhi 



du 

, dti 


0.^2 

4- 

a 

dx 



-h = 0 (elliptic), 
cu^ 0 (hyperbolic), 
+ cu= 0 (parabolic). 


A notable difference between elliptic and hyperbolic equations arises 
when a solution is required to assume prescribed values at points of a 
closed curve and be regular within the curve. For illustration let us con- 
sider the case when the curve is the circle \. If the boundary 

condition is F = sin 2n6 when x = cos 0, y ^ sin 6, where 71 is a positive 


02 F 


integer, there is no solution of the equation ^ ^ which is continuous 
(Z>, 1) and single- valued within and on the circle*, but there is a regular 


* When n~l there is a solution F = 2y (1 -y^)^ which satisfies the boundary condition but 


dV 

its derivative ^ - is infinite on the circle. 
cy 
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dW 
dy^ 

condition is F = sin {2n + 1) 0, there is a solution of 

V = f iy) which satisfies the conditions and is single - 

valued and continuous in the circle, but this solution is not unique because 

02 7 

V = 1 — is Sb solution of = 0 which is zero on the circle and 

^ dxdy 

single -valued and continuous inside the circle. 

When the solution of a problem is not unique or when there is some 

uncertainty regarding the existence of a solution the problem may be 

regarded as not having been formulated correctly. An important property 

of the boundary problems of mathematical physics is that the correct 

formulation of the problem is indicated by the physical requirements in 

nearly every case. 


0, namely, V == sin 2n6, On the other hand, 


d^V 

solution of -f 
if the boundary 


02 F 
dxdy 


= 0 of type 


§2*26. A property of equations of elliptic type, Picard*, Bernsteinf 
and Lichtenstein J have shown that the solutions of certain general 
differential equations of elliptic type cannot have maximum or minimum 
values in the interior of a region within which they are regular. This 
property, which has been known for a long time for the case of Laplace’s 
equation, has been proved recently in the following elementary way§. 

n,n n 

Let L{u) = 2 -H S jiS„ (w)„ 

1, 1 1 

be a partial differential equation of the second order whose coefficients 
Ay^,y By are continuous functions of the co-ordinates (a^i, ... x^) of a 

point P of an n-dimensional region T. For convenience we shall sometimes 
use a symbol such as u (P) to denote a quantity which depends on the co- 
ordinates of the point P. We can then state the following theorem : 

If u (P) is continuous (£), 2) and satisfies the inequality L {u)> 0 every- 
where in T, an inequality of type u (P) < u (Pq) can only be satisfied through- 
out T, where Pq is a fixed internal pointy when the inequality reduces to the 
equality u (P) = u (Pq). Similarly, if L {u) < 0 throughout T, the inequality 
u (P) > u (Pq) in T implies that u (P) = u (Pq). 

The proof will be given for the case n = 2so that we can use the famiUar 
terminology of plane geometry, but the method is perfectly general. 

Let us suppose that L {u)> 0 in T and that u (Pq) = M, while u (P) < M 
if P is in T, 

li u ^ M there will be a circle C within T such that at some point P 
of its boundary, say at Pj, we have u {Pfj = M, whilst in the interior of 
the circle u< M, 


♦ E. Picard, Traiti d' Analyse, t. ir, 2nd ed., p. 29 (Paris, 1905). 
t S. Bernstein, Math. Ann. Bd. nx, S. 69 (1904). 

{ L. Lichtenstein, Palermo Rend. t. xxxiii, p. 211 (1912); Math. Zeitschr. vol. xx, p. 205 (1924). 
§ E. Hopf, Berlin. Sitzungsber. S. 147 (1927). 
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Let K be a circular realm of radius R whose circular boundary touches 
0 internally at P, then with the exception of the point , we have every- 
where in K the inequality u < M. 

Next let a circle of radius jRj < J? be drawn so as to lie entirely 
within T, The boundary of then consists of an arc (the end points 
included) which belongs to K and an arc Sq which does not belong to K, 
On aS\ we have the inequality u < M — e, where e is a suitable small 

quantity, while on Sq we have n M. (A) 

We now’choose the centre of K as origin and consider the function 

li (P) == 6“"^” — e-'"'’, 

where -f and a > 0. If Xi = x, X 2 ^ y and 

L (ii) = Auj,^ -f 4- Cuyy -f Duj. 4- Euy, 

a simple calculation gives 

{h) = 4«2 (Ax^ 4- 2Bxy 4- Cy^) — 2a {A C Dx 4- Ey)- 

Since the equation is of elliptic type we have in the interior and on the 

boundary of K ^ ^ ^ ^ „ 

where k is a suitable constant. By choosing a sufficiently large value of a 

we can make . , , ^ 

L (//) 0 

in and so L {u 4- Sh) > 0 

if S > 0. We have, moreover, h (P) < 0 when P is on Sq, h (Pj) = 0. 

(B) 

We now put v (P) = tc (P) 4- 8 . k (P), 8 > 0, where 8 is also chosen so 
small that, in view of (A), we have v < M on S,. On account of (A) and 
(B) we have further v< M on Sq. Hence v < M on the whole of the 
boundary of and at the centre we have v M. Thus v should have a 
maximum value at some point in the interior of K^. This, however, may 
be shown to be incompatible with the inequality L {v) > 0, for at a place 
where v is a maximum we have by the usual rule of the differential calculus 

4- 2v^y\ix 4- < 0 

for arbitrary real values of A and Now, by hypothesis, 

4 - 2BXyi 4 - > 0 , 

therefore by the theorem of Paraf and Fejer (§ P35) 

+ EVyy < 0 . 

But the expression on the left-hand side is precisely L (v) since Vy~ 0, 
and so we have L (v) < 0 which is incompatible with L {v) > 0. 

The case in which L {u) < 0, u (P) > u (Pq) can be treated in a similar 
way. 
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Maxima and Minima of Solutions 

In particular, if L (t^) = 0 in T, where u is not constant, neither of the 
inequalities u (P) < u (Pq), u (P) > u (Pq) can hold throughout T when P 
is an internal point. This means that u (P) cannot have a maximum or 
minimum value in the interior of a region T within which it is regular. 

This theorem has been extended by Hopf to the case in which the 
frnctions A, B, C, D, E are not continuous throughout T but are bounded 
functions such that an inequahty of type 

AX^ + 2PA/X + Cyi^> N (A2 -f /x2) > 0 

holds, with a suitable value of the constant N , for all real values of A and 
fjL and for all points P in T. 

The work of Picard has also been generalised by Moutard* and Fejert- 
The latter gives the theorem the following form : 

Let 

n, ... n n 

S a,* x„) (m),* + 'Lb^{Xi,X 2 , ... x„) (n), + c (Xj, ... x„) = 0, 

^n) = (^1? ••• ^n) 

be a homogeneous linear partial differential equation of the second order 
with real independent variables , ... and a real unknown function 
-w (o^i, a; 2 , ... Xn). The coefficients 

(^tk (^1, ^2. ••• ^n), K (^1, ^2, ••• ^n), ^ (^1, ^2 > ••• ^n) 

are all real functions which can be expanded in convergent power series of 

c (Xi, Xa, ... x„) = c + CiXj + ... C„X„ + + ... , 

(^1) ^2) ••• ^n) “ ••• l^rn^n "f" ••• • 

^ik (^l> ^2> ••• ^n) = ^ik + ^tkl^l 4- ..., 

for I I < 2 : 1 , \X 2 \ < Z 2 , ... \x„\ < Zn, 

where Zi, Z 2 , ... Zn are suitable constants. Then, if 

n, n 

2 a,^y,y^ > 0 

1,1 

for all real values of i/i, 1 / 2 , ... yn» that is, if the quadratic form is non- 
negative, and if c < 0, the differential equation has no solution which is 
regular at the origin and has there either a negative minimum or a positive 
maximum. If, however, the quadratic form is not negative, that is, if 

71, n 

2 a^kViVk < 0 

1. 1 

for some set of values ^ 2 > ••• Vk^ there is always a solution regular at 
the origin which, if c < 0, has either a negative minimum or a positive 
maximum. Thus when c < 0 the requirement that the quadratic form 

♦ Th. Moutard, Journ. de Vl^cole Polytechnique, t. LXiv, p. 55 (1894); see also A. Paraf, Annates 
de ToulousSf t. vi, H, p. 1 (1892). 
t Loc. cit. 
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should not be of the non-negative type is a necessary and sufficient con- 
dition for the existence of a negative minimum or positive maximum at 
the origin for some regular solution of the differential equation. 


§ 2-31. Green's theorem for Laplace's equation. Let us now write in 
equation (A) of § 211 

x=<, 

the equation then takes the form 




/dUdV dJldV dUdT 

\9a; dx dy dy dz dz 




dV . 


where the symbol is used for the normal component of VF, 


0F 

dn 


= (VF)„ 


,aF dv 

; ( + m ^ 

ax ay 


Interchanging U and V we have likewise 


+ n 


dV 
dz ' 


(^F [ FV2C/dT + 


/dU dV_ dU dV 
\ 0a; dx dy dy 


Subtracting we obtain Green’s theorem, 


dU_ 

dz 


dV\ 
dz ) 


dr. 


In this equation the functions U and V are supposed to be continuous 
(D, 2) within the region over which the volume integrals are taken. This 
supposition is really too restrictive but it will be replaced later by one 
which is not quite so restrictive. If the functions U and V are solutions 
of the same differential equation and one which has the same characteristic 
as Laplace’s equation, an interesting result is obtained. In particular, if 

+ kW ^ 0,| 

V2F + kW - 0,1 


where k is either a constant or a function of x, y and 2 , the volume integral 
vanishes and we have the relation 


/( 


v\l 

on 


.dU 

dn 


d8=0. 


In the special case when the surface S is a sphere and 






where and are functions which are continuous over the sphere and 
fm (»•), fn (r) are’f unctions such that/„ (r) (r) ^ f„' (r) /„ (r) on the sphere 
we obtain the important integral relation 

jY„Y„d8=0, 

which imphes that the functions form an orthogonal system. 
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Green's Theorem for Laplace's Equation 

An appropriate set of such functions will be constructed in § 6-34. 
When i is a constant the equations (B) may be derived from the wave- 
equations □ ^ 2 ^ = 0 , 0^1^ = Oby supposing that u and v have the forms 

w = sin {kct -ha), v = V sin {kct -f 

respectively. When k is real these wave -functions are periodic. When 
k — 0, U and V are solutions of Laplace’s equation. 

The equation may also be derived from the equation of the conduction 
of heat, ^ 

= ■ 

by supposing that this possesses a solution of type v == V{x, y, z). 

Green’s theorem is particularly useful for proofs of the uniqueness of 
the solution of a boundary problem for one of our differential equations. 
Suppose, for instance, that we wish to find a solution of Laplace’s equation 
which is continuous (i), 2) within the region bounded by the surface S and 
which takes an assigned value F {x, y, z) on the boundary of S. If there are 
two such solutions U and V the difference W = U — V will be a solution 
of Laplace’s equation which is zero on the boundary and continuous (D, 2) 
within the region bounded by S. Green’s theorem now gives 




\dx J \dy J \dz J j 


dry 


and this equation implies that 




0PF 

dz 


= 0 ; 


W is consequently constant and therefore equal to its boundary value zero. 
Hence U = V an|[ the solution of the problem is unique. A similar con- 

dW dW 

elusion may be drawn if the boundary condition is -g- =0 or hW=0y 

where h is positive. If the equation is V^F -h AF = 0 instead of Laplace’s 
equation the foregoing argument still holds when A is negative, for we have 


the additional term “ A j WHr on the right-hand side. The argument 

breaks down, however, when A is positive. 

In the case of the equation of heat conduction (C) there are some 
similar theorems relating to the uniqueness of solutions. If possible, let 

there be two independent solutions v^y of the equation and 


the supplementary conditions 


V =f(Xy yy z) for ^ = 0 for points within S, 
v = (f>{Xy y, Zy t) on 8 (t> 0 ), 

V continuous {D, 2) within region bounded by 8, 
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Let F = Vi — V 2 , then F = 0 for ^ — 0 within S, F = 0 on /S. 

Putting 21 = I VHr, 


we have 


V ^ZdT= K \v{^-V)dr 


= +U) 

Since F = 0 on aS the first integral vanishes, and so 



But / = 0 for ^ = 0 , therefore I < 0 , but on the other hand the integral 
for I indicates that I > 0, consequently we must have / = 0 , F = 0 . 

These theorems prove the uniqueness of solutions of certain boundary 
problems but they do not show that such solutions exist. Many existence 
theorems have been established by the methods of advanced analysis and 
the literature on this subject is now very extensive. 


§ 2*32. Green's functions. The solution of a problem in which a solution 
of Laplace’s equation or a periodic wave-function is to be determined from 
a knowledge of its behaviour at certain boundaries can be made to depend 
on that of another problem — the determination of the appropriate Green’s 
function*. 

Let G (x, y, Viy ^i) be a solution of -f k'^G = 0 with the 
following properties: It is finite and continuous (Z>, 2 ) with respect to 
either x, y, z or x^, in a region bounded by a surface S, except in the 
neighbourhood of the point (.^i, yj, Zi) where it is infinite like cos kE 
as jK 0 , i? being the distance between the points (x, y,^) and (it’i, y^, Zi). 
At the surface S, some boundary condition such as ( 1 ) (? 0 , ( 2 ) dGjdn = 0 , 

or (3) dG/dn -f- hG = 0 is satisfied, h being a positive constant. 

Adopting the notation of Plemeljt and KneserJ, we shall denote the 
values of a function (f> (f, 77 , 1) at the points {x, y, z), {x-^, y^, Zy) respectively 
by the symbols (f) ( 0 ) and (f> ( 1 ). 

When a function like the Green’s function depends upon the co- 
ordinates of both points it will be denoted by a symbol such as G ( 0 , 1 ). 
The importance of the Green’s function depends chiefly upon the following 
theorem : 

Let 17 be a solution of 

477 /( 0 :, y,^) = 0, (A) 

* G. Green, Math. Papers, p. 31. 

t Monatshefte fur Math. u. Phys. Bd. xv, S. 337 (1904). 

X A. Kneser, Die Integralgleichungen und ihre Anwendungen in der mathematischen Physik 
(Vieweg, Brunswick, 1911). 
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which is finite and continuous (Z>, 2) throughout the interior of a region 
® bounded by a surface S and let / (x, y, z) he a> function which is finite 
and continuous throughout S’. We shall also allow / (x, y, z) to be finite 
and continuous throughout parts of the region and zero elsewhere. 

Applying Green’s theorem to the region between a small sphere whose 
centre is at (x^ , y^ , z^) and the surface S, we have 

f( (/V<0 - OVW) 1^) dS. 

Now = — k^G and the first integral on the right may be found by 
a simple extension of the analysis already used in a similar case when 
Q = I jR, consequently we have the equation 

47rC/(l) = 47rj'G?(0,l)/(0)rfr„ + (B) 

If U satisfies the same boundary conditions as G on the surface S the 
surface integral vanishes and wc have* 

t7(l) = + f G!(0, l)/(0)(i0. (C) 

If, on the other hand, / (x, y,z) ^ 0 and (7 = 0 on aS" we have 

4nl7(l)==fU(0)l^dSo, (D) 

the value of U is thus determined completely and uniquely by its boundary 

dG 

values. Similarly, if the boundary condition is g- = 0 on aS we have 

4nU(l)=-j^£G{0,l)dS„ (E) 


and the value of U is determined by the boundary values of dUjdn. 

dG 

Finally, if the boundary condition satisfied by 0 is + hO — 0 , we 

have .. ->rT 

(dU 


4ttU 


(!) = -[[( 


dn 


-\r hJJ \ G (0, 1 ) dS ^ , 


.(F) 


dU 


and U is expressed in terms of the boundary values of hU. 

If g (Xg, y2,^2\ y, 2 ) is the Green’s function for the same boundary 
condition as (0, 1) but for the value a of k, we must also surround the 


* It has not been proved that whenever the function / is finite and continuous throughout D 
the formula (C) gives a solution of (A). Petrmi has shown in fact that when / is merely continuous 
the second derivatives of the integral may not exist or may not be finite. Acta Math. t. xxxr, p. 127 
(1908). It should be remarked that Gauss in 1840 derived Poisson’s equation (§ 2-61) on the 
supposition that the density function / is continuous (i>, 1). With this supposition (C) does give 
a solution of (A). Poisson’s equation and the solution of (A) are usually derived now for the case of a 
function / which satisfies a Holder condition. See Kellogg’s Foundations of Potential Theory, 
ch. VI. 
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point {X 2 , Z 2 ) by a small sphere when we apply Green’s theorem with 

U (x, y, z) == g (2, 0). We then obtain the equation 

g (2, 1) = G (2, 1) - jg (2, 0) O (0, 1) dr^ (G) 

This may be regarded as an integral equation for the determination of 
g (2, 0) when G (0, 1) is known or for the determination of G (0, 1) when 
g {2, 1) is known. In some cases the Green’s function for Laplace’s equation 
= 0) can be found and then the integral equation can be used to calculate 
(7 (2, 0) or to establish its existence. The Green’s function for Laplace’s 
equation, when it exists, is unique, for if G (0, 1), (0, 1) were two different 

Green’s functions the function 

V{0)^G (0, 1) - (0, 1) 


would be continuous (Z>, 2) throughout the region bounded by the surface 
S and satisfy the boundary condition that was assigned, but such a function 
is known to be zero. 

For small values of cr^ the function g (2, 0) can be obtained by expanding 
it in the form 


g(2, 0) = a(2, 0) -f (2, 0) + .... 


.(H) 


The first term is the corresponding Green’s function for Laplace’s 
equation and is known, the other terms may be obtained successively by 
substituting the series in the integral equation (with k = 0) and equating 
coefficients of the different powers of or^. 8o long as the series converges 
this method gives a unique value of g (2, 0). The value of g (2, 0), if it 
exists, will certainly not be unique when has a singular or characteristic 
value for which the “homogeneous integral equation” has a solution (f> 
which is different from zero. In this case 

477^ (1) = (a^ (0) G (0, 1) fZro, (I) 

and the formula (C) indicates that this function (j> {0) = U {x, y, z) is a 
solution of which satisfies the assigned boundary con- 

ditions and the other conditions imposed on U . The solutions of this type 
are of great importance in many branches of mathematical physics, 
particularly in the theory of vibrations, and have been discussed by many 
writers. 

The characteristic values of cr^ are called Eigenwerte by the Germans 
and the corresponding functions <f> Eigenfunktionen. These terms are 
now being used by American writers, but it seems worth while to shorten 
them and use eit in place of Eigenwert and eif in place of Eigen- 
funktion. The same terms may be used also in connection with the 
homogeneous integral equation (I). In discussing this equation it is 
convenient, however, to put A; = 0, so that G becomes the Green’s function 
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for Laplace’s equation and the assigned boundary conditions. Denoting 
this function by the symbol 4:7tK (0, 1) we have the integral equation 

<f> {!) = j <f> {0)K(0, l)dTo 

for the determination of the solution of -f cr^(f> = 0 and the assigned 
boundary conditions, that is, for the determination of the eifs and eits. 
The function K {0, 1) is called the kernel of the integral equation; it has 
the important property of symmetry expressed by the equation 

K ( 0 , l) = K ( 1 , 0 ). 

This may be seen as follows. 

If we put 47r/ (0) = (or^ — g (0, 2) in the formula (B) and proceed 
as before, Green’s theorem gives 

g (1, 2) = (? (2, 1) - (0, 2) 0 (0, 1) dr„. 


Putting a = k and comparing this equation with the previous one we 
obtain the desired relation. When k ^ 0 the relation gives 

G (1,2) = 6(2, 1). 

When the boundary condition is = 0 this result is equivalent to one 

given by Helmholtz in the theory of sound. If ^ (0) is an eif corresponding 
to an eit which is different from we have 


0 (1) = ^ (0) K (0, 1) dro, 

and, if the order of integration can be changed, 

or^l^ (1) ip (1) dri = (0) K (0, 1)^ (1) dr^^dr^ 

= <f> (0) ^ (0) dro = <f> (1) ip (1) dri. 

Hence the eifs (f> and ip satisfy the orthogonal relation 
j (p (1) ip ( 1 ) dri =0 1/^ (7^, 

This result may be used to prove that the eits are all real. If, 

indeed, cr^ were a complex quantity a + ijS the corresponding eif <p (0) 
would also be a complex quantity x (0) + ioj (0), and since K is real the 
function ip (0) — x (0) ~ io) (0) would be an eif corresponding to the eit 
^2 = a — ijS, and the orthogonal relation 

0 = /<^ (0) ^ (0) dro = I {[x (0)]* + [a. (0)]*} dr, 
would be satisfied. This, however, is impossible because the integrand is 
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either zero for all values of the variables or positive for some, but it is zero 
only when ^ ^ ^ ^ 

To prove that the eits are all positive we make use of the equation 

. I' -rrn r [ [ / d U . /dU\^ . /dU \^'] , 


C/2(Zt = 


UV^Udr- 


The Green’s function is usually found in practice by finding the eifs 
and eits directly from the differential equation and then writing down a 
suitable expansion for G in terms of these eifs. The question of convergence 
is, however, a difficult one which needs careful study. The method has been 
used with considerable success by Heine in his Kugelfunktionen, by Hilbert 
and his co-workers, by Sommerfeld, Kneser and Macdonald. 


§ 2 * 33 . Partial difference equations. The partial difference equations 
analogous to the partial differential equations satisfied by conjugate 
functions are ^ -v-,, 

and these lead to the equations of § 1-62 

^xx ~ '^xx "1" Vyy = 0, 

which are analogous to Laplace’s equation. These difference equations 
have been used in recent years to find approximate solutions of Laplace’s 
equation when certain boundary conditions are prescribed* and also to 
establish the existence of a solution corresponding to prescribed boundary 
conditions. 

Let us consider, for instance, a square whose sides are x = ± 2hy 
y ^ ± 2h and let us introduce the abbreviations 

a ^ h, b = 2h, a = ~ hj ^ 2/^, u {x, y) = (xy), 

u(b,y) (y), u(^,y) = (y)\ u(x,b)^[x], w(x, /3)=[xJ, 

then we have eight non-homogeneous equations (ri-Zi-equations) 

— (Oa) — (aO) -f- 4 (aa) =- (a) -f [a], (Oa) + {(lO) — 4 (aa) = (a) -f [a], 

— («0) — (Oa) -j- 4 (aa) = (a) -f [a] , (Oa) + (aO) -- 4 (aa) = (a) + [a], 

(aa) + (00) -f (aa) - 4 (aO) = - (0), (aa) -f (00) -f (aa) - 4 (aO) - - (0), 

(aa) + (00) -f (aa) — 4 (Oa) = — [0], (oa) -f (00) + (aa) — 4 (Oa) = — [0], 

and one homogeneous equation (A-equation) 

(Oa) 4- (aO) -f (Oa) -f (aO) = 4 (00). 

The first step in the solution is to eliminate the quantities (aa), (oa), 
(aa), (aa) which do not occur in the ^-equation. This gives the equations 
4 (00) + (Oa) + (Oa) - 14 (aO) -f (a) -f (a) -f [a] -f [a] + 4 (6) - 0, 

4 (00) + (Oa) -f (Oa) - 14 (aO) + (a) + (a) -f [a] -f [a] + 4 (0) = 0, 

4 (00) + (aO) 4 - (aO) - 14 (Oa) 4 - (d) 4- [a] 4 - (a) 4 - [a] 4 - 4 [0] = 0, 

4 (00) 4 - (aO) 4- (aO) ~ 14 (Oa) 4 - (a) 4 - [a] 4- (a) 4 - [a] 4 - 4 [0] = 0. , 

* L. F. Richardson, Phil, Trans. A, vol. ccx, p. 307 (1911); Math. Gazette (July, 1925). 
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Adding these equations we have 

- 16 (00) + 12 (aO) -f 12 (Oa) + 12 (aO) + 12 (Oa) 

== 2 (u) -f“ 2 (ft) 4~ 2 (ft) -f- 2 (ft) -f- 2 [ft] -|- 2 [ft] -f~ 2 [ft] -f- 2 [ft] 

+ 4 (0)4- 4 (6) 4- 4 [0]+ 4 [0]. 

Combining this with the homogeneous equation we see that the quantity 
on the right-hand side of the last equation is equal to 4- 32 (00) and so 
the quantity (00) is obtained uniquely. 

Similarly, if the sides of the square are rr = ± 3A, y = ± 3A there are 
16 ?i-A-equations and 9 )^-equations which may be solved by first eliminating 
the quantities which do not occur in the A-equations. We have then to 
solve 9 linear equations in order to obtain the remaining quantities, but 
these 9 equations may be treated in exactly the same way as the previous 
set of 9 linear equations, quantities being eliminated which do not occur 
in the central equation. In this way a value is finally found for (00). 

A similar method may be used for a more general type of square net- 
work or lattice. Let the four points {x 4- hy y), {x — h, y), {x, y 4- h), 
(x, y — h) be called the neighbours of the point (x, y) and let the lattice L 
consist of interior points P, each of which has four neighbours belonging 
to the lattice, and boundary points Q, each of which has at least one 
neighbour belonging to the lattice and at least one neighbour which does 
not belong to the lattice. A chain of lattice points Aj, Ag, ... A„_^i is said 
to be connected when As+i is one of the neighbours of A^ for each value 
of s in the series I, 2, ,,, n, A lattice L is said to be connected when any 
two of its points belong to a connected chain of lattice points, whether the 
two points are interior points or boundary points. The lattice has a simple 
boundary when any two boundary points belong to a chain for which no 
two consecutive points are internal points and no internal point P is 
consecutive to two boundary points having the same x or the same ^ as P. 

The solubility of the set of linear equations represented by the equation 

U^^-^Uyy=0 (A) 

for such a lattice may be inferred from the fact that this set of linear 
equations is associated with a certain quadratic form 

*2 S f Uy^), 

where the summation extends over all the lattice points, and a difference 
quotient associated with a boundary point is regarded as zero when a point 
not belonging to the lattice would be needed for its definition. This sum- 
mation can, by the so-called Green’s formula, be expressed in the form 

— S ft (fta,J 4- Uyy) — AS uR (ft), (B) 

P Q 

where the boundary expression R (ft) associated with a boundary point Uq 
is defined by the equation 

hR (ftg) = ftj 4- ft2 + ... ftg — suq, 


B 


10 ‘ 
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where are the 8 neighbouring points of Uq (s < 3). Since 

Ux 35 + == 0 the quadratic form can be expressed in terms of boundary 

values. If there were two solutions of the partial difference equation with 
the same boundary values, the foregoing identity could be appHed to their 
difference u — v, and since the boundary values ot u -- v are all zero the 
identity would give the relation 

S [(U^ - + (Wy “ ^v)^] = 0, 

which imphes that = 0, Wy — Vy = 0 for all points {x, y) of the 

lattice ; consequently, since u — v ia zero on the boundary it must be zero 
throughout the lattice. 

There is another identity 

0 = A2 2 -f vUyy ~ uv — uv yy) + A S (u) — uR (v)] 

P Q 

which, when applied to the case in which Ugg^ + Uyy = 0 and the boundary^ 
value of V is zero, gives 

2 [(W* + + (^V + ^v)^] = 2 (t4 -I- V) {Vgg^ + Vyy) ~ A"! S {u) [iJ (v) + R (U)] 

P Q 

= — 2 [vR (u) — UR (t;)] -f 2 (Vgg^ -f Vy^ -h Ug^ + Uy^) 

Q 

+ 2 uR (u) — 2 [uR (u) + uR (^;)] 

Q Q 

= 2 + Vy^ 4 * + Uy^) 

> 2 + Uy^)y 


the transformations being made with the aid of Green \s formula (B). 

This equation shows that the solution of Ugg^ 4' Uyy = 0 and the pre- 
scribed boundary condition gives the least possible value to the quadratic 
form. The system of linear equations Ug^^ 4- Uyy = 0 can, indeed, be ob- 
tained by writing down the conditions that the quadratic form should be 
a minimum when the boundary values of u are assigned. 

With a change of notation the quadratic form may be written in the 
form 

On«n + 6, 


N N 

2 2 c„ 

m-1 n-1 


lUffi Uf, 


N 

2 S 

n-1 


where the quadratic form is never negative. The corresponding set of linear 
equations 

4 * C12U2 4 - — dif 


has a determinant | c^n | which is not zero and so can be solved. 

For the sake of illustration we consider a lattice in which the internal 
lattice points are represented in the diagram by the corresponding values 
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of the variable u and the boundary lattice points by corresponding values 
denoted by t;’s. 

Vo Vi 

Vio Uo 'fh '^2 

V 9 V 3 V 3 

Vg 1^4 V 4 

The quadratic form is in this case 

(Vq-Uq)^+ C^“^4)^4- (U2-U^y-\- 

(^6 - 4- K - 4- (Uq - Vio)^ 4- (w* - + (^2 ~ - Vo)^, 

(V 3 - 4- (W 4 - + (^5 - ^ 4 )^ 4- (V 4 - 

and it is easy to see that the equations obtained by differentiating with 
respect to u<^ respectively are 

= t^o 4- 4- Vi + V 2 , 4ti2 = % 4- 4- t45 -f V 3 , 

and are of the required type. The quadratic form is, moreover, equal to 
the sum of the quantities 

Uq (4iio -^ 10 ~^o) 4*i^i (4t^i -Uq - 1 ^ 2 -^ 1 -^ 2 ) 4- 1 ^ 2 -t; 3 ), 
-^ 3 (4i^3 -Uq-u^-u^- Vg) 4- ^^4 (4t^4 “^ 3 -% -^ 7 -”^8)4-'W5 (4^5 

Vq (Vo - Uq) -f Vj (Vj - Uj) + V 2 (Vg -- u^) + V 3 (V 3 - u^) 4- V 4 (V 4 - u^) 

4- Vg (Vg -- 1 ^ 5 ) 4- V 7 (V 7 - %) + Vg (Vg - U 4 ) 4- v» (Vg - u^) 4- Vjo (Vio - t^o)- 

§ 2*34. The limiting process^. We assume that (? is a simply connected 
region in the a^y-plane with a boundary F formed of a finite number of arcs 
with continuously turning tangents. If v is an integrable function defined 
within 0 we shall use the symbol 0 {v} to denote the integral of v over the 
area O and a similar notation will be used for integrals of v over portions 
of G which are denoted by capital letters. 

Let be the lattice region associated with the mesh-width h and the 
region O, and let the symbol Oj^ [v] be used to denote the sum of the 
values of v over the lattice points of G. Also let the symbol F;^ (v) be used 
for the sum of the values of v over the boundary points which form the 
boundary F;^ of Gj^. This notation will be used also for a portion of Gf^^ 
denoted by a capital letter and for the lattice region G^^^ belonging to a 
partial region Q* of G, 

Now let / {x, y) be a given function which is continuous (Z), 2) in a 
region enclosing G and let u {x, y) be the solution of (A) which takes the 
same value as / (x, y) at the boundary points of We shall prove that 
as A -> 0 the function {x, y) converges towards a function u (x, y) which 

t R. Courant, K. Friedrichs and H. Lewy, Math, Ann. vol. c, p. 32 (1928). See also J. le 
Roux, Joum, de Math. (6), vol. x, p. 189 (1914); R* G. D. Richardson, Trans. Amer. Math. Soc. 
vol. xvm, p. 489 (1917); H. B. Phillips and N. Wiener, Joum. Math, and Phys. Mass. Inst. Tech. 
vol. n, p. 106 (1923). 


10-2 
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satisfies the partial differential equation = 0 and takes the same value 
as / {x, y) at each of the points of F. We shall further show that for any 
region lying entirely within G the difference quotients of of arbitrary 
order tend uniformly towards the corresponding partial derivatives of 
u (x, y). 

In the convergence proof it is convenient to replace the boundary 
condition u ~ f on F by the weaker requirement that 

Sr{{u-fy}->0 as r-> 0, 

where is that strip of G whose points are at a distance from F smaller 
than r. 

The convergence proof depends on the fact that for any partial region 
G* lying entirely within G, the function (x, y) and each of its difference 
quotients remains bounded and uniformly continuous as h -> 0, where 
uniform continuity is given the following meaning: 

There is for any of these functions (x, y) a quantity 8 (c), depending 
only on the region and not on h, such that if denote the value of the 
function at the point P we have the inequality 

I I < € 

whenever the two lattice points P and P^ of the lattice region G^^ lie in the 
same partial region and are separated by a distance less than S (e). 

As soon as the foregoing type of uniform continuity has been established 
we can in a well-known manner | select from our functions a partipil 
sequence of functions which tend uniformly in any partial region 6?* 
towards a limit function u {x, y) while the difference quotients of tend 
uniformly towards that of (x, ?/) differential coefficients. The limit func- 
tion then possesses derivatives of order ii in any partial region G* of G and 
satisfies = 0 in this region. If we can also show that u satisfies the 
boundary condition we can regard it as the solution of our boundary 
problem for the region. G, Since this solution is uniquely determined, it 
appears then that not only a partial sequence of the functions but this 
sequence of functions itself possesses the desired convergence property as 
h 0. 

The uniform continuity of our quantities may be established by proving 
the following lemmas : 

(1) As A 0 the sums JPG^ and h'^Gj^ remain bounded. 

(2) If IV = Wf, satisfies the difference equation (A) at a lattice point 

of Gj^ and if, as A -> 0 the sum [^^^] , extended over a lattice region 

associated with a partial region G* of G^ remains bounded, then for 
any fixed partial region G** lying entirely within G* the sum 

h^G^** [{W,^ -h IVy^)] 

t See for instance, Kellogg’s Foundations of Potential Theory, p. 265. The theorem to be 
used is known as Ascoli’s theorem; it is discussed in § 4-45. 
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over the lattice region (?*** associated with (r**, likewise remains bounded 
as A-> 0. When this is combined with (1) it follows that, because all the 
difference quotients w of the function also satisfy the difference equation 
(A), each of the sums is bounded. 

(3) From the boundedness of these sums it follows that the difference 
quotients themselves are bounded and uniformly continuous as A 0. 

The proof of (1) follows from the fact that the functional values are 
themselves bounded. For the greatest (or least) value of the function is 
assumed on the boundary! and so tends towards a prescribed finite value. 
The boundedness of the sum is an immediate consequence 

of the minimum property of our lattice function which gives in particular 

[f/ + A^], 

but as A -> 0 the sum on the right tends to G + 

hypothesis, exists. 

To prove (2) we consider the sum + w~/ + Wy- + where 

the summation extends over all the interior points of a square Q^. Now 
Green’s formula gives 

1 0 

where Sj and Sq are respectively the boundary of and the square 
boundary of the lattice points lying within . 

We now consider a series of concentric squares ... wit}i the 

boundaries ••• Applying our formula to each of these squares 

and observing that we have always 

2A2Q(, [w/ + Wy^] < + W2^ + Wy^ + 2Vy^] (k > 1), 

we obtain 

2A^Qo 2 S (0 < A < n). 

A' f 1 k 

Adding n inequalities of this type we obtain 

2iiA2Qo -f Wy'^] < S {w^) — S < E 

n 0 n 

Summing this inequality from n ^ 1 to = N we get 
N^h^Qo -f Wy^] < [w^] . 

Diminishing the mesh-width A we can make the squares Qq and 
converge towards two fixed squares l3fing within G and having corre- 
sponding sides separated by a distance a. In this process Nh-> a and we 
have independently of the mesh-width 

A2 

iif 

t On account of equation (A) the value of w* at an internal point is the mean of the values 
at the four neighbouring points and so cannot be greater than all of them, consequently the greatest 
value of tt* cannot occur at an internal point. 


/)■}. which, by 


dy 
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With a sufficiently small value of h this ineq^uality holds with another 

constant a for any two partial regions of G, one of which lies entirely 

within the other. Hence the surmise in (2) is proved. 

To prove that and all its partial difference quotients w remain 

bounded and uniformly continuous as we consider a rectangle R 

with corners Pq? ^o> with sides PQ which are x-linesf of 

length a. Denoting these lines by the symbols Xq , X respectively we start 

from the formula ^ i 

nflo _ = hx (w^) -f h^R [w^y] 

and the inequality 


I I < hX (I w, I) + h^R [| ii;,, |] (C) 

which is a consequence of it. We now let X vary continuously between an 
initial position Xi at a distance 6 from Xq and a final position X 2 at a 
distance 26 from Xq and sum the (b/h) + 1 inequalities (C) associated with 
X*Q which pass through lattice points. We thus obtain the inequality 


I w^o — w^o 


< 


bVh 




where the summations on the right are extended over the whole rectangle 
PoQo^ 2 ^ 2 * ®y Schwarz’s inequality it then follows that 
I w^o - I < (2a/b)i {hm^ + (2o6)i 

Since, by hypothesis, the sums which occur heVe multiplied by A* 
remain bounded, it follows that as a 0 the difference | | 0 

independently of the mesh-width, since for each partial region O* of 0 
the quantity 6 can be held fixed. Consequently, the uniform continuity of 
is proved for the a;-direction. Similarly, it holds for the y-direction 
and so also for any partial region of G. The boundedness of the function 
w,^ in G* finally follows from its uniform continuity and the boundedness 
of h^G* [w^^]. 

By this proof we establish the existence of a partial sequence of 
functions which converge towards a limit function u (x, y) and are, 
indeed, continuous, together with all their difference quotients, in the 
sense already explained, for each inner partial region of O. This limit 
function u (x, y) is thus continuous (D, n) throughout (?, where n is 
arbitrary, tod it satisfies the potential equation 

dhi dhi _ 
doi^ dy^ 

In order to prove that the solution fulfils the boundary condition 
formulated above we shall first of all establish the inequaUty 

^^ 2 ] ^ BrhV f, (z;^), (D) 

where is that part of the lattice region Gj^ which lies within the 

t This term is used here to denote lines parallel to the axis of z. 
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boundary strip 8^, which is bounded by F and another curve F^. The 
constants A, B depend only on the region and not on the function v or 
the mesh-width h. 

To do this we divide the boundary F of G into a finite number of pieces 
for which the angle of the tangent with either the x or y-axis is greater 
than 30°. Let y, for instance, be a piece of F which is sufiiciently steep 
(in the above sense) relative to the a;-axis. The a;-lines through the end- 
points of the piece y cut out on F^ a piece y^ and together with y and 
enclose a piece of the boundary strip >8,. . We use the symbol ^ to doiote 
the portion of Gf^ contained in and denote the associated portion of the 
boundary F;^ by y^^. 

We now imagine an a:-line to be drawn through a lattice point of 
Let it meet the boundary y^^ in a point Pf^. The portion of this 
a;-line Xf^ which lies in 5,.^^ we call Its length is certainly smaller 

than cr, where the constant c depends only on the smallest angle of in- 
clination of a tangent of y to the x-sixis. 

Now between the values of v at Pf^ and P/^ we have the relation 

v^h = ± hXh (Vjc)- 

Squaring both sides and applying Schwarz ^s inequality, we obtain 

< 2 2crhpr^H (Vx^)- 

Summing with respect to Pf^ in the a:-direction, we get 
hpr,h < 2cr -j- 2c^r^hpr^f^ 

Summing again in the ^/-direction we obtain the relation 
hSr,H [v^] < 2crF;, (vh)^ -f 2c^r^Sr,n 

Writing down the inequalities associated with the other portions of F 
and adding all the inequalities together we obtain the desired inequality 
(D). 

By similar reasoning we can also establish the inequality 
[^;2] < (v^) + 4- 

in which the constants c^, Cj depend only on the region G and not on the 
mesh division. 

We now put so that = 0 on F;^ . 

Then, since 4- remains bounded as A 0, we obtain from 

(E) 

where /c is a constant which does not depend on the function v or the mesh- 
width. Extending the sum on the left to the difference of two 

boundary strips, the inequality (E) still holds with the same constant k 
and we can pass to the limit 

From the inequality (D) we then get 

(1/r) 8 \v^ < /cr, 
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where 8 — 8r — 8/, and v — u — f. Now letting p-*0, we obtain the 
inequality ^ ^ 

which signifies that the limit function satisfies the prescribed boundary 
condition. 


§ 2*41. The derivation of physical equations from a variational principle, 
\ concise expression may be given to the principles from which an equation 
or set of equations is derived by using the ideas of the ''Calculus of 
Variations*.” This expression is useful for several purposes. In the first 
place a few methods are now available for the direct solution of problems 
in the "Calculus of Variations” and these can sometimes be used with 
advantage when the differential equations are hard to solve. Secondly, 
when an integral’s first variation furnishes the desired physical equations 
the expression under the integral sign may be used with advantage to 
obtain a transformation of the physical equations to a new set of co- 
ordinates, for the transformation of the integral is generally much easier 
than the transformation of the differential equations and the transformed 
equations can generally be derived from the transformed integral by the 
methods of the '‘Calculus of Variations,” that is, by the Eulerian rule. 

To illustrate the method we consider the variation of the integral 


/- 


aF\2 

dx) 




+ 




dxdydz 


when the dependent variable V is alone varied and its variation is chosen 
so that it vanishes on the boundary of the region of integration. We have 


87 = 



37 av dV dV 
dx dx dy dy 


^.a7\ 

a^ dz) 


dxdydz. 


tion 


Hence 


Now by a fundamental property of the signs of variation and differentia- 

n 


8 / 


s 9F 9 „„ 


dxdydz 


= |j8F rf-S - [[[SF . dxdydz. 

The surface integral vanishes because 87 = 0 on the boundary, conse- 
quently the first variation 8/ vanishes altogether if 7 satisfies everywhere 
the differential equation W 2 F — n 


The condition 8 7 = 0 on the boundary means that as far as the possible 
variations of 7 are concerned 7 is specified on the boundary. It is easily 


The reader may obtain a clear grasp of the fundamental ideas from the monograph of 
G. A. Bliss, “Calculus of Variations,” The Carus Mathematical Moiiographa (1925). 
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seen that a function F with the specified boundary values gives a smaller 
value of I when it is a solution of F = 0, regular within the region, than 
if it is any other regular function having the assigned values on the 
boundary. 

In the foregoing analysis it is tacitly assumed that F exists and is 
such that the transformation from the volume integral to the surface 
integral is valid. If F is assumed to be continuous (D, 2) there is no difficulty 
but, as Du Bois-Reymond pointed out*, it is not evident that a function F 
which makes 8/ = 0 does have second derivatives. This difficulty, which 
has been emphasised by Hadamardf and Lichtenstein J, has been partly 
overcome by the work of Haar §. There are in fact some sufficient conditions 
which indicate when the derivation of the differential equation of a varia- 
tion problem is permissible. 

For the corresponding variation problem in one dimension there is 
a very simple lemma which leads immediately to the desired result. The 
variation problem is 



dx = 0, 


where and X 2 are constants and 8 F is supposed to be zero for x — Xy 
and for x ^ x^. 

dV 

Writing = JSf , 8 F = t/ we have to show that if 


j xt ax 

for all admissible functions U which satisfy the conditions 


(A) 


U (xj = f/ (Xj) = 0 (B) 

then Jf is a constant (Du Bois-Reymond’s Lemma). 

To prove the lemma we consider the particular function 


U (x) = (xj - x) [ M ii) - (x - Xj) [ M (f) d^, 

J Xi Jx 

which satisfies (B) and gives at any point x where M (x) is continuous 

dlj 

dx ^ ^ “ Jx 

= (X 2 - Xi) [M (x) - c], say. 


* P. du Bois-Reymond, Math, Ann. vol. xv, pp. 283, 564 (1879). 

f J. Hadamard, Comptea RenduSy vol. cxliv, p. 1092 (1907). 

X L. Lichtenstein, Math Ann. vol. lxix, p. 614 (1910). 

§ A. Haar, Journ. Jur Math. Bd. cxlix, S. 1 (1919); Szeged Acta, t. ni, p. 224 (1927). Haar 
shows that in the case of a two-dimensional variation problem the equation 8/ = 0 leads to a pair 
of simultaneous equations of the first order in which there is an auxiliary function W whose 
elimination would lead to the Eulerian differential equation if the necessary differentiations 
could be performed. Many inferences may, however, be derived directly from the simultaneous 
equations without an appeal to the Eulerian equation. 
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We shall now assume that M {x) is continuous bit by bit (piecewise con- 
tinuous) so that this equation holds in the interval (Xj , Xj) except possibly 

at a finite number of points. The functions M (x), ^ are then undoubtedly 

integrable over the range (x,, Xj) and, on account of the end conditions (B) 
satisfied by U (x), we may write (A) in the form 

rxt fjTj 

With the value adopted for U this equation becomes 

Jxt 


and implies that M (x) == c, hence 


0and^: = 0. 


An extension of this analysis to the three-dimensional case is difficult. 
To avoid this difficulty it is customary* to limit the variation problem and 
to consider only functions that are continuous (D, 2) throughout the region 
of integration. The function V and the comparison function V -\- U are 
supposed to belong to the field of functions with the foregoing property. 
The problem is to find, if possible, a function V of the field such that 81 
is zero whenever U belongs to the field and is zero on the boundary of the 
region of integration. 

Even when the problem is presented in this restricted form a lemma is 
needed to show that V necessarily satisfies the differential equation. We 
have, in fact, to show that if 


III U.V^Vdxdydz= 0, 


for all admissible functions (7, then F = 0. 

The nature of the proof may be made clear by considering the one- 
dimensional case. We then have the equations 

[ (f>(x) U (x) dx = 0, 

J Xi 

U (Xi) = 0, U (Xa) = 0, 

and the conditions : 

U (x) is continuous (D, 2), <^(x) is continuous in (xi, X 2 ). 

Since U (x) is otherwise arbitrary we may choose the particular function 
U (x) = (x — a)^ (d — xy Xi<a<x<b<X 2 
= 0 otherwise. 

If </)(x} were not zero throughout the interval Xg) it would have a 
definite sign (positive, say) in some interval (a, 6) contained within (x^y X 2 ), 


♦ See, for instance, Hilbert-Courant, Meihoden der McUhematischen Phyaik^ vol. i, p. 165. 
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but this is impossible because with the above form of U (x) the integral 

rx, 

<f>{x)U (x) dx is positive. 

JXi 

To extend this lemma to the three-dimensional problem it is sufficient 
to consider a function U {x, y, z) which has a form such as 

{x - ai)« (6i -x)* (y - - y)* (z - a^)* (6, - z)*, 

within a small cube with (Ui, aa, Ug), 62? ^3) ends of a diagonal, the 
value of U outside the cube being zero. 

In this way it can be shown that a field function V for which 8/ = 0 
is necessarily a solution of F = 0. The foregoing analysis does not prove, 
however, that such a function exists. 

Similar analysis may be used to derive the equation -f- k^(l> — 0 from 
a variational principle in which 

8 [[ j Ldxdydz = 0, 


where 



When the potential is of the form - cos kr the volume integral is 


finite although the integral 


k^<f>^ is not*. 


EXAMPLES 

■■ “ ' 

the equation 8/ = 0 may be satisfied by making V =/(a; + y) g (x ~ y) where / and g 
have first derivatives but not necessarily second derivatives. [Hadamard.] 

2. The variation problem 

Vy,x,y)dxdy = 0 

leads to the simultaneous equations 

the suffixes x, y denoting differentiations with respect to these variables. [A. Haar.] 


§ 2*42. The general Eulerian rule. To formulate the general rule for 
finding the equations which express that the first variation of an integral 
is zero we consider the variation of an integral 

/ = Ldx^dx^ ... dx^i 

where jL is a function of certain quantities and their derivatives. For 

, ♦ See, for instance, the remarks made by J. Lennard -Jones, Proc, London Math. 80 c, vol. xx, 

p. 347 (1922). 
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brevity we use affixes 1, 2, etc. to denote derivatives with respect to 
Xi, X 2 , etc. If there are m quantities u, v^w, ... which are varied inde- 
pendently except for certain conditions at the boundary of the region of 
integration, there are m Eulerian equations which are all of type 

1 "" 

o i r^l 5=1 ^-1 

these are often called the Euler-Lagrange differential equations, but for 
brevity we shall call them simply the Eulerian equations. 

If , I 2 , ... In are the direction cosines of the normal to an element of 
the boundary, the boundary conditions are of types 


n n 

S E 

n n ps3 

EE- - - 1 

= 1 5=w=i dxrdx^dx 


~ 


dx.dxt \duj 
dL\ 

duj + 


...(A) 


0 


E Z, 
0- 


[dL 

1 V 3 

dL\ 

1 y 3" 

( dL\ 1 

Co 

1 



S\ dx.dxt 



n 

2 Is 

5=1 


2 ! 


1^" 

^ du.f 


n 

3! S 

r-l 


a 

dXr 


aL\ 

du^J 


"j“ 


n 

0= s z, 

S-I 


•ll _alT 1 


/ JA X 

\ '^Ufstw ' 


+ 


There are m boundary conditions of the first type, mn boundary con- 
ditions of the second type, ^mn(n-~ 1) boundary conditions of the third 
type, and so on. In these equations the coefficients are constants 

which are defined as follows : 


^st ~~ 1 

s ^ t. 

= 2 

s = t, 

^rst = 1 

r ^ 8=^t, 

- 2 

T — S ^ tf 

- 6 

r = s = t. 


The equations (A) are obtained by subjecting the integral to repeated 
integrations by parts until one part of the integral is an integral over the 
boundary and the other part is of type 


j j . . . j* [ 17 S?/ -f F 8^; + Whw . . . ] . . . dx ^ . 

The equations {7 = 0, F = 0, IF = 0, ... 

are then the Eulerian differential equations*, while the boundary integral is 

dS [Uhu + 2 Uthu\ + S U.tUrt +...], 


r p 


and the boundary conditions are 

^=0, (Z=1,2, ...), (r= 1,2, ...;Z=: 1, 2, ...). 

* For general properties of the Eulerian equations see Ex. 2, p. 183, and the remarks at the 
end of the chapter. 
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dL d „ dL t, 3 / dL \ 
3 m ,, 3 x , 3 m ,, dxy \duiJ 

^(dL 

dxi \3m 
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8m, 


12 


Sm , 


dL 

3 m „ 


dxi 

su, 

3miJ 

II 


3 

h 

0Ui2^ 

3^2 

3 

dL 

3miiJ 

dxi 


. a 

■ 3:r-, 

0 

^*^2 L 

a 




0Xj 

a 

a^Tj 




hu 


ii) 

dL 


a 

dX2 

a 

a^Ti J 


f- 8?/ 


+ 8ti 


02 /dL 

dXi dXo \d2ii2, 
02 / \ 
dxidx2 \du 12/’ 
(dL' 




The reason for the introduction of the factors is now apparent. 

When L depends only on a single quantity u and its first derivatives 
the Eulerian equation is of the second order. The variation problem is 
then said to be regular when this partial differential equation is of elliptic 
type. The distinction between regular and irregular variation ])roblems 
becomes apparent when terms involving the square of hu are retained and 
the sign of the sum of these terms is investigated (Legendre's rule). 

When a variation problem is irregular it is not certain that the boundary 
conditions suggested by the variation pioblem will be equivalent to those 
which are indicated by physical considerations. 

For a physically correct variation problem a direct method of solution 
is often advantageous. The well-known method of Rayleigh and Ritz 
is essentially a method of approximation in which the unknown function 
is approximated by a finite series of functions, each of which satisfies the 
specified boundary conditions. The coefficients in the series are chosen 
so as to make 87 = 0 when each coefficient is varied. The problem is thus 
reduced to an algebraic problem. 


§ 2-431. The transformation of physical equations. In searching for 
simple solutions of the partial differential equations of physics it is often 
useful to transform the equations to a new set of co-ordinates and to look 
for solutions which are simple functions of these co-ordinates. The necessary 
transformations can be nuide without difficulty by the rules of tensor 
analysis and the absolute calculus, but sometimes they may be obtained 
very conveniently by transforming to the new co-ordinates the integral 
which occurs in a variational problem from which they are derived. The 
principle which is used here is that the Eulerian equations which are 
derived from the transformed integral must be equivalent to the Eulerian 
equations which were derived from the original integral because each set 
of equations means the same thing, namely, that the first variation of the 
integral is zero. A formal proof of the general theorem of the covariance 
of the Eulerian equations can, of course, be given *, but in this book we shall 

* L. Koschmieder, Math. Zeits. Bd. xxiv, S. 181, Bd. xxv, S. 74 (1926); Hilbert and 
Courant, l.c. p. 193. 
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regard this property of covariance as a postulate. It is well known, of 
course, that the postulate leads to the Lagrangian equations of motion in 
the simple case when the integral is of type 

j Ldt, 

where ^ = ••• ••• in\ 

= F, 

the Lagrangian equations being of type 

dL d /9L\ 

^^dq~dt\dqj^ 

The quantity T here denotes the kinetic energy and V the potential 
energy. V is a function of the co-ordinates which specify a configuration 
of the dynamical system, while T is a positive quantity which depends on 
both the q'^ and their rates of change, which are^ denoted here by ^’s. 

In the simple case when 

T = l^^ar44s. 

1 1 

V = 

1 1 

where the coefficients are constants, the covariance of the equations 

'Zar4r = ^Cr^qr 

is easily confirmed by considering a linear transformation of type 

Ql “ lllQl "I" hnQm 

Qn “ ^nl(7l "f" InnQny 

in which the coefficients l^s are constants. 

The advantage of making a transformation is well illustrated by this 
case, because when the transformation is chosen so that the expressions 
for T and V take the forms 

F= 

respectively, the Eulerian equations are simply 

AsQs + ClaQs = 

and indicate that there are solutions of type 

Q, = a, cos {n,t -f /3,), (n,^A, = C,) 

where a, and are arbitrary constants. These co-ordinates are called 
the normal co-ordinates for the dynamical problem. 

Our object now is to see if there are corresponding sets of co-ordinates 
associated with a partial differential equation. 
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§ 2*432. To transform Laplace’s equation to new co-ordinates t], I 
such that 

dx^ -f dy^ + dz^ == ad^^ + bdrj^ + cdl^^ 4- 2fdrid^ + 2gd^d4 + 2hd^dr]y 
where a, 6, c, /, g, A, are fimctions of rjy we use suffixes Xy y, z to 
denote differentiations with respect to x, y, z and suffixes 1, 2, 3 to denote 
differentiations with respect to t), We then have 

dxdydz = d^d-ndt = \d$d-ndii, say, 

t = 9 %1jA = l.iL'n’ ^j(yz-vz) 

9 (a;, y> 2) 9 (^. v> 1) ^ (^. 2/. 2) ‘ ’ 

[(yjZs - y^ZiY + (222:3 - 23X2)“* + (Xgya - X3I/2)*] 

= J* [(xj^ + ^ 2 * + 22 *) ( 0 : 3 * + ys** + 23 *) 

- (X 2 X 3 + ^2^3 + 2223 )*] 

= (6c -/2) = J*J, say, 

{gh - af) = say. 

Therefore 

/ = i + BV,^ + C F3* + 2^’ F2 F3 + 20 F3 F, + 2 H V, F*] 




By Euler’s rule 8/ = 0 when 

d f dL\ d fdL\ d / dL 

d~^ va fJ + [dVj dc va F 3 

The new form of Laplace’s equation is thus 


= 0 . 


DV = 


a^ 




’ dr, 


+ 


Hi 

a 

H 


+ 


dr, L' 






af 

'?Z 

dy 


If the original integral is 

V,^+ V,^-XV^]dxdydz, 

the transformed integral is 

'''L'didrjdC, 


dr, 

aj 

H 


Hj 
= 0 . 

..(A) 


.(B) 


where U = L - JAF*/^, 

and so the equation V*F + AF = 0, 

which is derived from (A) by Euler’s rule, transforms into the equation 

DF + AF/J= 0 
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which is derived from (B) by Euler’s rule. This shows that V®F transforms 

J.DV, 

where a h gr j = 1. 

\.hbf\ 

\gfc\ 

This result was given by Jacobi* with the foregoing derivation. The 
particular case in which 

was worked out by Lam6. The result is that 

V " (/ - I j + j + . 

This result is of great importance and will be used in the succeeding 
chapters to find potential functions and wave-functions which are simple 
functions of polar co-ordinates, cylindrical co-ordinates and other co- 
ordinates which form an orthogonal system. 

In the special case when 

dx^ -f dy^ -f- dz^ = (d^^ -f dr]'^ -f 

Laplace’s equation becomes 


r9 

/ h, 3Fn 

^ ^ 1 

/ 3F\ 

3/^3 3F\' 


\h,h, di)' 

■^3^' 

dTj ) 

'^3^ \h,h, dci 


d / dV\ d / dV\ d / dV\ ^ 

I'" 31 ' 3r? r dt)} ^ di V di) " 
and implies that k^- V is a solution of 

dKJ dfU dHJ _ 

d'ri^ 3^2 - ^ 

if is a solution of this equation. 

Inversion is one transformation which satisfies the requirements, for in 
this case ^ ^ ^ ^ ^ _ ^^^ 2 ^ 

= ^2 + r,^+ 

K* = i?-". 

The inference is that if F (x, y, z) is a solution of Laplace’s equation, 
the functiont 


is also a solution. Another transformation which satisfies the requirements 

, ax , ~r 

^ ~ y -\- iz' ^ 2{y+iz)' ^ 2i (y + iz) * 

* Jonrn. filr Math. vol. xxxvi, p. 113 (1848). See also J. Larmor, Camb. Phtl. Trans, vol. 
XII, p. 456 (1884); vol. xiv, p. 128 (1886). H. Hilton, Proc. London Math. Soc. (2), vol. xix. 
Records of Proceedings, vii (1921). Some very general transformation formulae are given by 
V. Volterra, Rend. Linceiy ser. 4, vol. v, pp. 699, 630 (1889). 

I This result was given by Lord Kelvin in 1845. 
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In this case 


dx'^ + dy'^ + dz'^ = ’ 


/ • v-i n r a.x — a® 

(y + iz) iF 

Lb 


and we have the result that if F (x, y, z) is a solution of Laplace’s equation, 

+ €i^ 

\jj + iz' 2 (y 4- iz) ’ 2 i {y 4- iz)\ 

is also a solution. 

These two results may be extended to Laplace’s equation in a space of 
n dimensions ^^y 

dx^ “ * dx^ 

If jF (iCi, a; 2 , ... is a solution of this equation, and if 
r2 = + x<^ + ... x^^, 

‘hen ^, ... J) 

is also a solution*, and 


(Xi -f ix^ 


r2 _ /7.2 




ax-. 


ax^ 


[_2 (xi + ix2) ’ 2i {Xi + ix^) ' x^ ix^’ ' ' x^ ^ ix^] 
is a second solution. We shall now use this to obtain Brill’s theorem. 

Putting Xt^ 4- ix^ — t, x^— ix 2 = 5, the differential equation becomes 
0^ 927 027 ^ 

dsdt'^dx^^^ *’* 'dxj~ ^ 
and the result is that if == x^^ 4- ... x^^, and if 

F {s, t, X 3 , ... x„) 

is a solution, then 


1“^ 


t 


F 


/st 4- 


ax.. 


aXj 

T 


t ’ r t ' 
is also a solution. Now a particular solution is given by 


s 

■ 4 ^ 


F = e U (ty X^y X^y ... X^)y 

where U {ty x^, x^y x^) is a solution of the equation of heat conduction 


du 

~d t ' 


'd^u d^U 

dx^^ ^ * dXy^ 


which is suitable for a space of n — 2 dimensions. The inference is that if 
U is one solution of this equation, the function 

ax^ aXn 

X’ "T 


1 -^ 


t 




The first result is given by B6cher, BuU, Amer, Math. Soc. vol. ix, p. 459 (1903). 
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is a second solution. When J7 is a constant the theorem gives us the 
particular solution ^ ^ 

which may be regarded as fundamental. 


EXAMPLES 

1. Prove that if 

z — cty X iy, a **-2 + c<, h ^ x - iy^ 

a' =» z' -f- ct\ p' ^ x' -h iy\ a! — ct\ fc' = a;' — iy , 
the relations of (la — up — p) = — no + wp + r p' (— ma vp + q), 
a' (ua -fZ6~e)= — %va — rib g — p' (va + mb — f), 
a' (— ma + vp q) ha + jP k — b' (la — up — p), 
a* (va mb — f) = ja — hb + 8 + b' (ua -\-lb — e), 


in which ly wi, n, w, t?, Wyf, g, h, p, q, r, s, e,j, k are arbitrary constants, lead to a relation of type 
dx'^ + dy'^ + dz'^ - c^dt'^ = A* (dz^ -f dy^ + dz^ - c^dt^). 


2. Prove that if 


the relations of Ex. 1 give 


where 


z - ct <l> + (x -}• iy) e, 

(z + ct) d ^ ^ - (x - iy), 
z' — ct' — <t>' + 6' (x' + iy'), 
9'(z' + ct')^r-{x'-iy'), 

xO = we' - vf 4- utjt' -f i, 
X<l> — r$' — q<{>' -f- p^' 4- k, 
X^ = gO' -f4>' 4- eilf' - s, 
nO' — m4>' 4- W — h. 


§2*61. The equaiiems for the equilibrium of an isotropic elastic solid. 
Let u, V, w be the components of the small displacement of a particle, 
originally at x, y, z, when a solid body is slightly deformed, and let X, Y, Z 
be the components of the body force per unit mass. We consider the 
variation of the integral 

/ = LdxdydZy 

where L 8 — W, with 

W = p (uX + vT 4- wZ), 


25 = (A 4- 2p) (u^ + Vy + 4- ft [{Wy 4- v*)* + {u^ 4- 

4- {v^ 4- UyY - ^VyW^ - ^w^u^ - 4cU^Vy], 

A and ft being positive constants. The quantity 8 may be regarded as the 
strain energy per unit volume, while W is the work done by the body 
forces per unit volume. The densitj’^ /> is supposed to be constant. 

We now wish L to be a minimum subject to the condition that the 
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values of u, v and to are specified at the boundary of the sohd. The Eulerian 
equations of the “Calculus of Variations” give 


dX 


dx. 

dx 

ay + 

dz 


ar„ 

SY, 

dx ^ 


dz 

dZ, 

, , 

dZ, 

dx dy dz 


-f pX = 0, 
-h pY = 0 , 


where = 2piU^ ^ X Vy = Zy = p, (Wy v^), 

Yy = 2pLVy X (u^ -h Vy = X^ == fi (u^ + W^), 

Z^ = 2pLW^ -{■ X(u^ + Vy + w^), Xy = Y^== pi (v^ + Uy), 


The quantities X^, Yy, Z^, Y^, Z^, Xy, are called the six components 
of stress, and the quantities 

CxX ^ '^X > Cyy — Vy , 6^,, == , 

Cyz == Wy-i- Vz, Czx = Uz-\- Wx, e^y = Vx Uy, 

are called the six components of strain. In terms of these quantities 2S 
may be expressed in the form 

2S = Xx^xx + Y yCyy -f" Yd z^zz 4" Y z^ yz 4" Yx^zx 4“ XyCxy, 

while the relations between the components of stress and strain are 
Xx ^P'^xx 4“ AA, Yz Y y = p^yz) 

Yy = 2p6yy 4" AA, Zx == Xz = p^ZX> 

Yz = ^P^ZZ 4- AA, Xy ~ Yx— P^xy, 

iX ^ Ux + Vy Wz Cxx eyy ^ . 

The relations may also be written in the form 

Ecxx = Xx— (j(Yy + Zz), 

ECyy = Y y — a (Zz 4- Xx), 

Eczz — Zz — o (Xx 4- Yy). 


The coefficient E is Young’s modulus, the number a is Poisson’s ratio, 
and pi is the modulus of rigidity. The quantity A is the dilatation and 
— A the cubical compression. When 

Xx = Y y == Zz == — p, Y z ~ Yx ~ Xy — 0 , 
we have Cxx = == == — i>/(3A 4- 2pL), 

^VZ ~ ^ZX ~ ^XV ~ ff> 


— A = ^/(A 4- Ip), 


hence the quantity k defined by the equation 

= A 4- ^p 
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is called the modulus of compression. The different elastic constants are 
connected by the equations 

p __ H' ^ ^ r, ^ 

A +ja ’ 2 (A+/a)’ 3 - 6a’ 

On account of the equations of equilibrium the expression for 8/ may 
be written in the form 

^ {Xjhu + Y^Sv + Z^Sw) + (XySu + YySv + Zy8w) 


dx 


4- {X^hu -f 4- Z^hw) 


dxdydz. 


and may be transformed into the surface integral 

[X,hu 4- y^8v 4*- Z^hiv'] dS,^ 


where X^, = IX ^ j- mXy 4- nX^, 

= ^y® 4- niYy H~ 

• Zy = IZ X 4 ~ TYiZy 4 “ nZ ^ . 

The quantities Y^, Z^ are called the components of the surface 
traction across the tangent plane to the surface at a point under con- 
sideration. In many problems of the equilibrium of an elastic solid these 
quantities are specified and the expressions for the displacements are to be 
found. 

The equations of motion of an elastic solid may l3e obtained by re- 
garding *- , ~ g ^2 > ~ 0^2 components of an additional body 

force per unit mass. The equations are thus of type 


dy dz 


+ pX = p 


d^u 


§ 2-52. The equations of motion of an inviscid fluid. Let us consider the 
variation of the integral 


where 


/ ^ jjjj Ldxdydzdty 


+ fip), 


and 


a<A dB dd, a/3 dj, sb 

M=-” + a_“, v=-/+aa-, w = ./ + a f . 

dz ox oy oy dz dz 


.(A) 


Varying the quantities </>, a, /3 and p in such a manner that the variations 
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of <f> and /3 vanish on a boundary of the region of integration wherever 
particles of fluid cross this boundary, the Eulerian equations give 


dp 

dt 




da 

dt 


= 0, 


d^ 

dt 


= 0 , 


•(B) 

.(C) 


^'^ + af, + ^{u^+v^ + w^)+f{p)^0, 


where 

Up 


d ^ d 
-I- u 




dt ^ dt 

d 

dt dt ' ^ dx ' ' dy 
pf ip) ~ fip) is readily seen that 
du ^ 1 dp dv _ I dp 

dt p dx' dt p dy' 

I dp ^ a^ 


dz' 


dw 

dt 


-f- -^r 4- 


a + i 4- 


1 dp^ 
p dz ' 

10^) = F{t). 


.(D) 

.(E) 


where , , 

p dt 

If p is interpreted as the pressure, the last equation is the usual pressure 

equation of hydrodynamics for the case when there are no body forces 

acting. The quantities ii, v, w are the component velocities and p is the 

density of the fluid at the point x, y, z. The equation (B) is the equation 

of continuity and the equations (D) the dynamical equations of motion. 

The relation p = pf' (p) — / (p) implies that the fluid is a so-called baro- 

tropic fluid in ^^hich the density is a function of the pressure. It should 

be noticed that with this expression for the pressure the formula for L 

becomes ^ /.v 

L = F (t) - p 

when use is made of the relation (E), 

The foregoing analysis is an extension of that given by Clebsch*. The 
fact that L is closely related to the expression for the pressure recalls to 
memory some remarks made by R. Hargreaves! in his paper “A pressure 
integral as a kinetic potential.” The equations of hydrodynamics may also 
be obtained by writing 

W , „d;8 


L = , 


dt ^ ^ dt 


I {u'^ -f -f w^) 


+ fip). 


and varying a, u, v, w and p independently. 

The equations (A) are then obtained by considering the variations of 
V and w. These equations give the following expressions for the com- 
ponents of vorticity : 


u 


dw dv 




du 

dz 

dv 

dx 


dz 

dw 

dx 

du 

dy' 


Crelle's Journ. vol. lvi (1859). 


d (a, ^) 

’ 9 iy, z) ’ 

^ 3 (a, jS) 

d (z, x) ’ 

. 9 (a. ^) 

d (x, y) ■ 

f Phil, Mag. vol. xvi, p. 436 (1908). 
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These equations indicate that a = constant, jS = constant are the 
equations of a vortex line. Now the equations (C) tell us that a and j3 
remain constant during the motion of a particle of fluid, consequently a 
vortex line moves with the fluid and always contains the same particles. 

It should be noticed that in these variational problems no restrictions 
need be imposed on the small variations 80, 8^ at a boundary which is 
not crossed by particles of the fluid because the integrated terms, derived 
by the integration by parts, vanish automatically at such a boundary of 
the region of integration on account of the equation which expresses that 
fluid particles once on the boundary remain on the boundary. 


§ 2-53. The equations of vortex motion and Liouville's equation. Let us 
consider the variation of the integral 


= I II (^2 + -h s^) dxdy, 


•(A) 


where 


u = - 


djj 

dy^ 


V = 


30 


s = 


9(0, s) 


dx* d(x,yy 

the expressions for u and v being chosen so as to satisfy the equation of 

du dv __ 
dx dy ~~ ’ 


continuity. 


for the two-dimensional motion of an incompressible fluid. 

Varying the integral by giving 0 and s arbitrary variations which vanish 
at the boundary of the region of integration, we obtain the two equations 

9 («, ^ A 

9 {X, y) 

^ ^ (s 

dx^'^ div dy) dy{ dx)~^' 

The first of these gives i = ^ (0), 

where g (0) is an arbitrary function which, when the region of integration 
extends to infinity, must be such that the integral I has a meaning. This 
requirement usually means that u, v and s must vanish at infinity. With 
the foregoing expression for s the second equation takes the form 

(B) 

which is no other than Lagrange’s fundamental equation for two-dimen- 
sional steady vortex motion. In the special case when g (0) = where 
A and h are constants, the equation becomes 


dx^ 


+ p + A*Ae*** = 0. 



167 


Liouville^s Equation 


This equation, which also occurs in Richardson's theory ot the space 
charge of electricity round a glowing wire***, has been solved by Liouvillef, 
the complete solution being given by 

where a and r are real functions of x and y defined by the equation 
a ir = F {x -{■ iy) and F {z) is an arbitrary function. 

Special forms of F which lead to useful results have been found by 
G. W. WalkerJ. In particular, if = a;* + there is a solution of type 


= 


Xhr 


+ 


and when n 


1 the component velocities are given by the expressions 
2y 2x 


u = 


A(a2-f r2)' 

A = 2/aA, 


v = — 


s = 


h (a^ -f r2) ’ 
2 


(C) 


h {a^ + r ^) ' 

which are very like those for a fine vortex but have the advantage that 
they do not become infinite at the origin. If we write 

ds ds ds 

the quantity s may be defined by the equation 


s — — a tan~^ (y/^), 

and has a simple geometrical meaning. The quantity s may also be inter- 
preted as the velocity of an associated point on the circle r = a which is 
the locus of points at which the velocity is a maximum. 

It should be noticed that if we use the variational principle 


S [[ -f dxdy = 0, (D) 

the corresponding equation is 



and the solution corresponding to (C) is of type 
_ 2y _ 2x 

“ ~ ^ hla^r^) • 

This gives an infinite velocity on the circle r ^ a, 

* 0. W. Richardson, The Emission of Electricity from hot bodies^ Longmans (1921), p. 60. The 
difiFerential equation was formulated explicitly by Jkf. v. Laue, Jahrhuch d. Radioaktivitdt u. 
Elektronik, vol. xv, pp. 205, 257 (1918). 

f LiouviUe's Journal, vol. xvm, p. 71 (1853). 

{ G. W. Walker, Proc, Roy. Soc. London, vol. xci, p. 410 (1916); Boltzmann Festschrift, p. 242 
(1904). 
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Other solutions of (B) which give infinite velocities have been discussed 
by Brodetsky*. It seems that the variational principle (A) may have the 
advantage over (D) in giving solutions of greater physical interest. It 
should be noticed that if a boundary of the region of integration is a stream- 
line i/j = constant, it is not necessary for 85 to be zero on this boundary. 

When the motion is in three dimensions an appropriate variation 
principle is 81 = 0, where 

I = i ± dxdydzy 


and the upper or lower sign is chosen according as the vortex motion is of 
the first or second type. To satisfy the equation of continuity when the 
fluid is incompressible and the density uniform, we may put 


d (or, t) 0 (a, t) ^ 0 (or, t) d ( s, a, r ) 

0 (y, z) ’ d(z,x)' 0 (x, y) ’ 0 (x, y, z) ’ 


A set of equations of motion is now obtained by varying a, r and s in 
such a way that their variations vanish on the boundary of the region of 
integration. These equations are 

0 (i, a, t) 

3 (^, 2/, Z) 

> , 3^ , y _ 0 is, s, a) 

^ ^0 (x, y, z) ’ 


= 0, 


. da 
dx 


>dr V/ I y xy 4 


dr 

dy 


dr 

dz" 


and are equivalent to the equations 
d ^ ^ 0 (s, 6 *) 

^ = ±9-^). ’? = ± 

which imply that 


d (s, s, t) 

^ 9 (^, y, z) ’ 

S (s, i ) . 
d{z,x)’ 


9 {s, s ) 
d(x, y)’ 


_dx ^ . ds 

ax ^*ax’ 

These equations give 


0Y . 05 0Y . ds 


du ^ \ dp __ 1 3 dw _ I dp 

dt p dx * dt p dt pdz^ 

where the pressure p is given by the equa^tion 


^ (u^ w^± s^) = constant. 

The equation of continuity may also be derived from the variation 
problem by adopting Lagrange's method of the variable multiplier. In 


♦ S. Brodetsky, Proceedings of the International Congress for Applied Mechanics, p. 374 (Delft, 
1924). 
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Equilibrium of a Soap Film 

this method I is modified by adding A quantity 

within brackets in the integrand. The quantities A, u, v, w are then varied 
independently. It is better, however, to further modify 1 by an integration 
by parts of the added terms. The variation problem then reduces to the 
type already considered in § 2-52. 

§ 2-54. The equilibrium of a soap film. The equilibrium of a soap film 
will be discussed here on the hypothesis that there is a certain type of 
surface energy of mechanical type associated with each element of the 
surface. This energy will be called the tension-energy and will be repre- 
sented by the integral r 

jj TdS 

taken over the portion of surface under consideration, T being a constant, 
called the surface tension. This constant is not dependent in any way upon 
the shape and size of the film but it does depend upon the temperature. 
It should be emphasised that a soap film must be considered as having i^wo 
surfaces which are endowed with tension-energy. The tension-energy is not, 
moreover, the only type of surface energy ; perhaps it would be better to 
say film energy ; for there is also a type of thermal energy associated with 
the film, and from the thermodynamical point of view it is generally 
necessary to consider the changes of both mechanical and thermal energy 
when the film is stretched. 

For mechanical purposes, however, useful results can be obtained by 
using the hypothesis that when a film stretched across a hole or attached 
to a wire is in equilibrium under the forces of tension alone, the total 
tension-energy is a minimum. 

Assuming, then, as our expression for the total tension -energy E 
= 2t||(1 + 3** + Zy^)^ dxdy, 

the 2 -co-ordinate of a point on the surface or rim being regarded as a 
function of x and y, the Eulerian equation of the Calculus of Variations 
gives . , 

g- [Zy/N] =0, N == ( 1 + Z,^ + Zy^)K 

This is the differential equation of a minimal surface. 

When the film is subject to a difference of pressure on the two sides 
and the fluid on one side of the film is in a closed vessel whose pressure is 
Pi while the pressure on the other side of the film is p 2 , there is pressure- 
energy {pi — P 2 ) V associated with the vessel closed by the film, where V 
is the volume of this vessel. Writing V in the form 
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where Vq is a constant and w is the perpendicular from the origin to the 
surface element dS, we consider the variation of the integral 

jjlfdxdj/ [2T 4- iw (pi - Pa)]- 

Now wH = 2 — xz^c — 

and so the differential equation of the problem is 

0 = p^-Pi + 2T 

This differential equation may be interpreted by noting that the co- 
ordinates of a point on the normal at {x, y) are 

^ = rr - Rz^jH, rj = y - RzyjH, 

where R is the distance of the point from (x, y). If now two consecutive 
normals intersect at this point, we have 

0 = ^ dx — Rd {zJH), 0 ^ dr) = dy — Rd (ZyjH), 

for dR = 0. Expanding in the form 

0=^dx\\-R^^ (2j//)] - dy R {z,IH), 

0 = - dxR ~ (zJH) + dy\\-R^ (zJH) , 
and eliminating dx^ dy, we obtain as our equation for R 

0 - 1 - B [4 (zJH) + IZJH)] + ® . 


If i?i and jRa are the roots, we have 

The quantities i?i and R^ are called the principal radii of curvature. A 
minimal surface is thus characterised by the equation 4 - i = 0 and 

ill -^2 

a surface of a soap film subject to a constant pressure-difference on its two 
sides is shaped in accordance with the equation 


11 , , 
w + o — constant. 

ill -^2 


When the film is subjected to only a smalLdifference of pressure and is 
stretched across a hole in a thin flat plate we can, to a sufficient approxi- 
mation, put H = I in this equation. The resulting equation is 

dh , 9 ^ 2 ? _ ^ 
dx^ ^ dy^ ’ 

where X is a constant and the boundary condition is 2 = 0 on the rim. 
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Now the same differential equation and boundary conditions occur in 
a number of physical problems and a soap-film method of solving such 
problems in engineering practice was suggested by Prandtl and has been 
much developed by A. A. Griffith and G. I. Taylor The most important 
problems of this type are : 

(1) The torsion of a prism (Saint- Venant's theory). 

(2) The flow of a viscous liquid under pressure in a straight pipe. 

These problems will now be considered. 


EXAMPLES 

1. The forces acting on the rim of a soap film of tension T are equivalent to a force F 
at the origin and a couple 0, Prove that 

F= 1 2T(n X ds), 

0=^ j2T[rx (nx ds)], 

where the vector ds denotes a directed element of the rim and the vector n is a unit vector 
along the normal to the surface of the film. Show by transforming these integrals into surface 
integrals that the force and couple are equivalent to a system of normal forces, the force 
normal to the element dS being of magnitude 

2T (A + ^^^=2r(C. + 0,).8ay. 

2. The surface of a film closing up a vessel of volume V can be regarded as one of a 
family of surfaces for which Ci + Cg is (7, a constant. If within a limited region of space there 
is just one surface of this family that can be associated with each point by some uniform rule 
and if S' is another surface through the rim of the hole, c the angle which this surface makes 
at a point {x, y, z) with the surface of the family through this point, the area of the outer 

surface of the film is ^ cob e . dS'. Hence show that the area of the new surface is greater 
than that of the film if it encloses the same volume. 


3. If w ~ Zjc, V = 2y, -h 

show that the variation problem 

8 llG{q)dxdy = 0 

leads to the partial differential equation 

(c^ - _ 2w — + (c* - r*) - 0 


where {qO" (q) - 0'{q)] = q^ 0'{q), 

Show also that the two-dimensional adiabatic irrotational flow of a compressible fluid 
leads to an equation of this type for the velocity potential z, the function G (q) being given 
by the equation 

O (q) - [2a2 -h (y - 1) (U^ - q^)^y-\ 
where 27, a and y are constants. 


♦ See ch. vn of the Mechanical Properties of Fluids (Blackie & Son, Ltd., 1923). 
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§ 2-55. The torsion of a prism. Assuming that the material of the prism 
is isotropic, we take the axis of z in the direction of the generators of the 
surface and consider a distortion in which a point {x, y, z) is displaced to 
a new position {x -\- y + v, z -i- w), where 

n ^ — ryz, v = rzx, w == T(f>, 

and </> is a function of x and y to be determined. The constant r is called 
the twist. This distortion is supposed to be produced by terminal couples 
applied in a suitable manner to the end faces. The portion of the surface 
generated by lines parallel to the axis of z (the mantle) is supposed to be 
free from stress. These are the simplifying assumptions of Saint-Venant. 

It is easily seen that 


du 

dv 

dw 

dv 


dx ~ 


Tz^ 

dx 

, a 

+ a = 
dy 


du 

dw 


(dcf> \ 

Czx ~ 


dx ~ 

: T ! 

[dx-V 


dw 

dv 

/ 

\ 

^vz~ 

' dy"^^ 

dz 

A 

/y^V- 


Hence, if Zj. — jxc^xi Zjy 
the equations of equilibrium 


Z, - 7, = Z, = X, == 0, 


= 0, -5-“' = 0, 


dz_ dz,_ 


dz ~ ’ 'dz 

show that and Zy are independent of z and that 
3 /3</> \ . d /d<f) 


or 




+ 


dy \dy 


4- ^ ) = 0, 


. :_ .r 0 
dx^ ^ dy^ 


The boundary condition of no stress on the mantle gives 

IZ^ + mZy = 0 , 

where (i, m, 0) are the direction cosines of the normal to the mantle at 
the point {x, y, z). 

Let us now introduce the function ifj conjugate to then 

dcf) __ dtp d(p dtp 

dx dy ' dy dx' 




X ■■ 




where 
in the form 


x‘^ 4- 2/“. The boundary condition may consequently be written 
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where ^ ^ ifj — and ck is a linear element of the cross-section. This 
equation signifies that x is constant over the boundary and so the problem 
may be solved by determining a potential function i/j which is regular 
within the prism and which takes a value differing by a constant from Ir- 
on the mantle of the prism. Without loss of generahty this constant may 
be taken to be zero if there is only one mantle. 

It should be noticed that the function x satisfies the equation 


dx^ ^ dy^ 


2 , 


and, with the above choice of the constant, is zero on the mantle when 
this is unique. It is often more convenient to work with the function x^ 
especially as 




flT 




fMT 


dx 

d<f> 

dy 


y 




-f- = — /XT 


h 


Since x vanishes on the mantle it is evident that 
^^Z^dxdy = 0 , jjZydxdy = 0 . 


The tractions on a cross-section are thus statically equivalent to a 
couple about the axis of of moment 

M = J (xZ^ - yZ^) dxdy = - [xt ^^(x 

Integrating by parts we find that 




M = 2/xt 


xdxdy. 


The direction of the tangential traction (Z^., Zy) across the normal 
section of the prism by a plane z = constant is that of the tangent to the 
curve X = constant which passes through the point. The curves x ^ con- 
stant may thus be called ‘Tines of shearing stress.’’ The magnitude of the 

0 V 0 V 

traction is /xt where is the derivative of in a direction normal to 

07l CJ)Z 

the line of shearing stress. 

In the case of a circular prism 

X= lia^- r2), 

and in the case of an elliptic prism 

where a and b are the semi-axes of the ellipse and 


C 
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§ 2*66. Flow of a viscous liquid along a straight tube. Consider the 
motion of the portion contained between the cross-sections 2 = % and 
z Zi-\- h. If ^ is the area of the cross-section and p the density of the 
fluid, the equation of motion is 


where and f'he pressures at the two sections and D is the total 

frictional drag at the curved surface of the tube. If u is the velocity of 
flow in the direction of the axis of 2 , u will be independent of z if the fluid 
is incompressible and so we may write 

u = u(x, y, t). 

We now introduce the hypothesis that there is a constant coefficient 
of viscosity p such that 


D 


--f dz\, 


du 
' dn 


ds, 


where denotes a differentiation in the direction of the normal to the 
on 

surface of the tube. Transforming the surface integral into a volume 
integral, we have the equation of motion 

pAh -^ = J (p, - pA + jjv (g + p) dxdy. 

Since h is arbitrary this may be written in the form 


du dp 


dhi 

\dz^ dy^ 


When the motion is steady this equation takes the form 


1 dp 


d^u d^u 
dx^ ^ dy^ 




.(I) 


where — 2K = - and can be regarded as a constant, because u is in- 
dependent of z. This is the equation used by Stokes and Boussinesq. 

In the cas© of an elliptic tube 


u 


= ck(] 


r\ 

by’ 


where 


C 


2 i\ 

a2 + g2j- 


1 . 


For an annular tube bounded by the cyhnders r = a, r 
u = (a^ — r^) -f- (b^ — a^) log (6/r). 

The total flux Q is in this case 


b we may 


rb 

Q = 27r 

J a 


urdr : 


nKa^ 

~4“ 


[“‘--log,’’’)’ <*-W 
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Rectilinear Viscous Flow 


and so the average velocity is 

jj_Ka^{ 8^ 8^-1] 

4 [8^-1 log^r 

If there is no pressure gradient the equation of variable flow is 

du __ /d^u d^u\ 
di ^ 3y V * 

where v = fx/p. This equation is the same as the equation of the conduction 
of heat in two dimensions. The fluid may be supposed in particular to lie 
above a plane 2 = 0 which has a prescribed motion, or to lie between two 
parallel planes with prescribed motions parallel to their surfaces. 

The simple type of steady motion of a viscous fluid which is given by 
the equation (I) does not always occur in practice. The experiments of 
Osborne Reynolds, Stanton and others have shown that when a viscous 
fluid flows through a straight pipe of circular section there is a certain 
critical velocity (which is not very definite) above which the flow becomes 
irregular or turbulent and is in no sense steady. From dimensional reason- 
ing it has been found advantageous to replace the idea of a critical velocity 
by that of a critical dimensionless quantity or Reynolds number formed 
from a velocity, a length and the kinematic viscosity v of the fluid. In the 
case of flow through a pipe the velocity V may be taken to be the mean 
velocity over the cross-section, the length, the diameter of the pipe (d). 
For steady ‘'laminar flow’’ the ratio Vdjv must not exceed about 2300. 

In the case of the motion of air past a sphere a similar Rejmolds 
number may be defined in which d is the diameter of the sphere. In order 
that the drag may be proportional to the velocity V the ratio Vdjv must 
be very small. 

EXAMPLES 


1. In viscous flow between parallel planes x = ±a the velocity is given by an equation 


where c is the maximum velocity. Prove that the mean velocity is two-thirds of the 
maximum. 


2. In a screw velocity pump the motion of the fluid is roughly comparable with that of 
a viscous liquid between two parallel planes one of which moves parallel to the other and 
drags the fluid along, although there is a pressure gradient resisting the flow. Calculate 
the efficiency of the pump and find when it .is greatest. 

Work out the distribution of velocity and the efficiency when the machine acts as a 
motor, that is, when the fiuid is driven by the pressure and causes the motion of the upper 
plate. 

[Rowell and Finlayson, Engineeringy vol. cxxvi. p. 249 (1928).] 


3. The Eulerian equation associated with the variation problem 


5/ = 


-]/[(£)■ 


\dy) 


-f 2uf(Xy y) dxdy = 0, 


d^u , dhi .. 


is 
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L. Lichtenstein {Math. Ann. vol. lxix, p. 514, 1910] has shown that when /(a;, y) is merely 
continuous there may be a function u which makes 8/ = 0 and does not satisfy the Eulerian 
equation. 

§ 2*57. The vibration of a membrane. Let T be the tension of the 
membrane in the state of equilibrium and w the small lateral displacement 
of a point of the membrane from the plane in which the membrane is 
situated when in a state of equilibrium, the vibrations which will be con- 
sidered are supposed to be so small that any change in area produced by 
the deflections w does not produce any appreciable percentage variation 
of T. The quantity T is thus treated as constant and the potential energy 


1 + 


dw\f 




dw\^ 

dy)_ 


i 


dxdy 


is replaced by the approximate expression 


V^T 


// 


' 1 /dw\^ 

‘ + 2(3* 


4- 


div\ 2 
dy 


dxdy. 


Let pdxdy be the mass of the element dxdy. The equation of motion 
of the membrane will be obtained by considering the variation of 

\'\E- V)dt, 


where 




p(^^)'dxdy, 


V = Tdxdy + jj 
The integral to be varied is thus 


dwy 


+ 


dw\ 

W J 


dxdy. 


-m 


/dw\^ 
^\dt) ' 


\dxj 


T 


dw 
dy) J 


dxdy, 


where ^ 0 on the boundary curve for all values of t. The Eulerian 
equation of the Calculus of Variations gives 


~dl^ 






.(A) 


where 


= Tjp. 


This is the equation of a vibrating membrane. The equation occurs also 

in electromagnetic theory and in the theory of sound. In the case when 

w is of the fotm . , 

XV = sin Ky . V (x, t), 

the function v satisfies the equation 

dt^ / ’ 

which is of the same form as the equation of telegraphy. 

It should be noticed that a corresponding variation principle 


_rp(' 

\dt) \ 


dxjvy 

0^/ 


\dy) 


dxdydzdt = 0 
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The Eqvxition of Vibrations 

gives rise to the familiar wave-equation 

__ 2 d'^w\ 

dt^ ^ \ dx^ dy^ dz^ ) ’ 

which governs the propagation of sound in a uniform medium and the 
propagation of electromagnetic waves. A function w which satisfies this 
equation is called a wave-function. 

Love has shown* that the equation (A) occurs in the theory of the 
propagation of a simple type of elastic wave. 

Taking the positive direction of the axis of z upwards and the axis of 
X in the direction of propagation, we assume that the transverse displace- 
ment V is given by the equation 


V = Y (z) cos (pt — fx). 

The components of stress across an area perpendicular to the axis of 


y are 






dv 

dx^ 






dv 

dz 


respectively and so the equation of motion 


takes the form 


d^v 


dY, . ay„ . ay. 


dx ay 


+ 'a7 


d^v 


~( 

dx\ 


dv\ 

f^dx) 


+ 


dz 


dv' 
^dz 


(B) 


When p and p are constants this is the same as the equation of a 
vibrating membrane, but when p and p are functions of z the equation is 
of a type which has been considered by Meissner f. 

Transverse waves of this type have been called by Jeffreys J ''Love 
waves,’' they are of some interest in connection with the interpretation of 
the surface waves which are observed after an earthquake. 

It may be mentioned that the general equation (B) may be obtained 
by considering the variation of the integral 



and an extension can be made to the case in which p and p are functions 
of X, z and t. 


§ 2*58. 
integral 


The electromagnetic equations. Consider the variation of the 


nil Ldxdydzdt, 


♦ Some Problems of Oeodynamics, p. 160 (Cambridge University Press, 1911). 
t Proceedings of the Second InterncUional Congress for Applied Mathematics (Zurich, 1926). 
J The Earth, p. 166 (Cambridge University Press, 1924). 


12 
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where 

and 


2L = - EJ - Ey^ - E,\ 


dA^ 

■ dz ’ 

ir dAy 

dz 'dx' 


dAy 


B.- 


BA, 

dt 


dx’ 

a<D 


“ dt dy ’ 


.(A) 


■fj dAy 

dx' 


dAji jp 


dA, _ 
dt dz ' 

If the variations of A^, Ay, A, and <I> vanish at the boundary of the 
region of integration, the Eulerian equations give 


dH^ dJIy dE., 
dy dz 
dH^ dH, 
dz dx 
djly_d^ 
dx dy 


dt ’ 
d_Ey 
dt ’ 

dK 

dt ’ 


dx dy '^dz~ 

In vector notation these equations may be written 
curl H = div E = 0, 


aA 


and equations (A) take the form 
H=curlA. 

These equations imply that 


curl E = — 


dt ' 


dt 

div H = 0. 


.(B) 

•(C) 

.(D) 


The two sets of equations (B) and (D) are the well-known equations of 
Maxwell for the propagation of electromagnetic waves in the ether; the 
unit of time has, however, been chosen so that the velocity of light is 
represented by unity. The foregoing analysis is due essentially to Larmor. 
Writing Q = H 4- iE, the two sets of equations may be combined 


into the single set of equations 

curlQ=-~i~, divQ=0. (E) 

By analogy with (C) we may seek a solution for which 

Q=-icurlL=-|^-VA. (F) 


The relations between L and A may be satisfied by writing 
L = |® + tcurlG + ViT, A=-divG-^, 


.(G) 
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where G is a complex vector of type T 4 - ill, while F and 11 are real ‘ Hertzian 
vectors ’ whose components all satisfy the wave-equation 

= = (H) 

When we differentiate to find an expression for Q in terms of G and K 
the terms involving K cancel and we find the Righi-Whittaker formulae 

Q = curl (curl G — i , \ 


xg VilAAA V > 

H = curl ^curl F + (I) 

E = curl ^curl 11 — . 

If L = B + iA, A = T + i0, where A, B, C> and T are real, we have 
H = curl A = — — VT,1 


E = curl ( curl 11 


E=-curlB=- 


curl n, 


A=^ + curir, B = ^gy-curin,| 

o = - div n, T = -- div r, i 

where A, B, O and T are wave-functions which are connected by the 
identical relations 

div A + -g- = 0, div B + = 0. (L) 


The corresponding formulae for the case in which the unit of time is 
not chosen so that the velocity of light is unity are obtained from the 
foregoing by writing ct in place of t wherever t occurs. 

If we write Q' = e«Q, where 0 is a constant, it is evident that the vector 
Q' satisfies the same differential equations as Q and can therefore be used 
to specify an electromagnetic field (E', H') associated with the original 
field (E, H). It will be noticed that the function L' for this associated field 
is not the same as L, for 

L' = - E'^ == {H^ - E^) cos 26- 2 (E.H) sin 20. 

Also (E' . H') = (H2 - E^) sin 20+ 2 (E.H) cos 20. 

There are, however, certain quantities which are the same for the two 
fields. These quantities may be defined as follows : 

W^i(E^+m), . 

X, = IT, [ (M) 

Y, = E,E, + = Zy, 


12-2 
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It ia interesting to note that these quantities may be arranged so as to 
form an orthogonal matrix * 

Xy X, iO^ 

Y, Y, iOy 

Zx Zy Z^ iG\ 

iS^ iSy iS, W 

We have, in fact, the relations 

XJ + Z/ + - GJ = I, 

- 8y^ - s;^ = I, 

X, Y^ + XyYy + X,Y,-G,Gy = 0,\ (N) 

X,S, + XySy + X,S, + G, If = 0, 1 

where I = \ - Ey + (E . //)-. j 

§ 2-59. The conservation of energy and momentum in an electromagnetic 
field. It follows from the field equations (B) and (D) that the sixteen com- 
ponents of the orthogonal matrix satisfy the equations 

dx dy ^ az 'dJ “ ’ 

dx dy dz dt ’ 

dx dy dz dt ’ 

dx dy dz dt 

Regarding Sy, for the moment as the components of a vector S 
and using the suffix n to denote the component along the outward-drawn 
normal to a surface element da of a surface a, we have 

Snda = [ I I div S . dr [dr — dxdydz) 

"-1111 **''*'• 

In this equation the region of integration is supposed to be such that the 
derivatives of S and W in which we are interested are continuous functions 
of X, y, z and t. This will certainly be the case if the field vectors and their 
first derivatives are continuous functions of x, y, z and t. 



* H. Minkowski, Oott. Nachr. (1908). 
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Let us now regard W as the density of electromagnetic energy and S 
as a vector specifying the flow of energy, then the foregoing equation can 
be interpreted to mean that the energy gained or lost by the region en- 
closed by a is entirely accounted for by the flow of energy across the 
boundary. This is simply a statement of the Principle of the Conservation 
of Energy for the electromagnetic energy in the ether. 

The equations involving , Gy, G. may be regarded as expressing the 
Principle of the Conservation of Momentum. We shall, in fact, regard G^ 
as the density of the :r-component of electromagnetic momentum and 
(— X^, ~ Xy, — X^) as the components of a vector specifying the flow of 
the ^-component of electromagnetic momentum. 

The vector 8 is generally called Poynting’s vector as it was used to 
describe the energy changes by J. H. Poynting in 1884. The vector G was 
introduced into electromagnetic theory by Abraham and Poincare. 

In the case of an electrostatic field 




dr 




1 

2 


^^\^<f>pdxdydz. 


if there are only volume charges and the first integral is taken over all 
space, for then the surface integral may be taken over a sphere .of infinite 
radius and may be supposed to vanish when the total amount of electricity 
is finite and there is no electricity at infinity. It should be noticed that in 
the present system of units Poisson’s equation takes the form 

-f p = 0, 

where p is the density of electricity. When there are charged surfaces an 
integral of type ^ 



must be added to the right-hand side for each charged surface. 

The new expression for the total energy may be written in the form 


This may be derived from first principles if it is assumed that is the 
work done in bringing up a small charge he from an infinite distance 
without disturbing other charges. Now suppose that each charge in an 
electrostatic field is built up gradually in this way and that when an 
inventory is taken at any time each carrier of charge has a charge equal 
to A times the final amount and a potential equal to A times the final 
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potential. A being the same for all carriers. As A increases from A to A -f rfA 
the work done on the system is 

dU = S (Xcf>) edX. 

Integrating with respect to A between 0 and 1 we get 

U = 

The carriers mentioned in the proof may be conducting surfaces capable 
(within hmits) of holding any amount of electricity. If the carriers are 
taken to be atoms or molecules there is the difficulty that, according to 
experimental evidence, the charge associated with a carrier can only change 
by integral multiples of a certain elementary charge e. For this reason it 
seems preferable to start with the assumption that W represents the density 
of electromagnetic energy. 

On account of the symmetrical relations 

Zy, etc., 0^, etc., 

we can supplement the relations (A) by six additional equations of types 

0^ {yZy - ^ {yZ^ - zY,) - {yG, - zOy) = 0, 

ax iy + 0^ = 0. 

The equations of the first type may be supposed to express the Principle 
of the Conservation of Angular Momentum. We shall, in fact, regard 
yO^ — zOy as the density of the a;-component of angular momentum and 
(zY^ — yZy., zYy — yZy, zY^ — yZ^) as the components of a vector which 
specifies the flow of the a:-component of angular momentum. 

The equations of the second type are not so easily interpreted. We shall, 
however, regard xW — tO^; as the density of the moment of electromagnetic 
energy with respect to the plane x = 0. This quantity is, in fact, analogous 
to Ytmx, a quantity which occurs in the definition of the centre of mass of a 
system of particles. Here and in the relation S == Owe have an indication 
of Einstein’s relation 

(Energy) = (Mass) (square of the velocity of light) 
which is of such importance in the theory of relativity. 

The quantities {xSg, -f tX^, xSy + tXy, x8^ + tX^) will be regarded as 
the components of a vector which specifies the flow of the moment of 
electromagnetic energy with respect to the plane x = 0, The equation may, 
then, be interpreted to mean that there is conservation of the moment 
with respect to the plane a; = 0. There is, in fact, a striking analogy with 
the well-known principle that the centre of mass of an isolated mechanical 
system remains fixed or moves uniformly along a straight line’’*. 

♦ A. Einstein, Ann, d. Physik (4), Bd. xx, S. 627 (1906); G. Herglotz, ibid. Bd. xxxvi, S. 493 
(1911); E. Bessel Hagen, Math. Ann. Bd. xxxxiv, S. 258 (1921). 
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EXAMPLES 

1. Prove that when there are no external forces the equations of motion of an incom- 
pressible inviscid fluid of uniform density give the following equations which express the 
principles of the conservation of momentum and angular momentum, the motion being two- 
dimensional : 

I (P«) + + ^-(puv) + If - 0, 

+!;{?*-*) + If -0, 

d d d 

[p{vx- uy)] + [pu (vx ~ uy) - yp] -f [pv (vx - uy) -h xp] - 0. 

Hence show that the following integrals vanish when the contour of integration does not 
contain any singularities of the flow or any body which limits the flow, the motion being 
steady: 


/ 


p (v + iu) {td 4“ vm) ds -i- p(m -h il)ds. 


j p{ 


j p (xv — yu) (id + vm) ds -f- J p (xm — yl) ds. 


When the contour does contain a body limiting the flow the integrals round the contour 
are equal to corresponding integrals round the contour of the body. 

2. Let u(ZiyX 2 , ... x^) be a function which is to be determined by a variational principle 
hi = 0, where 


du 


■//■/' 


^(x^y ^2, ... x^, u, Wa, ... wj dx^dx^ ... dx^ 


and Uj. = ^ ~ . Suppose further that I is unaltered in value by the continuous group of 

transformations whose infinitesimal transformation is 

Xj. Xj. + Ax^, U = u + Au, (r = 1, 2, ... w). 


and let 


then 


where 


Aw — 2 w^Ax^, 
r-l 

du 

r-l dXj.* 

Br=‘ 


hu ■■ 

*lthu 


)■ 


(r = 1, 2, ... w). 


When the function u satisfies the Eulerian equation 0 = 0 the foregoing result gives a set of 
equations of conservation. [E. Noether, Oott. Nachr. p. 238 (1918).] 


3. If w = 2, / = ~ au^ -h pu^) where a, p and y are arbitrary constants, we may 

write i^Xi = €j, Aa^g = ^ 2 , ~ — iy€ 2 ^ where and ej are two independent small quantities 

whose squares and products may be neglected. Hence show that the difierential equation 
Wn = aW 22 + yaW 2 + P'^ leads to two equations of conservation 

A { 2 wi^ + = (A + y) + “^2* + P'^^ + yauu^ 

A W + “^2* “ P'^^} = (A + y) {2awiW2} 

PI PI 

where Z>i= ^ A= [E. T. Copson, Proc, Edin, Math, Soc. vol. xlii, p. 61 (1924).] 

(/X^ cfx^ 
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§ 2-61 . Kirchhojf's formula. This theorem relates to the equation 

□ + a (x, y, z, t) = 0, (A) 

and to integrals of type 

u =- [ r-y {t - rjc) F (a;#, yo, z„) dr^. 


Let U3 suppose that throughout a specified region of space and a specified 
interval of time, u and its differential coefficients of the first order are 
continuous functions of x, y, z and t \ let us suppose also that the differential 

coefficients of the second order such as > 0^2 quantity o are 


finite and integrable. 

Let Q be any point (Xq, Zq) which need not be in the specified region 
of space and consider the function v derived from u by substituting t — rjc 
in place of t, r denoting the distance from Q of any point (x, y, z) in the 
specified region. It is easy to verify that v satisfies the partial differential 
equation 


c 


I 3 /X 3v\ 
|0a: dt / 


dy Vr^ dt ) dz dt )] 


+ M = 0, 


(x^X-Xq, = z^Z-Zq), 


where [g] denotes the function derived from a by substituting t — rjc in 
place of t, ^ 

We now multiply the above equation by ^ and integrate it throughout 

a volume Ipng entirely within the specified region of space. The volume 
integral can then be split into two parts, one of which can be transformed 
immediately into an integral taken over the boundary of this region. Let 
the point Q be outside the region of integration, then we have 



2 dr dv 
cr dn dt 


dS+ 

J ^ 


When Q lies within the region of integration the volume may be sup- 
posed to be bounded externally by a closed surface and internally by a 
small closed surface S 2 surrounding the point Q. Passing to the limit by 
contracting S 2 indefinitely the value of the integral taken over S 2 is 
eventually 

^(2 




wjjiere Vq denotes the value of v at Q and this is the same as the value of 
u at Q. Hence in this case 


47TUq = 



1 dv 
rdn 


2 dvdr 
cr dt dn 


dS. 


dv 

dn 


^du dr 

'du 

dn^ dn 

Jt. 


Now 
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Kirchhojf's Formula 


hence finally we have Kirchhoff’s formula* 

where a square bracket [/] indicates that the quantity /is to be calculated 
at time t — r/c. When the point Q hes outside the region of integration 
the value of the integral is zero instead of . 

When u and a are independent of t the formula becomes 


~du 

1 dr 

duf 

dn 

cr dn 

dt 


^TTUq = 




and the equation for u is 

+ a (x, y, z) ~ 0. 


1 du] 


If we make the surface recede to infinity on all sides the surface 
integrals can in many cases be made to vanish. We may suppose, for 
instance, that in distant regions of space the function u has been zero until 
some definite instant Iq. The time t — rjc then always falls below Iq when 
r is sufficiently large and so all the quantities in square brackets vanish. 

0 XJb 

The surface integral also vanishes when u and become zero at infinity 

and tend to zero as r oo in such a way that u is of order and ^ 

dt or 

of order In such cases we have the formula 


4:7TUq = 



(B) 


where the integral is extended over all the regions in which the integrand 
is different from zero. 

If [cr] exists only within a number of finite regions which do not extend 
to infinity the function Uq defined by this integral possesses the property 
that Uq-^ 0 like as -> oo, being the distance from the origin of 

co-ordinates, but it is not always true that is of order q’o satisfy 

()'IL 

this condition we may, however, suppose that ^ is zero for values of i 


less than some value Iq . Then if r is sufficiently large 


''du 

dt 


is zero because 


— rjc falls below 

Wave-potentials of type (B) are called retarded potentials; the analysis 
shows that they satisfy the equation (A) and that the surface integral 



du 

dn 


1 dr Vdu 
cr dn dt 


dS 


♦ G.Kirchhoff, Berlin. Sitzungsber. S. 041 (1882); Wied. Ann. Bd. xviii (1883); Qes. Abh. Bd. ii, 
S. 22. The proof given in the text is due substantially to Beltrami, Rend, Lincei (5), t. iv (1895), 
and is given in a paper by A. E. H. Love, Proc. London Math. Soc. (2), vol. i, p. 37 (1^03). An 
extension of Kirchhoff’s formula which is applicable to a moving surface has been given recently 
by W. R. Morgans, Phil. Mag. (7), vol. ix, p. 141 (1930). 
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represents a solution of the wave-equation except for points on the surface 
8y for this integral survives when we put a = 0. It shojild_ be noticed, 

however, that when we put cr = 0 the quantities [u \ , 


du 

dn 


n \du\ 


become 


those relating to a wave-function u which is supposed in our analysis to 
exist and to satisfy the postulated conditions. When the quantities [t^], 
■ “ r3tii 


[s]' 


dt 


are chosen arbitrarily but in such a way that the surface integral 


exists it is not clear from the foregoing analysis that the surface integral 
represents a solution of the wave-equation. If, however, the quantities 

possess continuous second derivatives with respect to the 

time the integrand is a solution of the wave-equation for each point on 
the surface. It can, in fact, be written in the form 

where W _ / - r) , j^??j . , _ r) , Now i stands for 

,0 a 0 

ox dy oz 

where Z, m and n are constants as far as x, y and z are concerned and each 

0 


term such as 


dx 


[ rV ('-0 


the whole integrand is a so! 


is a solution of the wave-equation ; consequently 

lution of the wave-equation and it follows that 
the surface integral itself is a solution of the wave-equation. 

In the special case when a and u are independent of t we have the result 
that when a satisfies conditions sufficient to ensure the existence and 
finiteness of the second derivatives of V (see § 2*32) the integral 


V.\Ur 

is a solution of Poisson’s equation 

-f ^TTG {x, y, z) = 0, 

and the integral C7 = || {.^ ^ (^) - \ g| dS 

is a solution of Laplace’s equation. 


§ 2-62. Poisson's formula, When^^he surface is a sphere of radius ct 
with its centre at the point Q, [w] denotes the value of u at time Z = 0 and 
Earchhoff ’s formula reduces to Poisson’s formula ♦ 

^ ^ (^F) + 

* The details of the transformation are given by A. E. H. Love, Proc. London Math. Soc. (2), 
vol. I, p. 37 (1903). 
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where /, g denote the mean values of /, g respectively over the surface of 
a sphere of radius ct having the point {x, y, z) as centre and w is a wave- 
function which satisfies the initial conditions 

u-=f(x,y,z), = 

when ^ = 0. 

If we make use of the fact that each of the double integrals in Poisson’s 
formula is an even function of t we may obtain the relation* 

1 

y, z, t)dt==f. 

This relation may be written in the more general form 
1 f'+’' 

u{x,y,z,s)ds 

1 r"‘r2»r 

= j- u (x + cr sin 0 cos y + ct sin d sin (f>,z-{- cr cos d, t) sin OddcUfy. 
477 j 0 j 0 

When u is independent of the time this equation reduces to Gauss’s well- 
known theorem relating to the mean value of a potential function over a 
spherical surface. 

If u (x, y, z, s) is a periodic function of s of period 2t, where r is in- 
dependent of X, y and z^ the function on the left-hand side is a solution of 
Laplace’s equation, for if 

f t + T 

F = u(x, y, z, s) dSy 

Jt-T 

rt + T + 

we have V^F = Vhids = ^ ds = 0. 

Jt-r Jt-rdS^ 

It then follows that the double integral on the right-hand side is also a 
solution of Laplace’s equation. 

If in Poisson’s formula the functions / and g are independent of z the 
formula reduces to Parseval’s formula for a cylindrical wave-function. 
Since we may write 

cH^ sin 6ddd<f> = da . sec 0 = ct {cH^ — p^)~^ da, 

where da is an element of area in the xy-plane and p the distance of the 
centre of this element from the projection of the centre of the sphere, we 
find that 

277 . u (x, y, ^ j| da . {cH^ - p^)"^ f {x^^,y 

+ II dff . (c*<* - g(x + ^,y + -q), 

where da = d^dq and the integration extends over the interior of the circle 

Cf. Rayleigh’s Sound, Appendix. 
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This formula indicates that the propagation of cylindrical waves as 
specified by the equation □^14= 0 is essentially different in character from, 
that of the corresponding spherical waves. In the three-dimensional case 
the value of a wave-function u {x, y, z, t) at a point {x, y, z) at time t is 

completely determined by the values of u and ^ over a concentric sphere 

of radius cr at time t — t. If a disturbance is initially localised within a 
sphere of radius a then at time t the only points at which there is any 
disturbance are those situated between two concentric spheres of radii 
ct a and ct — a respectively, for it is only in the case of such points that 
the sphere of radius ct with the point as centre will have a portion of its 
surface within the sphere of radius a. This means that the disturbance 
spreads out as if it were propagated by means of spherical waves travelling 
with velocity c and leaving no residual disturbance as they travel along. 
In the two-dimensional case, on the other hand, the value of u (x, y, t) 

0W 

at a point {x, y) at time t is not determined by the values of u and ^ over 
a concentric circle of radius cr at time t — r. To find u {x, y, t) we must 

01t 

know the values of u and ^ over a series of suoh circles in Which r varies 

dt 

from zero to some other value . If the initial disturbance at time ^ = 0 is 
located within a circle of radius a, all that we can say is that the disturbance 
at time t is located within a circle of radius ct a and not simply within 
the region between two concentric circles of radii ct + a, ct — a respectively. 
Hence as waves travel from the initial region of disturbance with velocity 
c they leave a residual disturbance behind. 

The essential difference between the two cases may be attributed to 
the fact that in the three-dimensional case the wave -function for a source 
is of type r-^f (t — r/c), while in the two-dimensional case it is of type* 

t ~ ■— ds f t — ^ cosh a da. 

cj Jo L c J 

This statement may be given a physical meaning by regarding the wave- 

function as the velocity potential for sound waves in a homogeneous 

atmosphere, a source being a small spherical surface which is pulsating 

uniformly in a radial direction. 

If /(0=-0, {t<T,) 

— 1, (Tj > t> Tq) 

= 0 , (^ > 

we have 1 ~ ^cosh a cfo = 0, (ct< cT^ -f p) 

= cosh-i [c {t - To)/p] » (cTo + p < < cTi + p) 

= cosh“i [c {t - To)/p] - cosh-i [c {t ~ Ti)/p], 

{cT Q -f- p <c cty c>T-^ p <z. ct). 

♦ Cf. H. Lamb, HydrodynamicSy 2nd ed. p. 474. 
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EXAMPLES 

1. A wave-function u is required to satisfy the following initial conditions for ^ 0 

M =f{x, y), ^ = 0 ■when z = 0, 

u = 0, ~ ® when z ^ 0. 

Prove that u is zero when > cH^ and when < cH^ u =f where / denotes the mean value 
of the function / round that circle in the plane 2 = 0 whose points are at a distance ct from 
the point (a;, y, 2 ). 

2. If in Ex. 1 the plane z = 0 is replaced by the sphere r = a, where r* = 

the wave- function u is equal to when there is a circle (on the sphere) whose points are all 
at distance ct from {x, y, 2 ) and is otherwise zero. 

§ 2*63. Helmholtz' s formula. When a wave-function is a periodic 
function of t, Kirchhoff’s formula may be replaced by the simpler formula 
of Helmholtz. 

Putting u U (x, y, z) 

the wave-equation gives 

V2[7 + k^U = 0. 

Applying Green’s theorem to the space bounded by a surface S and a 
small sphere surrounding the point z^) we obtain formula (A) 

inU (X, , ^1 , 2 i) = - II (X, y, Z) dS 4- 1| dS, 

where = (x - x^)^ + (y - yi)^ + (2 ~ z^)^, 

and the normal is supposed to be drawn out of the space under considera- 
tion. This space can extend to infinity and the theorem still holds provided 
U ^ 0 like as r -> 00 , r being the distance of the point (Xy y, z) 

from the origin. It is permissible, of course, for U to become zero more 
rapidly than this. 

A solution of the more general equation 

-f k‘^U -f CO (Xy y, 2 ;) = 0 
is obtained by adding the term 

JJ R-^e~^^^co {x, y, z) dxdydz 

to the right-hand side of (A) and it is chiefly in this case that we want to 
integrate over all space and obtain a formula in which U {xi, y^, zf) is 
represented by this last integral. 

In the two-dimensional case when u is independent of 2 , the function 
to be used in place of is derived from the function 

= I f(^-.-£ cosh day 
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already mentioned. Writing u — as before, the elementary potential 

function sati 8 f 3 dng + kW = 0 is iTo {ikp), where Kq (ikp) is defined 
by the equation 

Kq (ikp) = I coBha ^ 

Jo 

This is a function associated with the Bessel functions. For large values 
of R we have . , 

Ko (iB) = - i (nl2R)^ 
while for small values of R 


Ko (iR) + log (R/2) 

is finite. The two-dimensional form of Green’s theorem gives 

dU rr d 


27rC/ (aji , t/i) = - I Zo (i^p) - U (ikp) 


ds, 


.(B) 


where p^ =. (x - + (y -> i/l)^ 

ds is an element of the boundary curve and n denotes a normal drawn into 
the region in which the point (x^, y^) is situated. 

A solution of the more general equation 

V^C/ 4- k^U + a> (a;, y) = 0 
is likewise obtained by adding the term 


2 

277 


./ . 


Kq (ikp) oj (x, y) dxdy 


to the right-hand side of (B). When A: = 0 the corresponding theorem is 
that a solution of the equation 

V^f/ -f ou (:r, y) = 0 


is given by 


27tU = — log po} (Xj y) dxdy. 


§ 2*64. VoUerra's method*. Let us consider the two-dimensional wave- 
" 1 ““™ , dH 3 % 


dy 


dHi . 

y.2) 


in which z = ct. If the problem is to determine the value of u at an 
arbitrary point (^, rj, C) from a knowledge of the values of u and its 
derivatives at points of a surface S, we write 

X^x-^, Y^y-r,, Z = z-^, 

and construct the characteristic cone Z* -I- T® = with its vertex at the 
point (^, T), C)- We shall denote this point by P and the cone by the 
symbol P. 


* Acta Math. t. xviii, p. 161 (1894); Proc. London Math. Soc. (2), vol. ii, p. 327 (1904); 
Lectures at Clark University, p. 38 (1912). 
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Vol terra’s method is based on the fact that there is a solution of the 
wave-equation which depends only on the quantity Z/J?, where 

+ Y\ 

This solution, v, may, moreover, be chosen so that it is zero on the charac- 
teristic cone r. The solution may be found by integrating the fundamental 
solution (Z^ — respect to Z and is cosh~^ w where 

w = ZjR, Since w ^ 1 on F it is easily seen that v = 0 on F. 

For this wave-equation the directions of the normal n and the co- 
normal V are connected by the equations 

cos (vx) = cos (nx)y cos (vy) = cos (ny), ^ cos (vz) = — cos (nz). 

At points of F the conormal is tangential to the surface and since v is 
Bv 

zero on F, is also zero. The function v is infinite, however, when i? = 0 
dv 

and a portion of this line lies in the region bounded by the cone F and 
the surface S. We shall exclude this line from our region of integration 
by means of a cylinder C, of radius €, whose axis is the line -R = 0. We 
now apply the appropriate form of Green’s theorem, which is 

(«) - uL («)) d, - I” - » I) rfs + I - „ rfs. 


to the region outside C and within the realm bounded by S and F. On 
account of the equations satisfied by u and v the foi ''going equation 
reduces simply to 


On C we have 



dS €d<f>dz, ^ = 


and since lim (e log e) = 0 

« -> 0 

we have lim | — v = — 2n j u(^, rj, z) dz, 

where {^, t), z) is on S and is in the part of 8 excluded by C. We thus 
obtain the formula 


- 2n u ($, 7), z) dz = 

and the value of at P may be derived from this formula by differentiating 
with respect to The result is 

- 2 nu a. 7,, 0 = I I - ^ + III vfdr'^ . 
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EXAMPLE 

Prove that a solution of the equation 

d^u d^u 1 d^u 
dx^ ^ dy^ dt^ 

is given by the following generalisation of Kirchhoff’s formula, 


2TTu(x,yyt)~ I [c^ (^ — — r^J ^ {coswi^ — coswr . c(^ — ^i)/r} 




r_ 

\9*1 


cos nx + 7^- cos ny 
92/1 


')} d8„ 


in which ^ (x — x^)"^ (y — y^f and the integration extends over the area a cut out on 
a surface 8 in the (a^i, t/i, <i) space by the characteristic cone 

(x, - xf + (j/i - yf = c2 (<, - tf, 

the time t being chosen so as to satisfy the inequality t< L. 

^ J -1 J 1 Voltorra.] 

§ 2-71. Integral equations of electromagnetism. Let us consider a region 
of space in which for some range of values of t the components of the 
field-vectors E and H and their first derivatives are continuous functions 
of X, y, z and t. 

Take a closed surface S in this region and assign a time t to each point 
of S and the enclosed space in accordance with some arbitrary law 

t = f{x, y, z), 

where / is a function with continuous first derivatives. We shall suppose 
that this function gives for the chosen region a value of t lying within the 
assigned range and shall use the symbol T to denote the* vector with 

. 9 / 9 / df 

components 3 ^^, 

Writing Q == H iE before we consider the integral 
I = j| [Q - i (Q X T)]„ dS 

taken over the closed surface S. The suffix n indicates the component along 
an outward -drawn normal of the vector P which is represented by the 
expression within square brackets. Transforming the surface integral into 
a volume integral we use the symbol Div P to denote the complete diver- 
gence when the fact is taken into consideration that P depends upon a 
time t which is itself a function of x, y and z. The symbol div Q, on the 
other hand, is used to denote the partial divergence when the fact that 
Q depends upon x, y and z through its dependence on t is ignored. We 
then have the equation 

/ = 1 1 1 div P . dr, 


where 


divP = divQ -f T.R, 
R = ^ - i curl Q. 


and 
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Now div Q and R vanish on account of the electromagnetic equations 
and so these equations are expressed by the single equation / = 0. When 
/ is constant T = 0 and the equation / = 0 gives 

which correspond to Gauss’s theorem in magneto- and electrostatics. It 
may be recalled that Gauss’s theorem is a direct consequence of the inverse 
square law for the radial electric or magnetic field strength due to an 
isolated pole. The contribution of a pole of strength e to an element EdS 
of the second integral is, in fact, e(iaj/47r, where d<jj is the elementary solid 
angle subtended by the surface element dS at this pole. On integrating 
over the surface it is seen that the contribution of the pole to the whole 
integral is e, \e or zero according as the pole lies within the surface, on 
the surface or outside the surface. 

This result is usually extended to the case of a volume distribution of 
electricity by a method of summation and in this case we have the equation 

jjKdS^jjjpdr, 

where p denotes the volume density of electricity. 

Transforming the surface integral into a volume integral we have the 
equation 

jJ j (div E — p) dr = 0, 
which gives div E — p. 

Since E == -* V</> the last equation is equivalent to Poisson’s equation 

VY -f- p = 0,- 

in which the factor 477 is absent because the electromagnetic equations 
have been written in terms of rational units. Our aim is now to find a 
suitable generahsation of this equation. In order to generahse Gauss’s 
theorem the natural method would be to start from the field of a moving 
electric pole and to look for some generalisation of the idea of solid angle. 
This method, however, is not easy, so instead we shall allow ourselves to 
be guided by the principle of the conservation of electricity. The integral 

which must be chosen to replace should be of such a nature that 

its different elements are associated with different electric charges when 
each element is different from zero. When the elements are associated 
with a series of different positions of the same group of charges which at 
one instant lie on a surface it may be called degenerate. In this case we 


13 
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can regard these charges as having a zero sum since a surface is of no 
thickness. Now it should be noticed that if we write 


the quantity 


e = t-f{x,y, z), 


de _dd dd 

di~dt 




vanishes when the particles of electricity move so as to keep ^ = 0, that 
is so as to maintain the relation t = f (x, y, z), and in this case the integral 



dr 


is degenerate. 

We shall try then the following generalisation of Gauss’s theorem and 
examine its consequences : 


I = i [[L [l~ (v. T)]dT, 

J J m 


Transforming the surface integral into a volume integral we have 


0 = 


[div Q - i/3 + T-. (R + i/iv)] dr. 


and since the function / is arbitrary this equation gives 

div Q = i/), R = - ipv. 

Separating the real and imaginary parts we obtain the equations 
curl H = ^ + />v, div E = p, 

curl E == , div H = 0, 

ot 

which are the fundamental equations of the theory of electrons. The first 
two equations give ^ 

^ + div (p\) = 0, 

which is analogous to the equation of continuity in hydrodynamics. Our 
hypothesis is compatible, then, with the principle of the conservation of 
electricity. The integral equation 

I [Q - i (Q X T)]„ = i |j|/, [1 - (V .T)] dr (A) 

will be regarded as more fundamental than the differential equations of 
the theory of electrons if the volume integral is interpreted as the total 
charge associated with the volume and is replaced by a summation when 
.the charges are discrete. This fundamental equation may be used to obtain 
the boundary conditions to be satisfied at a moving surface of discontinuity 
which does not carry electric charges. 

Let t = f {x, y, z) be the equation of the moving surface and let the 
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surface /S' be a thin biscuit-shaped surface surrounding a superficial cap Sq 
at points of which t is assigned according lo the law t = f (Xj y, z). At 
points of the surface S we shall suppose t to be assigned by a slightly 
different law t === /i (x, y, z) which is chosen in such a way that the points 
of S on one face have just not been reached by the moving surface 
t = f (x, y, z), while the points on the other face have just been passed over 
by this surface. Taking the areas of these faces to be small and the thick- 
ness of the biscuit quite negligible the equation (A) gives 
[Q' - i (Q' X T)]„ = [Q" - i (Q" X T)]n, 
where Q', Q'' are the values of Q on the two sides of the surface of dis- 
continuity and the difference between and / has been ignored. Writing 
q = Q' ^ Q" we have the equation 

[Q - ^ (q X T)L = 0. 


Now the direction of the cap Sq is arbitrary and so q must satisfy the 

relation . . — , 

q ^ (q X T). 

This gives = 0. Hence ii q = h ie we have the relations 

^2 _ g2 ^ 0^ (/i . e) = 0. 

The equation also gives (q . T) = 0, 

and (q X T) = i (q X T) X T = i [T (q . T) - qT^] 

= — iT^q or = I if q 0. 


Hence the moving surface travels with the velocity of light. 

A similar method may be used to find the boundary conditions at the 
surface of separation between two different media. We shall suppose that 
the media are dielectrics whose physical properties are in each case specified 
by a dielectric constant K and a magnetic permeability y,. For such a 
medium Maxwell’s equations are 

curlH = ^, divD = 0, 
dt 


curl E = — 


aB 


div B = 0, 


dt ’ 

where D = KE, B = /xH. 

Instead of these equations we may adopt the more fundamental 
integral equations 

JJ[D~(HxT)]nrf/S=0, 


||[B + (ExT)]„d^=0, 

which give the generalisations of Gauss’s theorem. The boundary con- 
ditions derived from these equations by the foregoing method are 

d — (h X T) = 0, b -f (e X T) = 0, 


I3"2 
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where e, h, d, b are the differences between the two values of the vectors 
E, H, D, B respectively on the two sides of the moving surface. These 
equation, give 

(d x.T) + r'h- (h.DT; (b X T) - T‘e - - r)T. 

If the vector v represents the velocity along the normal of the moving 

surface we have ^rn m ^ 

v^T = V, vT = 1, 

hence the equations may be written in the form 

(U = 0, 6., == 0, hr {v y d)r, Cr ^ — {v X b)r, 

where denote components of d and 6 normal to the moving surface 

and the suffix r is used to denote a component in any direction tangential 
to the moving surface. When this surface is stationary the conditions take 
the simple form 

d^ = 0, 6, - 0, hr - 0, e, - 0 

used by Maxwell, Rayleigh and Lorentz. 

When a surface of discontinuity moves in a medium with the physical 
constants K and /x, we have Heaviside’s equations {Electrical Papers, 
vol. II, p. 405) ^ ^ M (h . T) = 0, 

A^(exT) + T2h = 0, /i(h xT)-!r2e = 0,. 
and so A> [(h x T) x T] = KT^ (e x T) = - 

i.e. Kfi = 

if h # 0. 

The surface thus moves with a velocity v given by the equation 

KiJiV^ = 1. 


curl H 
curl E = — 


div H — 0 


§ 2*72. The retarded potentials of electromagnetic theory. The electron 
equation, , ,5 

cla* +H' 

1 dH 

c ar 

may be satisfied by writing 

1 aA 

^f = curlA, 

where the potentials A and satisfy the relations 

+ a< 


□*A + p; = o, a^ + p = o. 
c 
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The last equations are of the type to which Kirchhoff ’s formula is applicable 
and so we may write 




(B) 


These are the retarded potentials of L. Lorenz. 

The corresponding potentials for a moving electric pole were obtained 
by Lienard and Wiechert. They are similar to the above potentials except 
that the quantity — c/J/ of § 1*93 takes the place of 1/r. Let ^ (t), r] 

^ (t) be the co-ordinates of the electric pole at time t and let a time r be 
associated with the space-time point (x, y, z, t) by means of the relations 


[a: - ^ (r)f -h[y~v (r)Y + [z ~ ^ (t)]^ =. (t - T)^ r < t, (C) 

then 


M=[x~i (t)] i' (r) +[y-rj (T)]rj' (r) + [z - i (r)] ^ (r) ~ {t ~ r), 
and if e is the electric charge associated with the pole the expressions for 
the potentials are respectively 

(t) _ erf(T) . _ _ (t) ^ ec 

47rif’ ' AttM' 




47rM 


Ay = 


0= - 


irrM* 


These satisfy the relation (A) and give the formulae of Hargreaves 




e d (a, t) 
47rc 0 {x, t) ' 




e 0 (cT, r) 
4tt 0 {y, z) ' 


where 

CT = [X - ^ (r)] f ' ( t) -f [y - ^ (t)] (r) + c (t)] (r) 

+ (t)?- [V (t)P- U' (t)?. 

It should be remarked that the retarded potentials (B) can be derived 
from the Lienard potentials by a process of integration analogous to that 
by which the potential function 

r 


is derived from the potential of an electric pole. 

Instead of considering each electric pole within a small element of 
volume at its own retarded time r we wish to consider all these electric 
poles at the same retarded time tq belonging, say, to some particular pole 
(^ 0 . >?o> '^o)- Writing 

i (c^) = ^0 {^) + « (o'). V (<^) = Vo (<^) + ^ ^ (o') == ^0 H + y (ct), 

where a (a), P (or), y (a) are small quantities, we find that if t is defined by 

(C), 

(t - To) [{X ^ fo) io ^{y- Vo) Vo Co) Co To)] 

+ {x- (y- Vo) ^ + (2J - ^o) y = 0. 

where Vo^ Co^ io'y Vo\ Co\ «, j8, y are all calculated in this equation at 
time tq. 



198 Applications of the Integral Theorems of Gauss and Stokes 

On account of the motion the pole (^, 77, occupies at time r the 
position given by the co-ordinates 

f = fo + « + io'i 

V == Vq+ P - ^ 0) 

^ = ^0 + y + ~ '^o) 

Hence ^ i + f + v + i 

^ a (a, p,y) ^ ^ da + 0^8 dy 

C2 (< - To) 

M„ • 

If p is the density of electricity when each particle in an element of volume 
is considered at the associated time r and p^ is the density when each 
particle is considered at time tq, we have 

pd (^, r], C) = Pod (a, y). 

cr 

Po = P ^ 


Therefore 


cr — (r .v)^ 


and so 


[Po] 


dxdydz = 


-f , dxdydz. 
r—(r.v) ^ 


Writing pdxdydz ^ de we obtain the Lienard potentials. 

Similar analysis may be used to find the field of a dipole which moves 
in an arbitrary manner with a velocity less than c and at the same time 
changes its moment both in magnitude and direction. 

Let us consider two electric poles which move along the two neigh- 
bouring curves 

^ ^ {t)y y = v ( 0 , ^ = 

X = ^ (0 + €« (t), y == r){t) (t), z = C{t) + €y (t), 

€ being a quantity whose square may be neglected. If is defined in terms 
of X, y, t by the equation 

[x~i(r,)-ea{r,)Y+[y-y (r,) - .p (r,)Y + [^ - ^r,) - ey == c^t - r,)2, 
and Tj = T -h €0, we easily find that 

Md + a (t) [x - i (t)] + ^ (t) [y - 77 (t)] + y (t) [z - ^ (r)] = 0. 

If ilfi is the quantity corresponding to M, we have 

Ml === M -i- € [OMcr + (x — ^) a' -{- {y — rj) j8' -f (2: — Q y' — a|' — ^77' — y^'] 

= M -{- € [OMcr + p]y 

say, where a has the same meaning as before and primes denote differentia- 
tions with respect to r. Now if 

(ti) + ca' ( ti) ^ ec 


4 /nMi 


A.= — 


e^'(r) 
4 nM ’ 


4 )' = 


0) = _ 


47 rifi’ 

ec 

UM’ 



we have 
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a. = \ [A,' -A,]=- [Ma' - pi' + MOi" - Mdai'], 


But Ma' - p^' + Mee' - Mdae ^ (y - 7 ^) 71 ' - {z - 0 m' - c^t - r) a' 

+ c^a — nrj' -f m^' + a {a {t — r) — n (y — rj) -{- m (z — C)}, 
where I = — yrj\ m = yi' — al^\ n = ar]' — jS^'. 


Hence we may write 




e 

4i7T 


' d / n 
^\M. 


d /m\ 
dz \ m) 


4 


ec 

477 


dx\M) 


+ 


): 

Wy{M) dzih) _ • 


0 / a 
d fy 


These results may be obtained also with the aid of the general theorem 
which gives the effect of an operation — analogous to differentiation, 


d 

[idn 

_ a 

ri 9(/,^)] 

d 

1 9(/.’l)1 

de 

[Mdr_ 

dx 

M die, t). 

dy 

_ilf3(€,T)J 


+ 


dz 


r 1 9 (/, 01 

9 

r 1 9 (/. r)l 

M d (€, t)J 

+ 9« 

_Md (e, t). 


f being a function of r and e. Writing / = 


= y the 


expression for is at once obtained from that for A^- Writing/ = t we 
obtain the expression for 

The formulae show that the field of the moving dipole may be derived 
from Hertzian vectors 0 and F by means of the formulae 


a = ^ + curl r, <i> = — div n, n = 


ecu 


r= - 


ew 

^nM’ 


(D) 


where u and w are vector functions of t with components (a, /3, y), {I, m, n) 

respectively. If v denotes the vector with components (i', t]', C') we have 

the relations , ^ r. , ^ r. 

(V . W) = 0, (U . W) = 0, 

consequently Hertzian vectors of types (D) do not specify the field of a 
moving electric dipole unless these relations are satisfied. 


Since 


lan , _ lar 

- ^ + curl r, B = - ^ — curl 11, 
c dt c dt 


A 

0 = — div n, 


'F= -divT, 


where B and <1) are the electromagnetic potentials of magnetic type, we 
may write down the potentials for a moving magnetic dipole by analogy. 
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We simply replace 11 by F and F by ~ D. Hence the potentials of a moving 
magnetic dipole are of type 


a 


X 


(f) == 


m 

r0 

(y\ 

- ^-1 


d 


4:7T 

_dy 

\MJ' 

dz 

\mJ 

dt 

[m)_ 

me 



' ^ ( 

'm\ 


' n\~ 

47T 

^dx 

W' 

^dy\ 

^M) 


kN)_ 


Let us now calculate the rate of radiation from a stationary electric 
dipole whose moment varies periodically. Taking the origin at the centre 
of the dipole, we write 


where /, (j, h are periodic functions with period T. The vector is zero since 
there is no velocity. 

In calculating the radiation we need only retain terms of order 1/r in 
the expressions for E and H. To this order of approximation we have 

w" + w" + A"). 


= \ t.yE, - iB,), 


EyH^ — E,Hy= (x/r) E^, 

where E^ = (/"^ + g"^ + h"^) - (xf" + yg" + zh'y. 

Lf r (y r 

The rate of radiation is obtained by integrating cE^ over a spherical 
surface r = a, where a is very large. With a suitable choice of the axis 
of z we may write 

E^-^~(n + g"^+h"^)BinH, 

C T 

and the value of the integral over the sphere is 

If now n + 

the mean value over a period T is 

/27rY 

127rcnTj ■ 
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EXAMPLE 


If [«0)? + [w(«)P + [n(«)P= 1 

and L (x, y, z , «, «) = [x - f («)] f («) + [y — i> («)] m (s) + [? - £ («)] n (s) - c (< - s), 
prove that the potentials 


j - ^ r t'l.s t(a)ds 
® 4wj-oo'^ L(x,y,z,t,s) 




m (s) ds 
L (x, y, z, U s) 


-f(r) 






(s) f 


L (x, y, z, t, a) 
ds 


L (x, y, 2 , i, s) 


■/(r) 


471 Jf’ 

Hr) 

47rlf' 


477 Jlf 


are wave-functions satisfying the condition 


div J -f 


c 


0 . 


Show also that in the field derived from these potentials the charge associated with the 
moving point ^ ( t), t? ( t), ^ ( t) is / ( t), the variation with the time being caused by the 
radiation of electric charges from the moving singularity in a var 5 dng direction specified by 
the direction cosines / ( r), w ( r), n{ r). 


§ 2 - 73 . The reciprocal theorem of wireless telegraphy. If we multiply the 
electromagnetic equations 

JSj = — curl {cEf), Cl = curl {cHf) 

for a field {Ei, Hf} hy H 2, — E^ respectively, where {E2, H2) are the field 
vectors of a second field in the same medium, and multiply the field 

equations 4 = - curl (cE^), = curl (cH^) 

for this second field by — Hi, Ei respectively and then add all our equations 

together, we obtain an equation which may be written in the form 

(H2 . Bi) - {Hi . B2) + {El . C2) ~ {E2 . Cl) = cdiv {E2 x Hi) - cdiv {Ei x H2), 

(A) 

We now assume that both fields are periodic and have the same frequency 
01/277. Introducing the symbol T for the time factor and assuming 
that it is understood that only the real part of any complex expression 
in an equation is retained, we may write 

Hi = Thi, . H2 = Th 2 , El = Tei, E2 = Teg, 

Bi^Tbi, B 2 = Tb 2 , Ci=Tci, C2-TC2, 
where the vectors Cj, hi, Cj, etc. depend only on x, y and 2. 

Now let K, fJL and a be the specific inductive capacity, permeability and 
conductivity of the medium at the point {x, y, z) and let a denote the 
quantity {koy -f ia)lc, then we have the equations 

= — iwphiT, B 2 = — i(i}ph2T, — icCiTa, Cg = — ice2Ta, 
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which indicate that the left-hand side of equation (A) vanishes. The 
equation thus reduces to the simple form ♦ 

div (^2 X hj) = div x Ag)- 

This equation may be supposed to hold for the whole of the medium 
surrounding two antennae! if these sources of radiation are excluded by 
small spheres and . An application of Green's theorem then gives 


(62 X dS -f (62 X h^)n dS =1 (e^ x dS -f (e^ x Ji^)^ dS, 

J Ki J Kg J K|^ J 

an equation which may be written briefly in the form 


J II J 2 I ~ *^12 *^2i 


Let the first antenna be at the origin of co-ordinates and let us suppose 
for simplicity that it is an electrical antenna whose radiation may be 
represented approximately in the immediate neighbourhood of O by the 
field derived from a Hertzian vector 11 T with a single component II^T, 

where (c^p^ = kixcu^ -f iapaj — pojac), 


and M is the moment of the dipole. In making this assumption we assume 
that the primary action of the source preponderates over the secondary 
actions arising from waves reflected or diffracted by the homogeneities of 
the surrounding medium. 

Using to denote the value of a at 0 and writing H ' for 311 /dr, (^2 j V 2 ? ^ 2 ) 
for the components of Cg j we have 


*/ii = - iai I {(^2 -f y^) ^2 - xz$2 - yziq^} ^'R~^dS. 

For the integration over the surface the quantities R'^, IV and the 
vector Cg be treated as constants, for is very small and Cg varies 
continuously in the neighbourhood of 0. We also have 


^yzdS = ^zxdS = xydS = 0 , ^x^dS = y’^dS = z'^dS = ^ttR^/Z, 


Therefore 
and, since 

we have finally 


^xdS = 0, = 0, 


xy^dS = 0. 


= - SmaiRm'U^, 
lim Rm' = - 

Jii — 2iai Jill 


Now the rate at which the antenna at 0 radiates energy is 
S = kw^Jiiyi27TV\ F = c {ep)-K 


* H. A. Lorentz, Amsterdam. Akad. vol. iv, p. 176 (1895-0). 

t A. Sommerfeld, Jahrb. d. drahtl. Telegraphies Bd. xxvi, S. 93 (1925); W. Schottky, ibid. 
Bd. xxvn, S. 131 (1926). 
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Assuming that S is the same for both antennae we obtain the useful 
expression ^ ( 1277 )! ^3. 

The integral Jgi is seen to be zero because it involves only terms which 
change sign when the signs of x, y and z are changed. 

Evaluating Jga in a similar way we obtain the equation 

K + ioTj/co) (FiY/Ci)i ^2 = (^2 + 

where are the components, at the second antenna Og, of the vector 

Cl- The amplitudes and phases of the field strength received at the two 
antennae are thus the same when both antennae are of the electric type 
and are situated at places where the medium has the same properties and 
emits energy at the same rate. When the two antennae are both of magnetic 
type the corresponding relation is 

(F2F2®)iyi = 

where a^, jSj , are the components of and ag > P 2 > 72 ^re the components 
of Ag- The antennae are again supposed to be directed along the axis bf 
z but there is a more general theorem in which the two antennae have 
arbitrary directions. 

The relation (A) and the associated reciprocal relation remind one 
of the very general extension of Green’s theorem which was given by 
Volterra* for the case of a set of partial differential equations associated 
with a variational principle. This extension of Green’s theorem is closely 
connected with a property of self-adjointness which has been shown by 
Hirsch, Kiirschdk, Davis and La Paz j* to be characteristic of certain equa- 
tions associated with a variational principle. In the case of the Eulerian 
equation F = 0 associated with a variational principle 81 = 0, where 

^ ~ ^ f [^1 > ^2 > • • • \ \ > ^2 > • * • ^nl dXg • • • 




du dhi 

the equation which is self-adjoint is the 


(r, 5=1,2, ... n), 

‘equation of variation” for v 


^ dF dF dF dF 

^ du ^ dui ^ dUn ^ duii 


+ s»,; 


+ 


* V. Volterra, Rend. Lincei (4), t. vi, p. 43 (1890). 

t A. Hirsch, Math. Ann. Bd. XLix, S. 49 (1897); J. Kiirschdk, ibid. Bd. lx, S. 157 (1905); 
D. R. Davis, Trans. Amer. Math. Soc. vol, xxx, p. 710 (1928); L. La Paz, ibid. vol. xxxir, p. 509 
(1930). 



CHAPTER III 


TWO-DIMENSIONAL PROBLEMS 

§ 3*11. Simple solutions and methods of generalisation of solutions. A 
simple solution of a linear partial differential equation of the homo- 
geneous type is one which can be expressed in the form of a product of a 
number of functions each of which has one of the independent variables 
as its argument. Thus Laplace’s equation 

dx^ dy^ 

possesses a simple solution of type 

V = e~^^ cos m (x — x'), (A) 

where m and x' are arbitrary constants ; the equation 

dv_ d^v 

dt ^ dx^ 

ppssesses the simple solution 

V = cos m {x — x'), (B) 


and the wave-equation 


027^ 027 

dx^ dt^ 


possesses the simple solution 


V ~ ~ sin met cos m (x — x'), 
m 


(C) 


The last one is of great historical interest because it was used by Brook 
Taylor in a discussion of the transverse vibrations of a fine string. It 
should be noticed that the end conditions F = 0 when x = ± a/2 are 
satisfied by a solution of this type only if ma = 2n -f 1, where n is an 
integer. There are thus periodic solutions of period 

T = 27r/mc = 27Taj{2n -f 1). 


If M (m, x') denotes one of these simple solutions a more general 
solution may be obtained by multiplying by an arbitrary function of m 
and x' and then summing or integrating with respect to the parameters 
m and x\ This method of superposition is legitimate because the partial 
differential equations are linear. When infinite series and infinite ranges 
of integration are used it is not quite evident that the resulting expression 
will be a solution of the appropriate partial differential equation and some 
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process of verification is necessary. If, for instance, we take as our generalisa- 
tion the integral 

F = f M (m, x')f(m) dm {t> 0, y > 0), 

Jo 

and distinguish between solutions of the different equations by writing 
V for V when we are dealing with a solution of the second equation and 
y for V when we are dealing with a solution of the third equation, we easily 
find that when / (m) = 1 we have 

F== 

2v = exp [— (x — x')^/4:Kt]y 

y = ~ or 0 according \ x — x' \= ct (t> 0). 

It is easily verified that these expressions are indeed solutions of their 

respective equations. These solutions are of fundamental importance 

because each one has a simple type of point of discontinuity. In the last 

case the points of discontinuity for y move with constant velocity c. 

We may generalise each of these particular solutions by writing F, v 

or y equal to ^ 

I I M (m, x') F {x') dx'dmy 
Jo j -00 

where the integration with regard to x' precedes that with respect to m. 
When the order of integration can be changed without altering the value 
of the repeated integral the resulting expressions are respectively 

r- yF(x')dx' 

]_^{x-xy + y^^ 

2v = (77//c^)i [ exp [— {x — x'Yj4:Kt] F {x') dx\ 

J —00 

jr I* 

2 / = ^ F(x')dx'. 

^ Jx-ct 

The last expression evidently satisfies the differential equation when F (x) 
is a function with a continuous derivative; y represents, moreover, a 
solution which satisfies the conditions 

i/=0, ^ = cttF (x), 

when ^ = 0. 

When the function F (a;) is of a suitable type the functions F and v also 
satisfy simple boundary conditions. This may be seen by writing 

x' = X + y tan {6/2) 
x' — X + 2u 


in the first integral and 
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in the second. The resulting classical formulae 

F = F[x-\-y tan (0/2)] dO, 

V = ttH F [x 2u (/c^)i] du 


suggest that V = ttF (x) when y = 0 and v = ttF (x) when ^ = 0. 

These results are certainly true when the function F (x) is continuous 
and integrable over the infinite range but require careful proof. Tfe 
theorems suggest that in many cases* 

r CO 1*00 

ttF {x) = dm cos m{x — x') F {x') dx' . 

Jo J -00 

This is a relation of very great importance which is known as Fourier’s 
integral theorem. Much work has been done to determine the conditions 
under which the theorem is valid. 

A useful equivalent formula is 

27tF (x) = f dm [ F {x') dx\ 

J —00 J —00 

When F (x) is an even function of x Fourier’s integral theorem may be 
replaced by the reciprocal formulae 

F {x)^ cos mxG (m) dm, 

Jo 

2 r °° 

0 (m) — cos mxF (a;) dx, 

Jo 

and when F (x) is an odd function of x the theorem may be replaced by 
the reciprocal formulae 


f 

F (x) == sin mxH (m) dm, 
Jo 

2 f CO 

N (m) = - sin mxF (x) dx. 
7T Jo 


The formulae require modification at a point x, where F (x) is discon- 
tinuous. If F (x) approaches different finite values from different sides of 

* The theorem is usually established for a continuous function which is of bounded variation 
and is such that j | jP (a:) | dj; and j | F (x) | dx exist. F (x) may also have a finite number of 

J —CO J —UCl 

points of discontinuity at which F {x + 0) and F (x-0) exist but in this case the integral represents 
0) + F {x - 0)]. Proofs of the theorem are given in Carslaw’s Fourier Series and 

Integrals; in Whittaker and Watson’s Modern Analysis; and in Hobson’s Functions of a Real 
Variable, 



Fourier’s Inversion Formulae 207 

the point x the integral is found to be equal to the mean of these values 
instead of one of them. Thus in the last pair of formulae we can have 


J!’ (x) = 1 
= 0 

but the integral gives 


2 

x<<f>, H (m) = -~[1 — cosm], 

TT 

x><f>, 


EXAMPLE 

If 8 (x, t) = {7r/c<)“i exp [— x^l^xt] and / (a:) is continuous bit by bit a sohition of 
= k: which satisfies the condition v = f {x) when t = 0 and — oo < a; < oo , is 

given by the formula 




8 {x-Xa,t)f (Xa) dxo + i 2 [/ {x„) - /(x„)] 


' jo ~ ~ ® ~ 0 ] d(. 


where 2/ (Xn) — / (^n + ^) + / i^n ~ 0) ^^nd the summation extends over all the points of 
discontinuity of / {x). 


§ 3-12. A Study of Fourier's inversion formula. The first step is to 
establish the Riemann-Lebesgue lemmas*. 

Let g (x) be integrable in the Riemann sense in the interval a < x < b 
and when the integral is improper let \ g (x) \ be integrable. We shall 
prove that in these circumstances 

Cb 

lim sin (kx ) . g {x) dx = 0. 

k ->cx) J a 

Let ns first consider the case when g (x) is bounded in the range (a, b) 
and G is the upper bound of \ g {x)\. We divide the range (a, 6) into n 
parts by the points x^, x^,, ... and form the sums 

- a) + 172 {x^ - Xy) + ... Un (b - 
(^1 ~ a) + ^2 {x^ - xf) + ... (6 - 

where are the bounds of g (x) in the interval x^^i < x < so that 

in this interval 


g (x) == gr (Xr.i) 4- (^), | (x) | < Ur - 

Since g^ (x) is integrable we may choose n so large that < c, where 

€ is any small positive quantity given in advance. Now 

j| gr (x) sin jfcxrfxj = S gr^ (x^_i) j sin ix . rfx + 2 (x) sin i;x • dx 

♦ The proof in the text is due to Prof. G. H. Hardy and is based upon that in Whittaker and 
Watson’s Modem Analysis, 
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the summations on the right being from r = 1 to r = n and the integrations 
from to Xr. With the same convention 

I (j (a:) sin kxdx < 2 j (^r-i) • j sin kx .dx -f 2 j {x) dx 
< 2nGlk -f < '^nGjk -f c. 

Keeping n fixed after e has been chosen and making k sufficiently large 
we can make the last expression less than 26 and so the theorem follows 
for the case in which g (x) is bounded in (a, b). When g {x) is unbounded 
and I g {x) | integrable in {a, b) we may, by the definition of the improper 
integral, enclose the points at which g (x) is unbounded in a finite number 
of intervals ij, ... ip such that 

S I \g(x)\doc< e. 

r==- 1 J ir 

Now let G denote the upper bound of g {x) for values of x outside the 
intervals ir and let Cj, Cg, ... Cp^i denote the portions of the interval (a, b) 
which do not belong to ii, ... ipy then we may prove as before that 

g (a:) sin kx . dx < 2 ^ (x’) sin kx , dx -f- 2 \ g (x) sin kx dx 

J a r=-l J er r=^l Jir I 

< 2nGlk -f 26. 

Now the choice of 6 fixes n and (?, consequently the last expression 
may be made less than 36 by taking a sufficiently large value of k. Hence 
the result follows also when g (x) is unbounded, but subject to the above 
restriction. 

Some restriction of this type is necessary because in the case' when g {x) 
is the unbounded function x~^ (1 — for which \ g (x) \ is notintegrable 
in the range (— 1, 1) we have 

J sin kx g (x) dx tt j Jq (t) dr, 

and as A: 00 f Jq (t) dr = f Jq (r) dr = I, 

Jo Jo 

The next step is to show that if x is an internal point of the interval 
(~ a, ^), where a and ^ are positive, and if / (x) satisfies in (— a, j8) the 
following conditions : 

(1) /(x) is continuous except at a finite number of points of dis- 
continuity, and if / (x) has an improper integral | / (x) | is integrable ; 

(2) / (x) is of bounded variation, then 

lira [ ^ ^ dt = ^[f(x + 0)+f(x- 0)] = -nj (x), say. 

k ~^00 J - a t — X L 



Let us write 
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and transform the integrals by the substitutions t = x — u and t = x + u 
respectively, then 

sin k(t-x). . 


r®+^sin ku 
lo 

f sin ku 


[f (x ~ u) — f {x — (^)]du f {x — (S) sin ku . duju 

Jo 

[f(x+u)—f(x+ 0)^du -f /(a: -f 0) [ sin . duju, 

Jo 


Now let c denote one of the two positive quantities a x, ^ ~ x, then 

r c I* A'C fjY 

sin ku . duju = sin v . dvjv -> » as -> oo. 

Jo Jo ^ 

0 

Also, let F (u) denote one of the two functions f {x — u) — f {x ~ 0), 
f (x -h u) — f {x + 0), then jP (0) - 0 and F (u) is of bounded variation in 
the interval (0 < u < c). We may therefore write 

F (u) = (u) - //g (w), 

where Hi (u) and H 2 (u) are positive increasing functions such that 

H, (0) = H, (0) = 0. 

Given any small positive quantity € we can now choose a positive 
number 2 such that 

0 < Hi (U) < €y 0 < H 2 (u) < 6 , 

% 

whenever 0 < < 2 . We next write 


’ rc 

sin ku . F (u) duju = sin ku . F (u) duju 
) Jz 


-f sin ku , Hi {u) duju — sin ku . H^ {u) duju. 

Jo Jo 

Let H (z() denote either of the two functions Hi [u), H^ {u)\ since this 
function is a positive increasing function the second mean value theorem 
for integrals may be applied and this tells us that there is a number v 
between 0 and z for which 

I sin ku . H {u) duju = H {z)\ sin ku . duju I 
Jo Jv I 

= H {z) If sin 5 . dsjs . 

I Jkv 

1*00 • I* 00 

Since j sin 5 . ds/s is a convergent integral, j sins . dsjs has an upper 
bound B which is independent of r and it is then clear that 
If sinku .H (u) duju j < 2BH {z) < 2B€. 


14 
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By the first lemma k may be chosen so large that 


sin ku . F (u) duju 
and so we have the result that 


'i; 


<€, 


It now follows that 


lim f sin ku . F {u) duju = 0. 
k ->00 Jo 

lim r — = |r/(^ + 0) +/(a;- 0)]. 

k — >00 J —a V X ^ 


To extend this result to the case in which the limits are — oo and oo 
we shall assume that for x> ^ 

f (x) = Pi (^) - Pi (x), 

where Pj (x) and (x) are positive functions which decrease steadily to 
zero as x increases to oo. A similar supposition will be made for the range 
X < — a, the positive functions now being such that they decrease steadily 
to zero as x decreases to — oo. Since 


PAt) 

t- x’ 


{x< P<t<y) 


is a positive decreasing function oi t iov t> ^ we may apply the second 
mean value theorem for integrals and this tells us that 

p — 5.) p (t) dt = f sin k{t — x)dt + [^sin k(t — x) dt, 

J/3 t-x y-^Ji 

(fi< $< y). 

Now let \Pi{x)\< M for x> then 


'y sin k (t— x) 
^ t X 


Pi (t) dt 


M 


r/c($-r) I I rA:(y-a:) 

sin udu I -f sin udu 

JatO-x) I |J/,(^-j:-) 


k(P — x) 

< 4Mlk (jS — cr). 

By making k large enough we can make 4M/k (j8 — x) as small as we 
please ; moreover, this quantity is independent of y, and so we can conclude 
that 


lim f” 

k-^OOJfi 


sink (t — x) 
t — x 


Pi (t) dt - 0. 


Similar reasoning may be apphed to the integral involving Pg (0 
to the integrals arising from the range t< — a. It finally follows that 

““ I" 

k — >cx) J —CO *' 

tt/ (x) = lim [ dt\' cos s(t — x)f (t) ds. 
k-^00 J — 00 Jo 


or 
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To justify a change in the order of integration it will be sufficient to 
justify the change in the order of integration in the repeated integral 


dt cos s it ~ x) Pj (^) ds, 

Jq Jo 

where q> for the other integral with limit — oo may be treated in the 
same way and a change in the order of integration for the remaining 
integral between finite limits may be justified by the standard analysis. 
Now let us assume that 


exists, then 

k 

COS s(t~x) Pj {t) ds 


■ CO '• A- 

dt ( 

J q Jo 



(A) 



oo 

COS s (t — x) Pi {t) dt 
q 


< 2k 



dt. 


But, since the integral (A) exists we can choose q so large that 

(" Pi (t) dt 

Jq 

is as small as we please. The order of integration can therefore be changed 
and so we have finally 

_ r 00 r oo 

Trf (x) = COS S (t — x)f (t) dt. 

Jo J -oo 


The assumptions which have been made are: 

(1) For X > p, f (x) ~ Pi (x) — P 2 (x), where Pj (x) and Pg (a:) are 
positive decreasing functions integrable in the range (jS, 00). 

(2) A corresponding supposition for x < — a. 

(3) f (x) of bounded variation in a range enclosing the point x. 

(4) / (a;) discontinuous at only a finite number of points in (—a, jS) 
and \ f {x) I integrable in (— a, /8). 


§ 3-13. To illustrate the method of summation we shall try to find a 
potential which is zero when x == 0 and when x = 1. We shall be interested 
here in the case when the potential has a logarithmic singularity at the 
point X = x', y = 0, 

We first note that M {m, x') is a simple combination of primary 
solutions and by an extension of the method of images used in the solution 
of physical problems by means of primary sohitions we may satisfy the 
boundary condition at a; == 0 by means of a simple potential of type 
M (m, x') — M (m, — x'). This can be written in the form 

2 e-mv (mx) , sin (mx')y 

and it is readily seen that the boundary condition at a: = 1 may be satisfied 
by writing m = mr, where n is an integer. We now multiply by a function 


14-2 
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of n and sum over integral values of n. To obtain a series which can be 
summed by means of logarithms we choose / {n) = Ijn so that our series is 

CO I 

K = £ - g-nrry 


If y > 0 the sum of this scries is* 


V ^ I log 


cosh (iry) — cos n {x i- x') 


’ cosh (ny) — cos TT {x ~ x') ' 

To extend our solution to negative values of y we write it in the form 

cn 2 

r — £ sin (nirx) sin {mrx'). 

71 == 1 ^ 

The expression for V may be written in an alternative form 

y^ 4- (:r + x' -f 2n)“ 

4- 2/i)2 

which shows that it may be derived from two infinite sets of line charges 
arranged at regular intervals. 

This expression shows also that the potential V becomes infinite like 


V - i £ log ■ , , 

- 1 4* {x 


- I log [{x 


-f y^] in the neighbourhood of x = x\ y = 0, it thus 


possesses the type of singularity characteristic of a Green’s function and 
so we may adopt the following expression for the Green’s function for the 
region between the lines x = 0, x ^ I, when the function is to be zero on 

these lines 00 2 

G (x, x' ; i/, y') == £ - e sin (?iTr:r) sin (?i7r:r'). 

A corresponding solution of the equation 

d'^U dHJ ^ 

dx^ oy^ 

is obtained by writing 

^xp [— I y — y' I ~ 

in place of exp [— nir \ y — y' \ ] 

and 271 1 (n'^ — k^/ir^) 

in place of the factor 2/71, 

§ 3 * 14 . As another illustration of the use of the simple solutions of 
Laplace’s equation we shall consider the problem of the cooling of the fins 
of an air-cooled airplane engine when the fins are of the longitudinal type. 
The problem will be treated for simplicity as two-dimensional. 

A fin will be regarded as rectangular in section, of thickness 2 t, and of 
length a. Assuming that the end a: = 0 is maintained at temperature 0q by 
the cylinder of the engine and that it is sufficient to assume a steady state, 

020 dw 

the problem is to find a solution of -f = 0 and the boundary con- 

* See, for instance, T. Boggio, Rerid, Lombardo (2) 42:611-624 (1909). 
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ditions * ^ along ^ = 0, ^ ~ along y = r, ~ 


a. 


— qd along 


The first two of these three conditions are satisfied by writing 

00 

e = I, cosh [5„ (x - c„)J cos (s„,y), ks,„ t tan (s,„ t) = q. 

m - 1 

This equation gives oo^ values of and when has been chosen the 
corresponding value of is given uniquely by the equation 

ks^ tanh [s,^ (c^ ~~ a)] = q 

which will ensure that the third condition is satisfied. 

To make 0 = 6q when x = 0 we have finally to determine the constant 
coefficients A^ in such a way that 

oc 

00 = S v4„ cosh (s^cj cos {s,^y). 

/// = !• 

This may be done with th^ aid of the orthogonal relations 


‘t 

cos {ys^) cos (ys„) dy = 0, 

0 

T r sin(25„T)' 

2L 2s„t' J’ 


7n n 

m = n. 


Therefore 


0=4^0 2 


^m= 40osech 
ks^ cosh (x — a) 


sin (s^t) 


2s^t + sin (25 ,,, t)’ 
q sinh {x — a) 


' r 1 -1 n • COSll ?/ ) Sffi ( 5 „, t). 

rAi»i cosh 5,„a -I- g sinh 5,„a] [25,„ T -f Sin 25,„ t] 

Harper and Brown derive from this expression a formula for the 
effectiveness of the fin, which they define as the ratio /////q, where 


Hq ^ 2q [a r) Oq, H ^ q ddS. 


For numerical computations it is convenient to adopt an approximate 
method in which the variation of 0 in the y direction is not taken into 
consideration. Results can then be obtained for a tapered fin. 

The approximate method has been used by Binniet in his discussion 
of the problem for the fins of annular shape which run round a cylinder 
barrel. 


§ 3*15. For some purposes it is useful to consider simple solutions of 
a complex type. Thus the equation 

dv d^v 
dt ^ dx^ 

♦ The formal solution is obtained by D. R. Harper and W. B. Brown {N.A.C.A, Report, 
No. 168, Washington, 1923), but is not used in their computations, 
t Phil. Mag. (7), vol. ii, p. 449 (1926). 
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is satisfied by v ~ 

if = < 7 . Retaining only the real part we have* 

V = Ae~^^ cos (at — ^x). (A) 

This solution is readily interpreted by considering a viscous liquid which 
is set in motion by the periodic motion of the plane a: = 0, the quantity 
V being velocity in one direction parallel to this plane (§ 2-56). The pre- 
scribed motion of the plane a; = 0 is 

V = A cos at = F, say. 

The vibrations are propagated with velocity a/j3 in the direction per- 
pendicular to the plane but are rapidly damped, for the amplitude diminishes 
in the ratio' wave travels a distance of one wave-length 27r/jS. 

For an assigned value of a this wave-length is very small when v is very 
small, when v is assigned the wave-length is very small if a is very large. 

The equation (A) has b.een used by G. I. Taylorf'to represent the range 
of potential temperature at a height x in the atmosphere, the potential 
temperature being defined as usual, as the temperature which a mass of 
air would have if it were brought isentropically (i.e. without gain or loss 
of heat and in a reversible manner) to a standard pressure. 

The following examples to illustrate the use of the solution (A) are 
given by G. Green J. 

Suppose that two different media are in contact, the boundary surface 
being x ^ a and the boundary conditions 

for* = o. 

Let there be a periodic source of “plane-waves” on the side x, then 
the solution is of type 


cos {at — PiX) -f- cos {at Pi(x — 2a)], x< a, 

V 2 = cos [at — i 82 ^ 

where c = a [1 - = (or/2vi)i, ^2 = 

pA = \/v2 - K 2 \/v^, pB = V*^2» P ^ V^2 + ^2 V^I- 

There is, of course, the physical difficulty that the expression for the 
incident waves becomes infinite when x = — co. 

If we take the associated problem in which the incident waves corre- 
spond to a periodic supply of heat q cos at at the origin, the solution is 

Vi-={q/2Ki)(vJa)^[e-^i^cos(kt~pj^x-7T/4)-\-Ae^i^^-^^^cos{kt+PiX—2ap^—7T/4t)]y 

V2^{ql2K2) cos (kt - -f jSaC - 7r/4), 

where A and B have the same values as before. It is noteworthy that A 

* The theory is due to Stokes, Papers, vol. m, p. 1 . See Lamb’s Hydrodynamics, p. 686 . 
t Proc, Roy. Soc. London, A, vol. xciv, p. 137 (1918). 
t G. Green, Phil. Mag. (7), vol. ill, p. 784 (1927). 
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and B are independent of a and that when the expressions in these solutions 
are integrated with respect to a from 0 to oo the physically correct solution 
for the case of the instantaneous generation of a quantity of heat q at the 
origin at time ^ = 0 is obtained in the form 

r (2a - x)* 

t;, = {ql2K,) [e~^^‘ + Ae~ J , 

{x-c f 

'0% = {?/2^2) . 


EXAMPLES 

1. In the problem of the oscillating plane the viscous drag exerted by the fluid is, per 
unit area, 

— -f- ” — /xjS (sin at — cos at). 

[Rayleigh.] 

2. Discuss the equations 

du - d^u 

dv d-v 

o) => Q sin <^, (<f> a constant), 

where 12 is a constant representing the angular velocity of the earth, and <{> is the latitude. 

[V. W. Ekman.] 


§ 3*16. The solution (A of § 3* 15) may be generalised by regarding A 
as a function of ^ and then integrating with respect to /3. 

A solution of a very general character is thus given by 

V = I cos [jSo: — 2i/j32^] cf> (j8) dfi 
Jo 

+ f sin l^x — 2vfiH] tp (j3) djS, 

Jo 

where (p (fi) and ip (j8) are arbitrary functions of a suitable character. 
Solutions of this type have been used by Rayleigh and by G. Green. 

Some useful identities may be obtained by comparing solutions of 
problems in the conduction of heat that are obtained by two different 
methods when the solution is known to be unique. 

For instance, if we use the method of simple solutions we can construct 
a solution „ 2 . 

77 fia, —00 Jo 

which is periodic in x with the period 2i7. 

When t = 0 the series is simply the Fourier series of the function / (a;) 
and the inference is that with a suitable type of function / {x) our solution 
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is one which satisfies the initial condition v = f (x) when t — 0. Now such 
a solution can also be expressed by means of Laplace’s integral 

J — CO 

and this may be written in the form 

{x-‘ + 2 nn)^ 

v=(vt7r)-i I ) e" ” 

-oo Jo 


When the order of integration and summation can be changed, a comparison 
of the two solutions indicates that , 


CO 00 

2 em(a;-f)-n2W ^ ^ 6 

n “=— 00 


(x + 
Tvt 


This identity, which is due to Poisson, has recently, in tha hands of 
Ewald, become of great importance in the mathematical theory of electro- 
magnetic waves in crystals. The identity can be established rigorously in 
several ways : 

(1) With the aid of Fourier series. 

(2) By the calculus of residues. 

(3) By the theory of elliptic functions (theta functions). 

(4) By means of the functional relation for the ^-function, Riemann’s 
method of deriving this functional relation being performed backwards. 

An elementary proof based on the equations 

( X 

^ ^ n) asn->oo \lxn->x, (1) 

^ ^ ^ j -> 7r“i as 71 cx) if x (2) 

has been given recently by Polya*. 

We have 2"~^ < ti ! for ?i = 1, 2, 3, ... and so, for 0< x< 1, 


e2* = 1 + + ... < 1 + 2* + 2*2 + ... = Lt5. 

Also, for 0< j, 

1 *4" X 2^!^ 7^^ 

== 1 -f 2x -f 2x2 ^ 1 2.T -f 2x2 g2a; + x3^ 

1 — X 1 — X 3 

1 — X 

Therefore ^ g~2x 

1 “T* X 


* G. P6Iya, Berlin, Akad. Wiss. Ber. p. 158 (1927). 
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On account of the symmetry of the binomial coefficients it is sufficient to 
prove (2) for r> 0. In this case , 2 \ / r — l\ 

\ ~ " n) - V ~ ~ir) 

\n + rj \n 


n + r 




< »i2-- (2;) 


g-r(r-l)/n . 




the upper estimate in (B) having been applied. A use of the lower estimate 
gives an analogous result, which, on account of the fact that r^n~^ -> 0, com- 
pletes the proof of (2). 

Putting X = zco*' = in the identity 


m / 2n) \ 


we obtain 


S [(V(zoj-) + ■■ 

-l<2u<l 


2m 


k 

Z S . 


) 2*’', 


where k — [m/Z] is the integral part of m/Z. 

Now let s be an arbitrary fixed complex number and t a fixed real positive 
number. Putting Z = V[(^0]> 2 : = and dividing the series by 2‘‘^”», we obtain 
the relation 


2 cosh^" 


/S + 27TiV\ 

= 2 { 

) 



( 54 - 27TivY 
'’8Z2 


4/* 


_ y [V Zm] / 2^>^ \ 


.(C) 


2*”’ Vw + [v 

Applying the limit (1) on the left and (2) on the right we finally obtain 

8 + 2Triv 

00 

2 


41 


e " =2 VW’’-) 

V— — 00 — 00 

which is a form of Poisson’s formula. 

To justify the limiting process which has just been performed in which the 
limit is taken for each term separately, it is sufficient to find a quantity inde- 
pendent of m which dominates each term in each series. 

There is little difficulty in finding a suitable dominating quantity for the 
terms on the right-hand side, but to find a suitable quantity for the terms on 
the left-hand side of the equation P61ya finds it necessary to prove the following 
lemma. Given two constants a and b for which a > 0, 0 < 6 < tt, we can find 
two other constants A and B such that A > 0, B > 0 and 

I cosh z I < 

when — a<x<a, — b<y<h and z = x + iy. We have, in fact, 

I cosh z |2 = ^ (1 4 - cosh 2x) — sin^y, 
but, for — a < a; < a, we have 

00 4nrt2n-2^2 

^ <1 4- cosh 2a:) < 1 -f J 2 — ^ say. 


n-l 


( 271 ) ! 
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On the other hand, since sin yjy decreases as y increases from 0 to tt, we have 
for — b< y< by 

sin y sin b /kt; /^ 

— - > -j— = V25, say, V2B > 0. 
y b ’ 

It follows from the inequalities that have just been established that 
I cosh 2 |2< 1 + 2Ax^ - 2By^< 
and this proves the lemma. 

To apply the lemma to the series (C) we note that in the first member 

I TTvjl I < 7r/2, 

we therefore take b = 77 / 2 . 

If 8 is real, the sum in the first member of (C) is dominated by the series 

* Af^m 2BTr^v^m 

I 

V— — 00 

It is easy to dominate this series by one free from m. The case in which 
8 is not real can also be treated in a similar manner. 

V 

EXAMPLES 


1. If 


7: 


[cos (x9) — sm (xd)] cos dOy 


Q =s j [cos (x9) + sin (a:^)] sin (2Kt9^) d0, 

J 0 


show by partial integration that 
Show also that, as ^ 0, 


xP = — 2Kt 1^, xQ = — 2Kt 1^. 


and that consequently 


4P 40 -> rri {KtrK 


2. If 


prove that 


«-/: 


cos {y^ 

e-2ay gjjj 


a*) dy, 
a2) dyy 


C-hS^ V(7r/2), 


C -8 = 2 

J 0 


[G. Green.] 


§ 3-17. Conduction of heat in a moving medium. When the temperature 
depends on only one co-ordinate, the height above a fixed horizontal plane, 
and the vertical velocity of the medium is w, the equation of conduction is 


dd . de d^e 

dt ^ dy ^ dy^' 


(A) 


where k is the diffusivity. When v is constant the equation possesses a 
simple solution of type 


d = /Lt -f vA = kA^, 



Conduction in a Moving Medium 219 

which may be generalised by summation or integration over a suitable set 
of values of jn. In particular, if we regard d as made up of periodic terms 
and generalise by integration over all possible periods, we obtain a solution 

0=1 [/ («) sin (by at) g (a) cos (by + at)] da, 

No- 
where 2fca = V — w, bw — — a, 

2w^ = ?;2 4- (^2 _|. 16/ca^)l, 

and / (a), g (a) are suitable arbitrary functions. The integral may be used' 
in the Stieltjes sense so that it can include the sum of a number of terms 
corresponding to discrete values of a. 

When V varies periodically in such a way that v = u (1 4 - r cosa^), 
where u, r and a are constants, a particular solution may be obtained by 

6 = (B) 

where / (^) is a function which is easily determined with the aid of the 
differential equation. When v is an arbitrary function of t the equation 
(A) has a simple solution of type 


Q = -/txiej - ic«*t 

which may be generalized into 

t J — oo 

where F(s) is a suitable arbitrary function of s. 

The-solution (B) has been used by McEwen* for a comparison of the 
i'osults computed from theory with the results of a series of temperature 
observations made off Coronado Island about 20 miles from San Diego in 
California. The coefficient k is to be interpreted as an “eddy conductivity” 
in the sense in which this term is used by G. I. Taylor. This is explained 
by McEwen as follows : 

At a depth exceeding 40 metres the direct heating of sea water by the 
absorption of solar radiation is less than 1 per cent, of that at the surface. 
Also, the temperature range at that depth would bear the same proportion 
to that at the surface if the variation in rate of gain of heat were due only 
to the variation in this rate of absorption. The direct absorption of solar 
radiation cannot then be the cause of the observed seasonal variation of 
temperature, which amounts to 6^ C. at a depth of 40 metres and exceeds 
1° at a depth of 100 metres. Laboratory experiments show, moreover, 

♦ Ocean Temperatures, their relation to solar radicUion and oceanic circulation (University of 
California Semicentennial Publications, 1919). 
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that the ordinary process of heat conduction in still water is wholly in- 
adequate to produce a transfer of heat with sufficient rapidity to account 
for the whole phenomenon. It is now generally recognised that a much 
more rapid transfer of heat results from an alternating vertical circulation 
of the water in which, at any given instant, certain portions of the water 
are moving upward while others are moving downward. The resultant 
flow of a given column of water may be either upward or downward, or 
may be zero. The motion may be described as turbulent and a vivid picture 
of the process may be obtained by supposing that heat is conveyed from 
one layer to another by means of eddies. This complicated process produces 
a transfer of heat from level to level which, when analysed statistically, 
will be assumed to be governed by the same law as conduction except that 
the ‘‘eddy conductivity” or “JMischungsintensitat ” will depend mainly 
on the intensity of the circulation or mixing process. 

An equation which is more general than (A) has been obtained by 
S. P. Owen* in a study of the distribution of temperature in a column of 
liquid flowing through a tube. 

Assuming, as an inference from Nettleton’s experiments, that the shape 
of the isothermals is independent of the character of the flow, Owen con- 
siders an element of length fixed in space and estimates the amounts 
of heat entering and leaving the element across its two faces perpendicular 
to the y-axis to be 

A[-k^^^ + psve\, 

and A\^-k^-{e + 8y) + psv (d + -¥Ep[e- hj 

respectively, where A is the area, p the perimeter of the cross-section of 
the tube, 0 the temperature of the element, E the emissivity, k, p and s 
the thermal conductivity, density, and specific heat of the liquid respec- 
tively, and where 6q is the temperature of the enclosure which surrounds 
the tube. 

Owen thus obtains the equation 

^ dy^ ~ 0y| - Ep (6- do) 8y = Aps 8y, 


or 

where 


dy^ dy Aps'^ 
~ kjps. 


^o) — 


dd 

dt’ 


EXAMPLES 

1. Prove that a temperature 6 which satisfies the equation 
and the conditions 

0 = 0 when j/ = 0, 0 = 0, when 2 / =. 6, 0 = 0 when < ■ 

• Proc. London Math. Soc. vol. xxni, p. 238 (1925). 


■ 0 , 
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is given by the formula 

. . re®*/* - 1 2 “> 

/J — P I V 


(nnlb)'^ + {vI2k)^ 

X sin (vinjlb) + 

[Somers, Proc. Phys. Soc. London, vol. xxv, p. 74 (1912); Owen, loc. citS\ 

2. If in the last example the receiver is maintained at a temperature which is a periodic 
function of the time, so that the condition 0 = 0^ when y — b is replaced hy 0 — S cos a>t 
when y = h, the solution is 

0 = Bev(y-b)l2K (cosh 2nh — cos 2mb)~^ [(cos mi cosh nrj — cos mrj cosh ni) cos cot 
— (sin mi sinh nr) — sin mt) sinh ni) sin iot\ 


where 


4- 2e6-2 2 (-)Pev(y-b)l2K {p7ra^2/[2a/ + (< o / k )^]} 


i = y ~ b , 17 = 2/ 4- a,^2 ^ { pTrlb )^ 4- (v2/4«:2), 

™ = [(vI2kY + (<«/«)n {i tan-‘ (A.Kwjv-^)}. 

§ 3-18. Theory of the unloaded cable. Consider a cable in the form of a 
loop (Fig. 13) having an alternator A at the sending end and a receiving 
instrument B at the receiving end. 

We shall suppose that the alter 
nator is generating a simple periodic 
electromotive force which may be 
represented as the real part of the 


$ 




FiK. 13. 


expression where E and n arc constants. Naturally, we arc interested 
only in the real part of any complex quantity which is used to represent 
a physical entity. 

Now, if Chx is the capacity of an element of length hx with regard to 
the earth, the capacity of a length hx with regard to a similar element in 
the return cable must be ^C8x. Hence, if Iq is the current in the alternator 
and Fq the potential difference of the two sides of the cable at the sending 
end. 


df' 


dh 

dx 


Now Fq is the difference between the generated electromotive force 
Ee^^^ and the drop in voltage down the alternator circuit and a capacity 
Cq in series with it, consequently we have the equation 

^0 + -^ 0-^0 + Q ^ Vq — Ee^^K 

Assuming that I can be expressed as the real part of X (x) and 
that I ^ Iq at the receiving end, we find on differentiating the last equation 
with respect to t and multiplying by Co , 

(1 - C^L,7i^ 4- inC,Rf) h + ^0 ^ inCoEe^-K 
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Hence the boundary condition at the sending end is 

- 2 = inCEe^^* 


where KCq = (7 (1 — CqLqU^ -f inC^Ro). 

Similarly, if is the current at the receiving end and if the receiving 
apparatus is equivalent to an inductive resistance (ij, Ri) in series with a 
capacity , we have the boundary condition 


where = (7(1 — CiLiU^ -h inC^R^). 

Assuming that there is no leakage, the differential equation for / is * 


dt ^ dP ~ 3x2’ 


(A) 


and if X ^ cos fx {I — x) sin /x (^ — x), 

where I is the distance between the alternator and receiving instrument, 

and /li, are constants to be determined, we have 

^2 _ (7 ^ inR). 

Writing /i = a + where a and ^ are real, we have 
^2 _ ^2 _ LCn^, 2ap — — CRn, 
and so, if R^ + = G^, we have 

2 a 2 =. Cn(G-h nL), 2^^ = Cn (G - nL). 

When nL is large in comparison with R we may write 

G — nL == R^I2nL, 

and we have 

a^nViCL), p^iRV(CIL), 

the wave-velocity being (CL)-^. In this case the wave-velocity and 
attenuation constant are approximately independent of the frequency, 
consequently a wave-form built up from waves of high frequency travels 
with very little distortion. 

The constants and iCg are easily determined from the boundary 
conditions and we find that 


FK^ - 2i^nCE, FK^ = ih^nCE, 
where F = (h^hi — 4/22) sin -f- 2/x {h^ -f k^) cos fxl. 

When E == 0 the differential equation possesses a finite solution only 
when F = 0 and this, then, is the condition for free oscillations. The roots 
of the equation F — 0, regarded as an equation for n, are generally complex. 


* Our presentation is based upon that of J. A. Fleming in his book, The propagation of electric 
currents in telephone and telegraph conductors. 
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This may be seen by considering the special case when (^o = C'l = This 
means that there are short circuits in place of the transmitting and re- 
ceiving apparatus. 

We now have Aq = 1^^ sin fil = 0, and if we satisfy this equation 

by writing /xZ = sit, where s is an integer, the equation 
5^2 = = l^C (n^L - inR) 

gives complex values for n. 

When Rq=^ Ri = R the roots of the equation for n are all real. This 
may be proved with the aid of the following theorem due to Koshliako v ♦ . 

m n 

Let <l>o + iifio = S m, log (z - z.) - S k, log (z - Q 

8=^1 S -1 

be the complex potential of the two-dimensional flow produced by a 
number of sources and sinks, the sources being all above the axis of z and 
the sinks all on or below the axis of x. 


Writing -f ib^, 

where a^, 6^, r]^ are all real, we shall suppose that 

bs > > 0, ks> 0. 

Now suppose that when z is real and complex 

where / {z) and g (z) are real when z is real. If we superpose on the flow 
produced by the sources and sinks a rectilinear flow specified by the stream- 
function = a: — y tan the stream -function of the total flow is 
^ = *Ao + *Ai i'he points in which a stream-line ifj = 6 cuts the axis of 
z are given by the transcendental equation 


or g (x) cos {x — d) f (z) sin (z — 0) = 0. 

We wish to show in the first place that the roots of this equation are 
all real. Writing 


G (z) -f iF (z) = n 


(z 


ibsY 




s-1 {x- L + ’ 

(a: - o, + 

"i (* - ^8 - ivs 
we have G (x) + iF (x) = e‘**-** [/(x) + ig (x)], 

O (x) — iF (x) = e' ig (^)] > 

F (x) = f (x) sin (x ~ 6) + g (x) cos (x — d), 
O (x) — f (x) cos {x — 0) — g (x) sin (x — 6). 


* Mess, of Math. vol. lv, p. 132 (1926). Koshliakov considers only the case m, ~ I, k, = 0 
without any hydrodynamical interpretation of the result. 
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X + iy is a root of the equation F (z) — 0, we have for 


g.o-o) n 


(2 - a, - ibs)” 




(2 — flj + ibg 


»-i (2 - " s'-i {z- L - ' 

Now let and be the moduli of the expressions on the two sides 
of the equation, then the equation tells us that but 

[(x - a,Y + {y - b,YY^ 




[(X - + (2/ + ^a)T' ’ 


MJ = 11 


[(X 


+ iy 

[(X- + iy- 

and from these equations it appears that y > 0, while if 

1/ < 0, MY > MY- Hence we must have y = 0, and so the roots of the 
equation F (2) = 0 are all real. 

Let us next determine the effect on the roots of varying the value of d. 
If X is a real root of the equation F (x) = 0, we have 

(dxjdd) ( /' (x) sin (x — 6) + g' (x) cos (x — d) G (x)] = 0 (x), 

cos (x — 6) sin (x — d) _ 1 

fix) ‘ -g(x) 0 ix)' 

therefore (dx/dd) [/ (x) g' ix) - f ' (x) g (x) + {G (x)}^] = [G (x)]*. 


but 


Now 


ig' (x) ^ « 


fix) 

f (X) f- ig (X) 

/' (^) - igfix) 

f (x) - ig (x) 

therefore 

fix)g' (x)- f' {x)g{x) 


S^l 

n 

-= 2 


rris 

— ib. 


k. 


- ^s + iy 
nG_ 

,“1 Vx — a, + ib, X - - iy. 


= 2 




(x — -f’ 65“ ^ {x 


k.sVs 




The right-hand side is clearly positive and so dx/dd is positive for all 
real values of 6. This means that when x increases, the point in which the 
stream-line meets the axis of x moves to the right (i.c. the direction in 
which X increases). 

If we increase 6 by |7r, F (x) is transformed into — G (x), and if we add 
another ^tt to 6, the function — G (:r) is transformed into — F (.r), conse- 
quently we surmise* that the roots of F (x) =- 0 are separated by those of 
G {x) = 0. To prove this we adopt Koshliakov’s method of proof and 
calculate the derivative 


d F (x) _/ (x) g' (x) - /' (x) g (x) + [F (x)]^ + [G (x)]* 
dxG{x)' [G'(x)P ■ 

This is clearly positive for all values of x and infinite, perhaps, at the 
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roots of O {z) — 0. It is clear from a graph that the roots of F (x) are 
separated by those of G {x) — 0, for the curve 

F(x) 

y^Gix) 

consists of a number of branches each of which has a positive shape. 

In Koshliakov’s case when = 0, == 1 the functions / {x) and g (x) 

are polynomials such that the roots of the equation / (x) + ig {x) — 0 are 
of type 2:5 = ag + ibg, where 63 > 0. The associated equation jF (x) = 0 is 
now of a type which frequently occurs in applied mathematics. In par- 
ticular, if ^ g (x) = (^3, + x, 

the roots of the equation / {x) + ig {x) = 0 are ijSj and so we have 

the result that if and ^2 ^^^e both positive, the roots of the equation 

(^1 + ^2) ^ cos {x — 6) (^1^2 — sin (a; — 0 ) = 0 (B) 

are all real and increase with 6, 

The theorem may be applied to the cable equation by writing this in 
the form ^ _l_ _ ^2 + Aj)} 

T>an fii — - V ^2. ^ 2\ a'.: 2> 


r 7 - + yi - + K)} 

tan _ ^^2) - 4 ^^’ 

yo^o = yi^i — 1^0= -\)i, -t'l = Aji. 


where yo^o = yi^'i == C', i^o = KL, = Aji. 

Now 

(yo - Ao/x 2) (yi - Ai/x2) _ 4^2 {yo + - ^2 ^ 

= (yo + 2 i/>t - Ao/x^) (yi + 2 f/x - Aj/x^), 
and when the expression on the right is equated to zero, the resulting 
algebraic equation for /x has roots of type a -h ib, where b is positive, hence 
Koshliakov’s theorem may be applied and the conclusion drawn that /xZ 
is real. Since in the present case /x^ = CLn^, the corresponding value of 
n is also real. 

When 0 0, X = col, Pi -= ^2 ^ l^he equation (B) becomes identical 

with the equation ^ 

which occurs in the theory of the conduction of heat in a finite rod, when 
there is radiation at the ends, into a medium at zero temperature. 

The equations of this problem are in fact 

dv d^v j 

07 = " 0 ^^’ 

V =■- f (x), for Z = 0, 


— — h = 0 at a; = 0 , — f- == 0 at a: = Z, 

dx ' dx 

and are satisfied by 

V = [A cos cox B sin cox] 
if — coB + hA — 0, 

CO (B cos col — A sin col) h{B sin col A cos col) = 


15 
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Eliminating AjB the equation (C) is obtained. The problem is finally 
solved by a summation over the roots of this equation, the root w = 0 
being excluded. 

Equations similar to (A) occur in other branches of physics and many 
useful analogies may be drawn. In the theory of the transverse vibrations 
of a string we may suppose that the motion of each element of the string 
is resisted by a force proportional to its velocity*. The partial differential 
equation then becomes 

dt^ ^ di~ dx^’ 

which is of the same form as (A) if fc = RjL, = l/LC. 

An equation of the same type occurs also in Rayleigh’s theory of the 
propagation of sound in a narrow tube, taking into consideration the 
influence of the viscosity of the mediumf. 

Let X denote the total transfer of fluid across the section of the tube 
at the point x. The force, due to hydrostatic pressure, acting on the slice 
between x and x + dx, is 

-8£dx^a^pdx^,, 

where S is the area of the cross-section, p is the pressure in the fluid, p is 
the density and a is the velocity of propagation of sound waves in an 
unlimited medium of the same material. 

The force due to viscosity may be inferred from the investigation for 
a vibrating plane (§3-15), provided that the thickness of the layer of air 
adhering to the walls of the tube be small in comparison with the diameter. 
Thus, if P be the perimeter of the inner section of the tube and V the 
velocity of the current at a distance from the walls of the tube, the tan- 
gential force on a slice of volume Sdx is, by the result of (§3-15, Ex. 1), 

equal to ( I dV\ 

-PdxV{\npp.){v + 


S^dx 

ox 


where w/27r is the frequency of vibration. 

' “dX 

Replacing FjS by we can say that the equation of motion of the 
fluid for disturbances of this particular frequency is 


-^{^npp ) . Pdx 


1 a*x 

n d p . 


= o*/> 


K2npJ) 

^ dx»- 


P /np\i dX 


* Rayleigh, Theory of Sound, vol. i, p. 232. 


t Ibid, vol. n, p. 318. 
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This equation has been iised as a basis for some interesting analogies 
between acoustic and electrical problems*. We shall write it in the abbre- 
viated form _ d^X 

^ dt “ “ dx^ ' 


Rayleigh’s equation has been used recently by L. F. G. Simmons and 
F. C. Johansen in a discussion of their experiments on the transmission of 
air waves through pipes|. 

At the end a; = 0 the boundary condition is taken to be 

X — Xq sin {nt), (D) 

and a solution is built up from elementary solutions of type 

X = 

where = — Hn^ -{- iKn. 

Since m is complex, we write m = a 4- i/S. A solution appropriate for 

dX 

a pipe of length I with a free end (x = 1) at which = 0 is 

X = A sin (nt — j3x) -f- sin (nt — ^x')} 

4 - C {e-^ cos (nt — ^x) 4- cos (nf — ^x')}, 
where x^ — 21 — x, and where the constants A, C are chosen so that 
Aq = A {1 4- cos 2j3Z} 4- sin 2j3Z, 

0 = — Ae-^^ sin 2^1 + (7 {1 4- cos 2^1 } . 

These equations give 

AF = (1 4- cos 2^1) Xq, C = sin 2j3Z . Zo, 
where F — 1 4- 2 e"' 2 ai 2^1 + e~-^K 

In the case of a pipe with a fixed end the boundary condition is X = 0 
at a; = Z, anc we write 

X = A [e-*® sin (nt — px) — sin (nt — jSx')] 

4- C cos (nt — px) — cos (nt — px')]. 

The boundary condition (D) is now satisfied if 

Xo = A {1 ~ cos 2pl} - cos 2j8Z, 

0 = Ae~2*^ sin 2^1 4- G {1 — cos 2^1 } . 

Therefore 

G^A = (1 - cos 2^1) Xq, GC ^ - X^e-^^ sin 2j8Z, 
where © = 1 — cos 2^1 4- e-^K 


♦ See a recent discussion by W. P. Mason in the BeU System Technical Journal, vol. vi, p. 268 


(1927). 

t Advisory Committee for Aeronautics, vol. n, p. 661 (1924-6) (R.-M. 967, Ae. 176). 
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If y denotes the ratio of the specific heats for air, the pressure at any 
point exceeds the normal pressure Pq by the quantity 

di 

P-Po==-Poyg^> 


where X = The excess pressure at the fixed end is consequently 
p - Po = ypo {a^ -f sin {nt - pi -h ^), 


where 


tan (f) == 


PA + aC 
a A 


The following conclusion is derived from a comparison of theory with 
experiment : 

‘‘Marked divergence between observed and calculated results shows 
that existing formulae relating to the transmission of sound waves through 
pipes cannot be successfully employed for correcting air pulsations of low 
frequency and finite amphtude.” 


§ 3*21. Vibration of a light string loaded at equal intervals. In recent 
years much work has been done on methods of approximation to solutions 
of partial differential equations by means of a method in which the partial 
differential equation is replaced initially by a partial difference equation 
or an equation in which both differences and differential coefficients appear. 
Such a method is really very old and its first use may be in the well-known 
problem of the light string loaded at equal intervals. This problem was 
discussed by Bernoulli* and later in greater detail by Lagrange|. 

Let the string be initially along the axis of x and let the loading masses, 
which we assume to be all equal, be concentrated at the points 

X = na, 71 == 0, zb 1, ± 2, .... 

Let yn be the transverse displacement in a direction parallel to the 
y-axis of the mass originally at the point na, then if the tension P is re- 
garded as constant, we have for the motion of the nth particle 

amy„ = P - y„) -i P (y„_i - «/„). 

Writing k^am = P, the equation becomes 



Vn = {Vn+l + Vn-l “ %»)• 

(A) 

Let us now put 

Man = yn, « 2 n+l = k (y„ - y„+j), 


then 

i^2n — ^ '*^2n+l)> 


or, if s is any integer. 

^2n+l ~ ^ (^2n '*^2n+2)> 



♦ Johann Bernoulli, Petrop. Comm. t. in, p. 13 (1728); Collected Works, vol. ni, p. 198* 
t J. L. Lagrange, Micanique Analytique, 1. 1, p. 390. 
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This is a difference equation satisfied by the Bessel functions and a 
particular solution which will be found useful is given by* 

u, = (2kt), 

where A and a are arbitrary constants and 


Jn (^) = 


s-0 


i-y 

! 


r (m + 5 -f- 1)’ 


(B) 


Let us first consider the ideal case of an endless string and suppose that 
initially all the masses except one are in their proper positions on the axis 
of X and have no velocity, while the particle which should be at a; = na 
has a displacement yn y] and a velocity == v, then the initial conditions 
are , , 

^2n = ^2n+l == h, U^n-i =- - KT], 

while Us is initially zero if s does not have one of the three values 2/i — 1, 
2n, 2 / 1 + 1 . A solution which satisfies these conditions is 


Ug — V J s~2n i^kt) + krj [Js-2n-l {^^t) — J 5 _ 2 n+l 
for, when ^ = 0, {2kt) is zero except when r = 0 and then the value is 

unity. 

When all the masses have initial velocities and displacements the 


solution obtained by superposition is 

Ug == g_ 2 n + kHiT^n 8-2n-\ {^bt) — J (2^^)] (C) 

If /;„ == 0 we find by integration that 

Vs ~ (D) 


Let us now discuss the case when this series reduces to one term, 
namely, the one corresponding to /i = 0. Referring to the known graph 
of the function J^s to known theorems relating to the real zeros and 
to the asymptotic representation f 

(2kt) = cos (2 kt - ir), (E) 


we obtain the following picture of the motion : 

The disturbed mass swings back into its stationary position, passes 
this and returns after reaching an extreme position for which | y | < 170 • 
Its motion always approaches more and more to an ordinary simple 
harmonic motion with frequency initially greater than kjn, but which is 
very close to this value after a few oscillations. The amplitude gradually 
decreases, the law of decrease being eventually [ukty^. This diminution 


♦ T. H. Havelock, Phil. Mag. (6), vol. xix, p. 191 (1910); E. Schrodingor, Ann. d. Phys. 
Bd. XLiv, S. 916 (1914); M. Koppo, Pr. (No. 96) Andrcas-Realgymn. Berlin (1899), reviewed 
in Fortschritte der Math. (1899). 

f Whittaker and Watson, Modem Analysis^ p. 368. The formula is due to Poisson. An ex- 
tension of the formula is obtained and used by Koppe in his investigation. The complete asymptotic 
expansion is given in Modem A nalysis. 
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depends on the fact that the vibrational energy of the mass is gradually 
transferred to its neighbours, which part with it gradually themselves and 
so on along the string in both directions. After a long time, when 21ct is 
so large that the asymptotic representation (E) can be used for the 
Bessel functions of low order, the masses in the neighbourhood of the 
origin vibrate approximately in the manner specified by the “limiting 
vibration” of our arrangement, neighbouring points being in opposite 
phase. The amplitudes, however, decrease according to the law mentioned 
above and the range over which this approximate description of the 
vibration is valid gets larger and larger. 

According to the formula (D) aU the masses are set in motion at the 
outset, and all, except the one originally displaced, begin to move in the 
positive direction if > 0. 

Let us consider the way in which the mass originally at a; = na begins 
its motion. The larger n is, the slower is the beginning of the motion and 
the longer does it continue in one direction. This is because (2i<) 
vanishes like as t approaches zero, An being the constant multiplier 

in the expansion (B). Also because the first value ot 2ktiox which the func- 
tion vanishes lies between ^/{{2n) (2n + 2)} and y/{{2) (2n + 1) {2n -f- 3)}. 

It is interesting to note that in this elementary disturbance there is 
no question of a propagation with a definite velocity c as we might expect 
from the analogous case of the stretched string. Let us, however, examine 
the case in which all the particles are set in motion initially and in such a 
way that the resulting motion is periodic. 

Writing == we have the difference equation 

Yn^l + = 2 (1 ~ 2a>2) r,. 

If CO = sin ^ this equation is satisfied by 

Yn — A sin 2n^ + B cos 2n(f>, (F) 

Choosing the particular solution 

we have yn = 

Making Jet sin (f> — constant we see that the phase velocity is 

_ aJc sin 

The period T is given by the equation 

fji ^ 

Ic sin 

and the wave-length A by the equation 

A == cT = 7ral<f>, 
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The phase velocity thus depends on the wave-length and so there is a 
phenomenon analogous to dispersion. Introducing the idea of a group 
velocity U such that ^ . 

s + 


that is, such that A does not vary in the neighbourhood of a geometrical 
point travelling with velocity ?7, we next consider a geometrical point 
which travels with the waves. For this point A varies in a manner given 
by the equation* 3^ 8A _ , * Se 

3< ' 8a: “ 8* '' d%dx’ 

the second member expressing the rate at which two consecutive wave- 
crests are separating from one another. Eliminating the derivatives of A 
we obtain the formula of Stokes and Rayleigh, 

?7 = c- A^=f/(A), say; 

In the present case 

U — ak cos (7ra/A) = ak cos 

When A -> 00, U ak = U (oo) = c(oo). 

Hence for long waves the group velocity is approximately the same as 
the wave velocity. For the shortest waves <f> = Jtt, we have Z7 = 0. 

When there are only n masses the two extreme ones being at distance 
a from a fixed end of the string, the equations of motion are 

iji + (2yx - 0 - 2 / 2 ) = 0, 

+ k^ (2^2 - Vi - Vs) = 0, 

y„ + k^ {2y„ - y„_i - 0) = 0. . 

Assuming before and eliminating the quantities Yg 

from the resulting equations we obtain the following condition for free 
oscillations : 




2 cos 2^—1 0 0 

— 1 2 cos 2<f> — 1 0 

0 — 1 2 cos 2<f> — 1 


= 0 , 


where there are n rows and columns in the determinant. Since 

Dn = 2 cos 2<f> , Dfi-l -^n~2> 
it is readily shown by induction that 

^ _ sin 2 (71 -f 1) 
sin 2<f> 


* See Lamb’s Hydrodynamics, p. 359. 
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This is zero if 2 (ti -f 1) ^ = r7r, r = 1, 2, ... n ; we thus obtain n different 
natural frequencies of vibration. When the motion corresponding to any 
one of these natural frequencies is desired we use an expression of type 
(F) for and the end condition = 0 will be satisfied by writing £ = 0. 
Hence one of the natural vibrations is given by 

A sin 

where 2 (n + 1) ^ = ^tt (r = 1, 2, ... n). 

If the velocity is initially zero we write 

ys = A sin 2s<f> . cos (2kt sin (f>). 

Let us examine more fully the case in which n = 2, The possible values 

TT TT 

of ^ are ^ and ^ , consequently in the first case 


y^^ A sin - cos 

o 


2kt sin 


, = ^ sin ~ cos ( 2kt sin 


y^ and y^ have the same sign and the string does not cross the axis of x. 
In the second case 


yi = A sin cos ( 2kt sin 


2/2 == -4 sin ~ cos (^2kt sin ^ 


2 /i and 2/2 have opposite signs, the string crosses the axis of z at its middle 
point which is a node of the vibration. 

When n = 3 we find in a similar way that there is one vibration without 
a node, one with a node and one with two nodes. 

The extension to the case in which n has any integral value is clear. 
The general vibration, moreover, is built up by superposition from the 
elementary vibrations which have respectively 0, 1, 2, ... — 1 nodes, the 

nodes of one elementary vibration such as the 5th being separated by those 
of the (s — l)th. 

If we regard this solution as valid for all integral values of s, we may 
apply it to the infinite string. The initial value of is now A sin 2s(f> and 
so by applying the general formula we are led to the surmise that there is 
a relation 

00 

sin 2s<f> . cos {2kt sin <^) = S sin 2p(f> . 

2>== — CO 


which is true for all real values of This relation is easily proved with 
the aid of well-known formulae. 

An equation similar to (A) occurs in the theory of the vibrations of a 
row of similar simple pendulums (a, m) whose bobs are in a horizontal 
line and equally spaced, consecutive bobs being connected by springs as 
shown in Fig. 14. Using y„ to denote the horizontal deflection of the nth 
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bob along the line of bobs and supposing that the constants of the springs 
are all equal, the equations of motion are of type 


Vn- 


.(G) 


= h (y„+, -y„)-k {y„ - y„_,) - ^ 

(Jb 

The periodic solutions of this equa- _ 
tion give a good illustration of the filter 
properties of chains of electric circuits 
that were discovered by G. A. Camp- 
bell*. The mechanical system may, in 
fact, be regarded as an analogue of the 
following electrical system consisting of a chain of electrical circuits each 

of which contains elements with i iaaa i iaaa i iaaa 

I mio [ —"1 1 


Fig. 14. 


inductance and capacitance (Fig. 
15). 

The following discussion is 
based largely upon that of T. B. 


On-, (l 


On. 


JlL 


Fig. 15. 


Brown f. When the chain is of infinite length and the motion is periodic 
appropriate solution is obtained by writing 

= Ar-'^ sin {pt — n<l>). 


If mg — = 2akQ the equations for r and (f) are 

(1 — r^) sin = 0, {r^ + 1) cos ^ = 2r (1 -f Q), 

These are satisfied by <^ = 0, r 1 and by r = 1, cos ^ = 1 + Q. In the 
latter case there is transmission without attenuation but with a change of 
phase from section to section, the phase velocity corresponding to a fre- 
quency/-y/2., being ^_pjc_2nfo 

? " ^ ’ 

where x is the length of each section. This type of transmission is possible 
only when Q lies between 0 and - 2, that is when / lies between /i and /j , 


This range of frequencies gives a pass band or transmission band. On 
the other hand, when ^ = 0 we have r = 1 + Q±[(1 + Q)^ — 1]^, and it 
is clear that r > 0 when /</i, 0 when / > A • The negative value of 

r indicates that adjacent sections are moving in opposite directions with 
amplitudes decreasing from section to section as we proceed in one direction 
down the line. We may use a positive value of r if we take <f> — tt instead 
oi (}> = (}. 

It should be noticed that r is real only when / lies outside the pass 


♦ U.S. Patent No. 1,227,113 (1917); Bdl System Tech. Journ, p. 1 (Nov. 1922). 
T* ^pum. Opt, Soc. America, vol. vm, p. 343 (1924). 
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band. There are two regions in which / may lie and these are called stop 
bands or suppression bands ; one of these is direct and the other reverse. 
The stopping efficiency of each section is represented by log^ | r | and this 
is plotted against /in Brown’s diagram. 

For a further discussion of wave-filters reference may be made to 
papers by Zobel, Wheeler and Mumaghan. 

Let us now write equation (G) in the form 

(i)2 + c*) y„ = 6* 


where 





^,9 

m^a’ dr 


and let us seek a solution which satisfies the initial conditions 


when < = 0. 


yo =1. = 0. Vi = 0, ... 

yo=0, ?/i=0, = ... 

One way of finding the desired solution is to expand in ascending 
powers of b^. Writing 

y„ = (n, n) b^” + {n,n + 2) b^”+* + ... , 

it is found by substitution in the equation that 


yn = 


7 26* 


4- 


{n+l){n+2)/ 26* \”+* 

+ l5*’+c*j 

{n +!)(» + 2) {n + 3) (% + 4) / 26* 

(,i)2 + C* 


\ n+4 

) + 


cos ct, 


2 . 4 {2n -f- 2) {2n + 4) 

the law of the coefficients being easily verified. The meaning which must 
be given to 

e> / 262 N m 


cos ct 


is one in which the Taylor expansion of the expression in powers of t starts 
with ^ (262)"»/(2m) ! 

An expression which seems to be suitable for our purpose is obtained 
by writing ^ 

cos ct = 

2-171 Jc ■ 


zdz 


2* + c 


2> 


where (7 is a circle with its centre at the origin and with a radius greater 
than c. The result of the operation is then 



cos ct — 


1 f ^dz 
27rtJc® Z*+C2 



and we obtain the formal expansion 

_ 1 1 r , 2d2 [/ 26* y («+l)(/i + 2)/ 26* y+* 

2" • 2771 Jo® z* + c* LVz* + c*j 2(2» + 2) Vz* + c*/ 
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In particular, 

1 (• e‘*zdz 

^tJc[(2=‘ + c2)2“- 4^’ 

1 r e^Hdz 26^ 

^i]c [(^T c^- 4^]4 2* + c* + [(2 *Tc*)* - 46«]i’ 
and generally 

1 j- e‘*zdz • j 26® 

y^ ^ I c [( 2 ® + c®)® - 46^]i ( 2 ® + c® + [( 2 ® + c®)® - 46*]i 

It is easy to verify that this expression satisfies equation (G) and the 
prescribed initial conditions. 

When = 26^ the formula reduces to 

__ 1 _ r _ r ^ ____ 

y^ ~ 27rzjc(zi+4b^)i L(7® +”46®)i + 2 

which must be equivalent to Jgn (260* 

The solution of the equation 

(B + c®) = 6® 

which satisfies the initial conditions 

^ 0 = 1 . ^1 = 0, ^ 2 = 0 ,,.. when^=0, 

is given by the formula 

__ 1 r e^’^^zdz { 2b^ 

y” ~ Ini] c [(z® + c®)® -T6^]I [( 2 ® + c®)®’-~4ft4j|i 

An equation which is slightly more general than (A) occurs in the theory 
of the torsional vibrations of a shaft with several rotating masses*. This 
theory can be regarded as an extension of that of § 1*54 and as a preliminary 
study leading up to the more general case of a shaft whose sectional pro- 
perties vary longitudinally in an arbitrary manner. 

Let /i, / 2 > ••• be the moments of inertia of the rotating masses 

about the axis of the shaft, 8^, 8^, 8^, •••8^ the angles of rotation of these 
masses during vibration, k2, k^,,,,kj^ the spring constants of the shaft 
for the successive intervals between the rotating masses. Then 

ki (8i — 8^, k2 {82 — ^ 3 ), ... k]^_i (^N-i ^ n) 

are torque moments for these intervals. Neglecting the moments of inertia 
of these intervening portions of the shaft in comparison with/j, /g, ... I if 
the kinetic energy T and the potential energy V of the vibrating system are 
given by the equations 

2T = + 7,4® + ... 

2V = ki {9i ^ 2 )* "I" ^2 (^2 — ^ 3 )* "I" ••• 

♦ See S. Timoshenko, Vibration Problems in Engineering ^ p. 138; J. Morris, The Strength of 
Shafts in Vibration, ch. x (Crosby Lockwood, London, 1929). 
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and Lagrange’s equations give 

InOn + {^n ^n+l) ~~ ^n-1 (^n-1 ^n) “ 

n ~ I, 2^ ,,, N y 0 Q = O^+i = 0^, 

Except for the two end equations, for which n = ly N, respectively, 
these equations are the same as those of a light string loaded at unequal 
'intervals. When A *2 = ^3 = ••• = l^he foregoing analysis can be used 
with slight modifications. A second case of some mathematical interest 
arises when k^= k 

A 2 * k/j^ k^ ••• hm 

EXAMPLES. 

1. By considering special solutions of the equation of the loaded string prove that the 
following relations are indicated; 

00 

(n - 3:)2 = 2 yn^Jn~m (^)» 

w = - CO 
00 

+ k-t- — 2 (n-m) 

7?l = - CO 

2. Prove that the equation 

X” = W + -Pn+l W - 2f„ (a^)] 

ia satisfied by P„ (x) = 2 I„_„ (x - a) (o), 

/« - — CO 

where /„ {x) = (ix), 

and obtain the solution in the form of a contour integral. 

3. Prove that the equation 

J/n = IVn+i + Vn-i + 2y„] - 2bH^ [y„+, + y„_i] + cV„ 

is satisfied by 

^ 1 r e^'^zdz j _ 262 ■,« 

2rrt ja [(J 2 c2)2 - 46<]» tz2 + ^ + [(z2 + £2)2 - 45«]‘i ' 

4. Each mass in a system is connected with its immediate neighbours on the two sides 
by elastic rods capable of bending but without inertia. Assuming that the potential energy 
of bending is 

F = ... J6 (2y^_i - + ^6 (2y^ - y,_i - y^+i)® + - . 

prove that the oscillations of the system are given by an equation of type 

== - Vr-i + ^Vr-l ~ %r + ^Vr+l - S'r+2 

when r > 1 and obtain the two end equations. [Lord Rayleigh, PhU, Mag. (5), vol. XLiv, p. 356 
(1897); Scientific Papers, vol. rv, p. 342.] 

5. Prove that a solution of the last equation is given by 

Vr = (^) (y “ !■) * [Havelock.] 

§3-31. Potential function with assigned values on a circle. Let the 
origin and scale of measurement be chosen so that the circle is the unit 
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circle | 2 | = 1 and let z' = be the complex number for a point P' on 

this circle. Our problem is to find a potential function V which satisfies 

the condition , 

V (9 ) as 0 -> z . 

To make the problem more precise the way in which the point 2 : 
approaches z' ought to be specified and something must be said about the 
restrictions, if any, which must be laid on the function / {6'), These points 
will be considered later; for the present it will be supposed simply that 
/ (O') is real and uniquely defined for each value of 9' when 9' is a real angle 
between — tt and rr. The mode of approach which will be considered now 
is one in which z moves towards z' along a radius of the unit circle. In 
other words, if z == rei\ where r and 9 are real, we shall suppose that 9 
remains equal to 9' and that r -> 1. 

Now let ^ = r . be the complex quantity conjugate to 2 :; an attempt 
will be made first of all to represent V by means of a finite or infinite series 

Fo = Co + 2 (CnZ^ + (A) 

where Cq is a real constant and c_„ are conjugate complex constants. 
When the series contains only a finite number of terms it evidently 
represents a potential function and in the hmiting process 2 : -> 2 ;' it tends 
to the value HcnZ'^, where the summation extends over all integral values 
of n for which ^ 0. Negative indices are included because z'^ -> 2 ;'"”. 

Supposing now that the finite series represents the function/ (0'), the 
coefficient c„ is evidently given by the formula 

= 

for the integral of e^^^' between — tt and tt is zero unless m = 0, conse- 
quently the term c„ 2 ;'" in the series for / (O') is the only one which contributes 
to the value of the integral. 

A function / (O') which can be represented as the sum of a finite number 
of terms of type Cne~^^^' is evidently of a special nature and the natural 
thing to do is to endeavour to extend the solution which has just been found 
by considering the case in which an infinite number of the constants 
defined by the formula (B) are different from zero. The series (A) formed 
from these constants then contains an infinite number of terms. 

Let us now assume that the function f(9') is integrable in the interval 
— TT < 0' < TT. Since the series 

1 + 1 : ^ k (9- O') 

« 1 

is uniformly convergent for all points of this interval if | r | < 1, it may be 
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integrated term by term after it has been multipbed by / {6'). The potential 
function V may, consequently, be expressed in the form 

^ (C) 


“ 1 — r* 

where /c (co) = 1 + 2 Sr" cos noi = ; — „ 

n-i 1 — 2r cos w + r* 

The integral representing our potential function V is generally called 
Poisson’s integral and will be denoted here by the symbol P (r, Q) to 
indicate that it depends on both r and d. This integral is of great importance 
in the theory of Fourier series as well as in the theory of potential functions. 

The formula (C) may be obtained in another way by using the Green’s 
function for the circle. If P (r, 6) is the pole of the Green’s function, 
Q (r-i, 6) the inverse point and P' (r', 6') an arbitrary point which is inside 
the circle (or on the circle) when P is inside the circle and outside (or on) 
the circle when P is outside the circle, an appropriate expression for the 
Green’s function is 

f, ^ P’Q , aq 

Cf- logp,p •®gjp> 

where A is an arbitrary point on the circle. This expression is evidently 
zero when P' is on the circle, it becomes infinite in the desired manner when 
P' approaches P and it is evidently a potential function which is regular 
except at P. 

The formula 

27t J 0 1 — 2r cos (9 — 9 ') + 

represents a potential function which takes the value / {9) on the circle 
and is regular both inside and outside the circle. 

When r = 0 the formula gives the relation 

^^o=^j^'7(e')d0', 


where Fo is the value of F at the centre of the circle. This is the two- 
dimensional form of Gauss’s mean value theorem. 

When / {9) is real for real values of 9 the formula (0) may be written 
in the form 


F = 


I 

J 0 e*' 


-~J{9')d9'+ ^ 


2>r 


+ Z 


47 rJo e*o'-z 


-J{9')d9' 


of the sum of two conjugate complex quantities each of which takes the 
value {9) at the point z = e*" on the unit circle, and we deduce Schwarz’s 
more general expression 


F (z) = ibo + 


1 

2i7’ 


Jo e"' - z 


f(9')d9' 


(D) 
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for a function F (z) whose real part on the unit circle is / (0). The imaginary 
part of F (z) is a potential function i W which is given by the formula 

IF = ft 4 - 1 f^- ^sin (e ~9')f(e') dd^ 
l-2rcos(0-0')-|->2‘ 

If in the formula (D) we have / {2tt — 6) — f (9) we obtain Boggio’s 
formula for a function F (z) whose real part takes an assigned value / (0) 
on the semicircle z = 0 < 9 < n, and whose imaginary part vanishes 

on the line z = cos a, 0 < « < tt, i.e. the diameter of the semicircle, 

^ 77 Jo 1 — 22 :cos0' + 2^’ 

When V = f (z), where / (z) is a function which is analytic in the unit 
circle \ z' — z \ — 1, Gauss’s mean value theorem may be written in the 

27rJo 

and is then a particular case of Cauchy’s integral theorem. By means of 
the substitution z' ==pz, F{pz)^f(z) the theorem may be extended to a 
circle of radius p. 

If on the circle we have \f{z'), \ < M, the formula shows that \f{z)\<M, 
More generally we can say that if / {z) is a function which is regular 
and analytic in a closed region G and is free from zeros in G, then the 
greatest value of \ f (z) | is attained at some point of the boundary of G 
and the least value of \f(z) | is also attained at some point on the boundary 
of G. In this statement values of / (z) for points outside G are not taken 
into consideration at all. 

Iff (z) is constant the theorem is trivial. If / (z) is not constant and has 
its greatest value M at some point Zq inside G we can find a small neigh- 
bourhood of Zq entirely within G for which \f{z)\<M, and if G is a small 
circle in this neighbourhood and with Zq as centre this inequality holds for 
each point of G and so 

<2^-jo I / (zo + pe'®) i < 2” ^ Md9<M, 

which leads to a contradiction. The theorem relating to the minimum value 
of \fiz)\ may be derived from the foregoing by considering the analytic 
function l/f(z), 

§ 3*32. Elementary treatment of Poisson^ s integral"^. To find the limit 

lim P (r, 9) 

r->l 

it will be assumed in the first place that / {9) is integrable according to 

♦ This treatment is based upon that given in Carslaw^s Fourier Series and Integrals, 
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Riemaim’s definition and that if it is not bounded it is of such a nature 
that the integral 

f{9')de' 

J —It 

is absolutely convergent. 

Let us now suppose that 0 is a point of the interval — tt < 0 < tt which 

does not coincide with one of the end points. We shall suppose further 

that the limit i. r -c /n i 

hm [/(0 + t) +/{0- t)] (E) 


exists and is equal to 2F (0), where F (0) is simply a symbol for a quantity 
which is defined by this limit when 0 is chosen in advance. No knowledge 
of the properties of the function F (0) will be required. 

Now let a function O (0') be defined for all values of 0' in the interval 
(— 77 < 0' < 7t) by the equation 

(O') = f (0') ~ F (0). 

Then 

P (r, 6) - F (d) = (6 - - F {d)]dd' 

4) (0') . 

Since, by hypothesis, the limit (E) exists, a positive number t] can be 
found so as to satisfy the conditions 

\f(0-ha)-\-f{0--a)~-2F (0) \ < e, 
when 0<a<7^, 0 — rj > — tt, 0 t] < tt, 

€ being an arbitrary small positive quantity chosen in advance. Then 


{0 - 0') O (O') dO' = \\ (a) [<D (0 + a) + (D (0 - a)] da 
Je-v Jo 

= f'/c (a)[f(0 + a)+f(0- «).-> 2F (0)] da, 
Jo 

and so 

I I f’? [TT 

J /c (0 — 0') (t> (O') dO' j < ^ j K (a) da < e ^ k (a) da = 2776. 
Also, when 0 < r < 1, 

I f ~'/c (0 - 0') O (O') dO' + f" k(0- 0') O (O') dO' 

1 J — TT J 9 t I 

< K (r,) I (D id') \dd'<K (r,)^ I / (9’) \d9' + 2n\F (9) I 

< 277 A /<r (tj), say, 

where A is a positive quantity. 

But, when 0 < r < 1, 



Discussion of Poisson^ s Integral 

Hence ^ttAk {t}) < 2it€ if r is so chosen that 


1 — r € 
2r sin^ 


and this inequality is satisfied if 


Combining the two results we find that 

i P (r, 6) - F (6) I < 26, 

if ^ ^ ^ ^ ^ ^ sin^ 2 

Hence when the limit (E) exists, 

P (r, 6) F {d) as r -> 1. 

When 0 is a point of continuity of the function / (0) we have, of course, 
F (9) := f (6) and so V tends to the assigned value. To prove that is a 
potential function when r < 1 it is sufficient to remark that the series 

obtained by differentiating (A) term by term with respect to is uniformly 

B V 

convergent for r< s< 1, where s is independent of r and 0, hence g- 

02^ 

exists and is a function of z only. The equation = 0 then follows 
immediately. 

The behaviour of Poisson’s integral in the neighbourhood of a point 
on the circle at which / (0) is discontinuous is quite interesting. Let us 
suppose that / (0) has different values h (0) and /2 (0) when the point 0 is 
approached along the circle from different sides, then if the point 9 is 
approached along a chord in a direction making an angle arr with the 
direction of the curve for which 9 increases the definite integral tends to 

A proof of this theorem is given by W. Gross, Zeits. /. Math. Bd. ii, 
S. 273 (1918). When / {0) is continuous round the circle we have the result 
that F -> / (0) as any point on the circle is approached along an arbitrary 
chord through the point. This theorem has also been proved by P. Pain- 
leve, Comptes Rendus, t. cxii, p. 653 (1891) and by L. Lichtenstein, Journ, 
/. Math, Bd. cxl, S. 100 (1911). 

EXAMPLES 

1 Show by means of Poisson’s formula that if 

/(d)«-l (~ir<d<0) 

=» 1 (0 < d < w), 
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the potential V is given by the equation 


V 


1,2 . 

1 4- tan ^ ^ 

7T 2ar sin d 


(r2 ^ a2). 


2. Let the unit circle z = be divided into n arcs by points of division , 02 » • • • > where 

0 < 01 < $2 < ... < 0n = 2n. Let -f 10 = f (z) be analytic for [ 2 | < 1 and let 0 satisfy the 
following conditions on the circle 

^ < ^ < ^w+1 “ 

being an arbitrary constant, then 

277/ (zj = - 27rCi + 2 (c,^., - c,) [B, + 2t log (e'^‘ - z)]. 

S=»l 

[H. Villat, Bull, de la Soc. Math, de France^ t. xxxrx, p. 443 (1911); “Aper9us th^oriques 
sur la resistance des fluides,” Scientia (1920).] 

§ 3-33. Fourier series which are conjugate. When r is put equal to 1 in 
the series (A) the resulting series may be written in the form 

n- — 00 

and is the ‘‘Fourier series” associated with the function/ (0). 

Separating the real and imaginary parts, the series may be written in 
the form _ 

00 

+ 2 (a^ cos vd + by sin vd), (A') 

^-1 

where "" 2t- j ^ 

ay = - I’’ f(e')co8vd' de', 
n J —JT 

by=^ r /(0')sinr0W. 
n J IT 

The constants a^, by are called the “Fourier constants” associated with 
the function / (0'). In terms of these constants the series for V is 

00 

/ F = Uq + S r*' (a,, cos v9 + sin vd). (B') 

I'-i 

When all the coefficients are real the series for the conjugate potential 
W is 

60 4 - r («! sin 0 ~ cos 0) -f r^ (Ua sin 0—62 cos 0) 4 - , (O') 

and this is associated with the series 

60 + (Ui sin 0 — 61 cos 0) + (a2 sin 0 — b^ cos 0) 4 - ... , (D') 

which, when 60 = 0, is called the conjugate* of the Fourier series (A'). 
There is now a considerable amount of knowledge relating to the con- 
jugate series. One question of importance in potential theory is that of the 

♦ Sometimes it is this series with the sign changed which is called the conjugate series. See 
L. Fej6r, Crelle, vol. cxm, p. 165 (1913); Q. H. Hardy and J. E. Littlewood, Proc. London Math. 
Soc. (2), vol. XXIV, p. 211 (1926). 
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existence of a function g (9) of which the foregoing series is the Fourier series. 
In this connection we may mention a theorem, due to Fatou *, which states 
that if / (6) is everywhere continuous and the potential W is expressed in the 
form W ~ W {r, 9), the necessary and sufficient condition for the existence 


of the limit 

lim W (r, 9)=^g (9) (E') 

r-^l 

for any assigned value of 9 is that the limit 

Urn rif{e+T)-f(e-T)]cotldr = -2ng(e) (F) 


should exist. Fatou has also shown that if / (9) has a finite lower bound 
and is such that / (9) is integrable in the sense of Lebesgue then the limit 
(F') exists almost everywhere. 

Lichtenstein f has recently added to this theorem by showing that the 
integral 

j^Jg(9)rd9 

exists when J [fWFd9 

exists. 

For further properties of Poisson’s integral and conjugate Fourier 
series reference may be made to the book of G. C. Evans on the logarithmic 
potential J and to Fichtenholz’s paper in Fundamenta Mathematicae (1929). 

Fatou’s expression for g (9), when / (0) is given, is 

9 (0) = (e-r)-f(e+ r)} cot 

In the last integral the symbol P denotes that the integral has its principal 
value. Villat has deduced this expression by a limiting process with the aid 
of the result of Ex. 2, § 3*32. The formula is quite useful in the hydro- 
dynamical theory of thin aerofoils. 

An alternative expression, obtained by an integration by parts, is 

S' {^) = ^ (^) log sin" 

§ 3 - 34 . AbeVs theorem for 'power series. When for any fixed value of 9 
the Fourier series converges to a sum which may be denoted for the 
moment by g (0), it may be shown with the aid of a property of power 
series discovered by N. H. Abel that V g (9) as r ->1. But since 

* Acia Math, vol. xxx, p. 335 (1906). 

t CreUe's Joum. vol. cxu, p. 12 (1912). 

X Amer, Math, Soc, Colloquium Publications, vol. vi (1927). 


i6-2 
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V F {6) we must have g (9) = F (9) and so the Fourier series represents 
F (9) whenever it is convergent. 

The series for V may be written in the form 

V Uq ^ ru^ + (G') 

and it should be noted that the coefficients r, r^, . . . occurring in the different 
terms are all positive and form a decreasing sequence. The theorem to be 
proved is applicable to the more general series 

V == + V 2 U 2 + , 

where the factors Vq, V 2 are all positive and such that 

Let us write 

= Uq , Si == 1Iq "h Ui , S 2 — Uq Ui U 2 ,••• , 

and suppose that the quantities ,5 q, ... possess an upper limit H and 

a lower limit A, then 

h % s^ < //, for 71 = 0, 1, 2, — 

Now if Vn denotes the sum of the first 71 + 1 terms of the series F, 
y - Vo^O + ••• 

^ (^’0 - il) '^0 + ('^1 - ^ 2 ) '^1 + ••• (^^-1 ~ ^n) + VnS^, 

and in this series not one of the partial sums s^^ has a negative coefficient. 
Hence 

Vn ^ : (^0 - ^ 1 ) (^'^1 ~ ^^ 2 ) -f- ••• (^n-l - Vn) H + 

and F„ > (?’o - Vi) h -f- (Vi - Vg) h+ ... (v^_i - v^) h + vji. 
Summing the two series we obtain the inequahty 

i\,h -r F„ < 

which shows that | F„ | < where A; is a fixed quantity greater than 
eithcu' I A I or I // I . 

Similarly, if 

we have the inequality 

I Rn‘ I < 

where is a positive quantity greater than any one of the quantities 

I I > 1 in 4" '^rn+1 | > | "b ^^m+1 "1“ ^m+2 | > ••• . 

If now the series t/q 4- 4- 7/2 -f- ... is convergent and c is any arbitrarity 

chosen small positive quantity, a number m (e) can be found such that 

j "b ••• ^m+n j 

for 71 ^ 0, 1, 2, ... and m > 711 (t). When m is chosen in this way we may 
take fc^ ^ € and since Vjn< Vq< 1 we have the inequality 

\Rn^\< €. 
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When the quantity is a function of a variable r which lies in the unit 
interval 0 < r < 1 the foregoing inequality shows that the series (G') is 
uniformly convergent for all values of r in this interval and so represents 
a continuous function of r. In the case under consideration we have 
Vn == and the conditions imposed on are satisfied if 0 < r < 1. The 
function V is consequently continuous at r ^ 1 and so 

Uq + + 1^2 + ... = lim P (r, 6) = F [6). 

r~>\ 


§3*41. The analytical character of a regular logarithmic potential'^, 
Poisson’s integral may be used to prove that a logarithmic potential V 
which is regular in a region D is an analytic function of x and y. 

We may, without loss of generality, take the origin at an arbitrary 
point within D. Let C denote the circle x- -f a"^ which lies entirely 
within Z), then for a point x = a cos a, y ^ a sin a on this circle, F = / (a), 
where / (a) is a continuous function of a and so by Poisson’s formula 

1 (a^^~r^)f{a)da 

277 J 0 f — 2ar cos (0 — «) ’ 

where x = r cos 6, y ^ r sin d and r < a. 

Now the series 


^2 _ ^2 

^2 ^ ^2 __ 2ar cos (6 — a) 


==1 + 2 


I cos »(«-«) 


is absolutely and uniformly convergent and so can be integrated term by 
term after being multiplied by / (a) rfa/277. Therefore 


QO //’N « 

F ~ tto + 2 ( - ) {a^ cos nO + sin nd). 
n=l \ei/ 


Now if in the polynomial 


la/ 


bn sin nd) 

= la-^ K + an (^ ~ iy)"" ~ iK + iyY -i- ibn {x - iy)^] 

we replace each term of type c^^x^y^ by its modulus, the resulting expres- 
sion will be less than the corresponding expression obtained by doing the 
same thing to each term of type e^.^x'^y^ in the expansion of each of the 
four binomials and adding the results. Now this last expression is less than 

2 [| ^ I 4- I y ir Ma~^, 

where M is the upper bound of a^ and . Now let 

I I < --s \y\<s, 

where s < a/2, then 

2 [| x I + \y \] Ma-^ < 2 (2sfa)^ M, 

and the series of moduli is convergent. The series for F is thus a power 


* E. Picard, Gours d* Analyse, t. ii, p. 18. 
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series in x and y which is absolutely convergent for | a: ( < 5, | y | < 5, it 
thus represents an analytic function. 

Since, moreover, the origin was chosen at an arbitrary point in D it 
follows that V is analytic at each point within D. 

For the parabolic equation == ^ there is a theorem given by 

Holmgren * which indicates that 2; is an analytic function of x in the neigh- 
bourhood of a point (Xq, yg) in a region R within which 2: is regular. 

If through the point {xq , there is a segment a < y < b oi the line 
X ^ Xq which lies entirely within R, there is a number c such that for 
I X — Xq j < Cj a < y < b there is an expansion 

/ /y« /j* \ 2n ( __ /V* \ 2w -f" 1 

. ,) = 2 Lf- (,) + 2 ( 2 /). 

0 

where <!> {y) == z {x^, y), (y) = 2; (x^,, y). 

These functions (j> (y), ijj (y) are continuous (D, 00) in a < y < 6 and 
their derivatives satisfy inequalities of type 

I (y) I < Mc-^^ (2n) !, | (y) | < (2^^) ! . 


§ 3 - 42 . HarnaePs theorem-\. Let for each positive integral value of 
8 , be a potential function which is continuous (D, 2) (i.e. regular) in a closed 
region R and let the infinite series 

+ ^3 + ••• (^) 

converge uniformly on the boundary B of R, then the series converges 
uniformly throughout R and represents a potential function which is 
regular and analytic in R, The sum -f + • • • ^n+ p is a potential func- 
tion regular in R. If it is not a constant it assumes its extreme value on B 
and if is the numerically greatest of these we shall have 

I Wr, + ^^n+l + ••• ^n + p |.< I i • 

Since, however, the series converges uniformly on B we can choose a num- 
ber m (e) such that when n> m (e) we have 

I ^P I < 

for all positive integral values of p. This inequality, combined with the 
previous one, proves that the series (A) converges uniformly in R and so 
represents a continuous function w. Now let C be any circle which lies 
entirely within R and let Poisson's formula be used to obtain expressions 
for potential fimctions IF, W^, W2, IF3, ... regular within C and having 
respectively the same boundary values as the functions w, w^, W2y ... 

* E. Holmgren, Arkiv for Mat, Aatr. och Fyaik, Bd. i (1904); Bd. m (1906); Bd. iv (1907); 
Comptes Rendus, t. cxlv, p. 1401 (1907). 

t Kellogg calls this Hamack’s first theorem. See Potential Theory, p. 248. The theorem was 
given by Harnack in his book. It has been extended to other equations of elliptic type by 
L. Lichtenstein, Crelle'a Journal, Bd. cxlii, S. 1 (1913). 
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Since a potential function with assigned boundary values on C is unique 
if it is required also to be regular within C we have W ^ = Wg (s = 1,2,...). 
Furthermore, since the series (A) is uniformly convergent it may be inte- 
grated term by term after multiplication by the appropriate Poisson factor. 
Therefore at any point within ^ 

W == W, + W, 4- W, 4- ... 

= 4- W 2 i- W ’3 4 - “ w. 

Hence within C the function w is identical with the regular potential func- 
tion which has the same values as w at points on C. Since C is an arbitrary 
circle within R it follows that w is a regular potential function at all points 
of R and is consequently analytic at each point of R. 

For recent work relating to the analytical character of the solutions of 
elliptic partial differential equations reference may be made to L. Lichten- 
stein, Enzyklopddie der Math. Wiss., ii C. 12 ; T. Rado, Math. Zeits. Bd. xxv, 
S. 514 (1926); S. Bernstein, ibid. Bd. xxviii, S. 330 (1928); H. Lewy, 
Gott. Nachr. (1927), Math. Ann. Bd. ci, S. 609 (1929). 

§ 3-51. Schwarz's alternating process. H. A. Schwarz* has used an alter- 
nating process, somewhat similar to that used by R. Murphy f in the treat- 
ment of the electrical problem of two conducting spheres, to solve the first 
boundary problem of potential theory for the case of a region bounded by 
a contour made up of a finite number of analytic arcs meeting at angles 
different from zero. 

To indicate the process we consider the simple case of two contours 
aa, bp bounding two areas A, B which have a common part C bounded 
by a and jS, while a and 6 bound a region i) represented by A h B ~ C. 

We shall use the symbols a, />, a, ^ to denote also the parameters by 
means of which the points on these curves may be expressed in a uniform 
continuous manner and shall use the symbols m and n to denote the points 
common to the curves a and b. We shall suppose, moreover, that the 
choice of parameters is made in such a way that in and n are represented 
by the parameters m and n whether they are regarded as points on a, 6, a 
or /3. This can always be done by subjecting parameters chosen for each 
curve to suitable linear transformations. 

Our problem now is to find a potential function V which is regular 
within D and which satisfies the boundary conditions V == f (a) on a, 
V == g {b) on 5, where / (m) = g (m), / (n) = g (n). 

* We shall suppose that / (a) is continuous on a and that g (6) is con- 
tinuous on b. We shall suppose also that a function h (a), which is con- 
tinuous on a, is chosen so as to satisfy the conditions 
h (m) =f(m), h {n) -= f (n). 

* Berlin MonatsberichU (1870); Gesammelte WerkCf Bd. ii, S. i;i3 
t Electricity, p. 93, Cambridf^e (1833). 
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We now form a sequence of logarithmic potentials ... regular in 

A, and a sequence of logarithmic potentials ... regular in B\ these 

potentials being chosen so as to satisfy the following boundary conditions 
in which (^) denotes the value of on /3, and Vg (a) denotes the value of 
Vg on a, (s = I, 2, ...): 

'^1 = / (<^) on a, Ui ^ h (a) on a, 

^2 = / (a) on a, (a) on a, 

itg ^ / (a) on a, (a) on a, 

= g (6) on 6, i\ = (13) on /?, 

g on b, (^) on p, 

- g (h) on h, (13) on (3, 


Writing Ug h (n.^ ~ n^) f (^^.^ — u^) f ... (u, — iig^i), 

Vg - -}- (v. - v,) H- (^3 - ?;2) i'^s “ 

our object now is to show that as s oo the series for ifg and Vg converge 

and represent potentials which are exactly the same in C. To establish the 

convergence of the series we shall make use of the following lemma. 

We note that Wg ^ Ug — is a logarithmic potential which is regular 
in A and whicli is z.ero on a. Let 8,. (a) be its value at a point on a and let 
8g be the maximum value of | 8, (a) |. 

Now let </> be the logarithmic potential which is regular in A and which 
satisfies the boundary conditions ^ 1 on a, 0 ^ 0 on a. As the point 

(x, y) approaches one of the points of discontinuity m, (f> tends to a value 
0 such that 0 < 6 < 1. Now a regular potential function attains its greatest 
value in a region on the boundary of the region, therefore </► < 0 for all 
points of A and so there is a positive number e between 0 and 1 such that, 
on (f) < e < 1 . 

Now Wg 8g(f) is zero on a and j)ositive on a and is a logarithmic 
potential regular in A . Its least value is therefore attained on the boundary 
of A and so Wg -j Sgcf) > 0 within A. This inequality may be written in the 

8, €) + n\ ‘ tS, > 0, 

and since ^ < € on ^8 it follows that Wg 4 eS^ > 0 on 

In a similar way we can show that tOg - 8g(f) < 0 in A and so we may 
conclude that Wg — 68^ < 0 on fi. Combining the inequalities we may write 

! w, I < eS,. 

The number e was derived from the function </» associated with A. In a 
similar way there is a number t) associated with the region B and the 
curve a. Let k be the greater of these two numbers if the two numbers are 
not equal. 
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Writing = Vg ~ and using the symbol r, (/3) to denote the value 
of tg on ^ we use r, to denote the maximum value of | r, (/3) | on We then 

find in a similar way that , . , 

f M < l-Ts, 

and so we may write 

I iVg \ < KSg, I ^ I < f<rg. 

We thus obtain the successive inequalities 




1 '^’2 “ 


1 - 1 «2 “ Ml 

1 on 


Therefore 




T.j < 





1 M3 - 


1 1 M, - r, 1 

1 on 

a. 

Therefore 


< KT2 

< 

K-8.,, ... 

< K 



T3 

< 

< 

K T2 , ... '^‘5^.2 

< K 

2s- 

^2 


The series for and Vg thus converge uniformly at all points of the 
boundary of C and so by Harnack’s theorem represent regular logarithmic 
potentials which we may denote by v and v respectively. Since ^ 
on a and Ug Vg on /3 it follows that u -- on the boundary of C and so 
u = V throughout C. Since, moreover, the series for u converges uniformly 
on the boundary of A and the series for v converges uniformly on the 
boundary of B these series may be used to continue the potential function 
u ^ V beyond the boundary of C into the regions A and B, and the potential 
function thus defined will have the desired values on a and b. 


§ 3 - 61 . Flow round a circular cylinder. To illustrate the use of the com- 
plex potential in hydrodynamics we shall consider the flow represented by 
a complex potential y which is the sum of a number of terms 


Xi = e (2 + aVz), X2 = log z. 




•> = ic log 


z — 


X4 = - ic' log 


2: -- 

2: — 


2^2 

^3 


Writing 2 = y ^ -f hjj we consider first the case in which x ^ Xi 
and U is real. We then have 


u ~ iv ~ dxjdz r/ ( 1 — a^/z ^) , 
ifj = U sin 6 (r — a-/r). 

The stream-function ifs is zero on the circle r^ == and also on the line 
y = 0. There is thus one stream-line which divides into two parts at a 
point S where it meets the circle; these two portions reunite at a second 
point S' on the circle and the stream -line leaves the circle along the 
line y = 0. Since z'^ = at the points S and these points are points of 
stagnation (u = v ^ 0). It will be noticed that the stream-line y -= 0 cuts 
the boundary orthogonally. This is in accordance with the general 

theorem of § T72. 
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At a great distance from the circle we have u — iv == Uy ifj = Uy, and 
so the stream-lines are approximately straight lines parallel to the axis 
of X. Our function ip is thus the stream -function for a type of steady flow 
past a circular cylinder. This flow is not actually possible in nature, the 
observed flow being more or less turbulent while for a certain range of 
speed depending upon the viscosity of the fluid and the size of the cylinder, 
eddies form behind the cylinder and escape downstream periodic ally in 
such a way as to form a vortex street in which a vortex of one sign is 
almost equidistant from two successive vortices of the opposite sign and 
each vortex of this sign is almost equidistant from two successive vortices 
of the other sign. Vortices of one sign lie approximately on a line parallel 
to the axis of x and vortices of the other sign on a parallel line. 

Some light on the formation of this asymmetric arrangement of 
vortices is furnished by a study of the equilibrium and stability of a pair 
of vortices of opposite signs which happen to be present in the flow round 
the circular cylinder. 

The flow may be represented approximately by writing 

X Xi + X3 + X4. 

and choosing z^y z^y z^ so that the circle is a stream -line. This 

condition may be satisfied by writing 

^2 = ^* 26 *^ 2 , 2^3 = . 

Ay By CyD arc the points specified by the complex numbers z^yZ^^yZ^yZ^, 
respectively, these equations mean that B is the inverse of A and C the 
inverse of D. 

In the theory of Helmholtz and Kelvin vortices move with the fluid. 
When the vortices are isolated line vortices this result is generally replaced 
by the hypothesis that the velocity of any rectilinear vortex cu is equal 
to the resultant of the velocities produced at its location by all the other 
vortices which together with co produce the resultant flow at an arbitrary 
point. In using this hypothesis the uniform flow U is supposed to be 
produced by a double vortex at infinity and the complex potential Ua'^jz 
is interpreted as that of a double vortex at the origin of co-ordinates 0. 

The vortex at A will be stationary when 

a^\ ic ic' ic' 

^ 0 V ^0-^1 ^0- 

Taking for simplicity the cavse when rg = rg, 62 = — c' == c, and 

* Th. V. KdrmAn, Oott. Nachr. p. 547 (1912); Phys. Zeits, p. 13 (1912). The vortices have 
been observed experimentally by Mallock, Proc. Roy, Soc, London^ vol. ix, p. 262 (1907); and 
by Benard, Comptea Rendiis, vol. cxlvii, pp. 839-970 (1908); vol. clvi, pp. 1003-1225 (1913); 
vol. OLXXXii, pp. 1375-1823 (1926); vol. CLXXxm, pp. 20-184 (1926). 
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separating the real and imaginary parts of the expression on the right, 
after multiplying it by Zq , we obtain the equations 

0 == C7 (ro — cos 6^ — cot sin 20 ^ , 

0 = U {rQ-\- sin 6q — cr^^Kr^^ — a^) — \c + cr^^ (r^^ — cos 29q) 

where D = — 2a^r^ cos 29^ + cl^- 

The first equation gives 

2UO, sin 00 = ~ — ^o^)» 

and when this value of U is substituted in the second equation it is found 


± 2ro"sin0o. 

This result was obtained by Foppl*, who also studied the stability of the 
vortices. The result tells us that the vortex can be in equilibrium if 
AB = AD. To confirm this result by geometrical reasoning we complete 
the parallelogram BADE and determine a point N on the axis of y such 
that ON — AN . Let M be the point of intersection of BG and AN , G the 
point of intersection ol AC and BD. 

On the understanding that all lines used to represent velocities are to 
be turned through a right angle in the clockwise direction the velocities 
at A due to the different vortices may be represented as follows : 

Those due to the vortices at B and D by cjAB and cjAD respectively. 
Since AB = AD these two velocities together may be represented by 
c.AEJAB^ along AE. 

The velocity due to the vortex at G may be represented by cjCA along 
CA and equally well by cGAjAB^ along GA. The resultant velocity at A 
due to the vortices at C and D may thus be represented by c.GEjAB^ 
along OE, 

On the other hand, the velocity U is represented by U along ON, and 
the velocity due to the double vortex at O by U .NMjON along NM, The 
velocity in the flow round the cylinder in the absence of the vortices is 
thus represented by U .OMjON . 

Now MAB — MBA == OGM, therefore 0, M, A, C are concyclic and so 
OMC = OAC = OEG. This means that OM and EG are parallel. By 
choosing c so that c.EGjAB'^ — U .OMjON the resultant velocity at A 
will be zero. Since the triangles ON A, OAD are similar, the equation for 
c becomes simply 


OMAB^ OM AB^ 
ON EG~ “ ON AG “ 


AC = AC^.Uja 


= U - a^) (1 - a*Mla 

and implies that the strength of the vortex at A is greater the greater the 
distance of A from the origin. 


♦ L. Foppl, Munchen Sitzungsher. (1913). See also Howland, Journ. Roy. Aeron. Soc. (1925); 
M. Dupont, La Technique Aironaulique, Dec. 15 (1926) and Jan. 15 (1927); W. G. Bickley, Rroc. 
Roy. Soc. Lond. A, vol. cxix, p. 146 (1928). 
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The stream-lines in the flow studied by Foppl are quite interesting and 
have been carefully drawn by W. Muller*. There are four points of 
stagnation on the circle, two of these, 8 and 8\ lie on the line y 0, while 
the other two, Sq\ are images of each other in the line ^ = 0. Stream- 
lines orthogonal to the circle start at 8^ and 8^' and unite at a point T on 
the line y where they cut this line orthogonally. This point T is also a 
point of stagnation. Outside these stream -lines the flow is very similar 
to that round a contour formed from arcs of two circles which cut one 
another orthogonally; within the region bounded by these stream-lines 
there is a circulation of fluid and the flow between T and the circle is 
opposite in direction to that of the main stream. The stream-lines are, 
indeed, very similar to those which have been frequently observed or 
photographed in the case of the slow motion round a cylinderf. 

Let us now consider the case when there is only one vortex outside the 
cylinder and a carculation round the cylinder. We now put 

In this case 

It — ii) C/ (I — a^lz"^) 4- ikjz + ic l{z — ~ {z — 

and the component velocities of the vortex A are given by 

Uq — iv^ = U (I — — icr^e-^^o 

while for its image B 

111 -f U4 ^ {Uq — Wq) 

If X, Y are the components of the resultant force on the cylinder per 
unit length, we have 

X + iY ~ \pa j 2 e^^dd -= ^-i^q) + + iY^), say. 

Now when z ae'^, 

n- ^ 4tU^ sin^ d -{- k-/a^ 4- {Tq^ — 

4- 4C7 sin 6 ,[kja — c {r^ — a“)/ni? 2 j _ 2kc — a^)ja^R^, 
where R'^ = 4- — 2aro cos {0 — 6^), 

Therefore X^ + 2Trip [kU — c ( 2^0 + 

We have also for r — a 

4 - - ir ^0 + 4- ir - 

dt ^ dt ae*^ — (a^jrQje^^o" 

* Zcits.fur teclmische Physik, Bd. viii, S. 62 (1927); M athematische Strdmungslekre (Springer, 
Berlin, 1928), p. 124. 

t See especially the photographs published by Camichel in La Technique Aironauiiqutt Nov. 15 
(1925) and Dec. 15 (1925). 
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therefore 

lo ^ ^ It) 

j ( It ^ It) "" 27rica^rQ~^ {Uq -f ii^o) 

2^ 3(/, 

ae*^ c?0 == Trie (Uj + ii;i) — Trica^r^-^ (u^ — i^Jq) = ^'rric (v^ -f ivi), 

0 ot 

Combining these results we have 

X + iy = 27Tip {kU — c (Wq + Wq) 4- c {u^ + n\)}. 

This result may be extended to the case in which there are any number 
of vortices outside the cylinder*, the general result being 

X + iy == 2'iTip \kU - 2 (Uz, + iv2s - '?^2s+i ~ 

i .s-O 

111 the special case when there is only one vortex and A: = 0, 0 q = 0, 
we have -f ivi == — {Uq — iv^), 

Uq - ivQ^U {I - uHq-^) - ievQ (ro^ - 

X f iy 2TTpc [cjrQ — iU (1 — a^VQ-^)]. 

Introducing the coefficients of lift and drag, defined by X = pSU'^.Cj), 
y = pSU^.Ci, S being the projected area, we find 

Cjj = (c/aUV rra/rQ, C\ = - tt (c/aU) (1 - a^r^-^). 

These results were obtained by W. G. Bickleyf who plots the lift-drag 
curves for r =■ 2a, 4ta and 6a, and compares them with the published 
curves for Flettner rotors (rotating cylinders with end plates). With the 
last two values the agreement is fair except for low values of the lift. 

The stream-lines for the case of a single vortex outside the cylinder 
have been drawn by W, Muller J. 


EXAMPLES 


1. If in a type of flow similar to that considered by Foppl the vortices at and Zg are not 
images of each other in the hue y = 0, one of the conditions that the vortices may be stationary 
in the flow round the cylinder is 

{tq — a^rQ~^) cos 9q ■= (rg — cos 


2. If in Foppl’s flow the vortices move so that they are always images of each other in 
the line y = 0 the resultant force on the cylinder is a drag if 


4ro^ sin2 - a^)\ 


[Bickley.] 


H. Bateman, Bull. Amer. Math. Soc. vol. xxv, p. 358 (1919); D. Riabouchinsky, Comptes 
Rendus, t. CLXXV, p. 442 (1922); M. Lagally, Zeits. f. angew. Math. u. Mech. Bd. ri, S. 409 (1922). 
In this formula the even suffixes refer to the vortices outside the cylinder and the odd suffixes 
to the image vortices inside the cylinder, 
t Loc. cit. ante^ p. 251. 
t Loc. cit. ante, p. 252. 
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3. A plate of width 2a is placed normal to a steady stream of velocity U and vortices 
form behind the plate at the points 

Zj = ajo -f- tyo, 22 = ^o-tVo- 


Prove that the conditions are satisfied by 


X~U + iK log 

Prove also that when 


(z^ 4- 


2^0 a/ 3 + 2 (V + 'fV3 == 4C7%yo» 

the velocity does not take infinite values at the edges of the plate and the vortices are 
stationary. 

[D. Riabouchinsky.] 


§ 3*71. Elliptic co-ordinates. Problems relating to an ellipse or an 
elliptic cylinder may be conveniently solved with the ai(f of the sub- 
stitution 


X iy c cosh + ir]) = c cosh 


which gives 


a: = c cosh ^ cos 
y ^ c sinh f sin r^. 

The curves ^ = constant are confocal ellipses, 




c2 cosh^ ^ sinh^ ^ 


the semi-axes of the typical ellipse being a = c cosh ^ and 6 = c sinh 
The angle tj can be regarded as the excentric angle of a point on the 
ellipse. 

The curves rj = constant are confocal hyperbolas, the semi-axes of the 
typical hyperbola being a' = c cos t] and 6' == c sin 17. 

The first problem we shall consider is that of the determination of the 
viscous drag on a long elliptic cylinder which moves parallel to its length 
through the fluid in a wide tube whose internal surface is a confocal 
elliptic cylinder*. 

Considering a cylindrical element of fluid bounded by planes parallel 
to the plane of xy and a curved surface generated by lines perpendicular 
to this plane, the viscous drag per unit length on the curved surface of the 
cylinder is 


taken round the contour of the cross-section, w being the velocity parallel 
to a generator and y, being the coefficient of viscosity. 

If the fluid is not being forced through the tube under pressure the 
pressure may be assumed to be constant along the tube and so in steady, 
motion the total viscous drag on the cylindrical element must be zero. 


♦ C. H. Lees, Proc, Roy, Soc. A, vol. xcii, p. 144 (1916). 
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Transforming the line integral into an integral over the enclosed area, we 
obtain the equation 

dhv dho _ 
dx^ ^ dy^ 

The boundary conditions are w = 0 when ^ , and w = v when 

^ = ^2 , we therefore write 

(^1 - 4 ) = ^ (^1 - ^). 

. . . dr] 


Since rj varies from 0 to 277 in a complete circuit round the contour of 
the cross-section, the total viscous force per unit length of the cylinder is 


27TfJLV 2'ITflV 

fi - ^2 “ log (ai + hi) - log (fla + 62) ■ 

If the inner ellipse reduces to a straight line of length 2c, the total drag 
• on the plane is D per unit length, where 

D [log (ai -f 6i) - log (2c)] = 277/xi;, 
and the resistance per unit area at the point x is 

(i)/27r) (c2- 


It is clear from this expression that the resistance per unit area, i.e. the 
shearing stress, is much greater near the edges of the strip than near its 
centre line. 

The foregoing analysis may be used with a slight modification to 
determine the natural charges on two confocal elliptic cylinders regarded 
as conductors at different potentials. If V is the potential at (it rj) and 
V — 0 for i ^ ^i, V — V for ^ = ^^2 > we have 


V (^1 — ^ 2 ) ~ ^ (^1 ~~ 

and the density of charge on the cylinder ^ is 


I dVd(^ 1 dVdrj^ 

477 dn 477 ds 477 ~ ^2) ^ 


(sinh^ — sin^ rji) K 


When the inner cylinder reduces to the strip whose cross-section is 
S1S2 we have, when v = 2 (^1 — 


(Ti = ( 1 / 277 c) cosec 7^1, 

and if, moreover, the outer cylinder is of infinite size <ji becomes the natural 
charge on the strip when the total charge per unit length is equal to 
unity; this is the charge density on each side of the strip. 

To find the stream-function for steady irrotational flow round an 
elliptic cylinder when there is no circulation round the cylinder, we write 
^ -f 02 , where 

01 = Uy — Vx === c {U sinh ^ sin 77 ~ V cosh ^ cos rf) 
is the stream-function -for the steady flow at a great distance from the 
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cylinder and ^2 stream-function for a superposed disturbance in this 
flow produced by the cylinder. To satisfy the boundary condition = 0 
at the surface of the cylinder, and the condition that the component 
velocities derived from are negligible at infinity, we write 

02 = cos 7} -\- B sin 7]). 

Choosing the constants so that 0 ~ 0 on the cylinder, we have 
g-fi A cV cosh fi, e-h B ^ — cU sinh 

=^-b^U 

where a^, are the semi-axes of the ellipse ^ We have also 

4- 61 CiC-fi, a^- b^ = CiC-fi 

Therefore 02 = (Ui + b^)^ {a^ — b^)'^ e-^ (Va^ cos 7 ] — Ubi sin 7 ^), 

0 4- i0 = ([/ — iV) z -}- {Ub^ 4 - iVay) {a^ 4- (% — 


To find the electrical potential of a conducting elliptic cylinder which 
is under the influence of a line charge parallel to its generators, we need an 
expression for the logarithm 

log {Zq - z) - log [c (cosh Co - cosh C)1 

== ^0 -i- |c + log (1 - e^^-^o) (1 - 

^ ^O + Iog 2 S 7i-ic“”^oeosh<, | C|< Uol- 
1 

Writing this equal to 0o + iA) have 

00 

00 ^0 ^ log io -- 2 S (cosh cos tit] cos n7]Q 

11^ i 

4 - sinh sin nr] vsin 

To obtain a potential which is constant over the elliptic cylinder 
^ we write 0 == 0o + 0i , where 

00 

01 2 cos 717] 4 - sin titj}. 

71^1 

Each term of this series is indeed a potential function which vanishes 
at infinity. Choosing the constants B^, so that the boundary condition 
0 0 on C = Cl 1 !^ satisfied by 0 == 0o 4- 0i, we have 

== 2 e"^^o cosh 7^Cl cos utjq, 

= 2 e~”^o sinh ?iCi sin 717]^. 

Hence when Ci < C < Co > 


0 = Co + log 4- 2 sinh?^ (Ci — Cj costi (t^q — 7 ]). 

n -^ I 

Summing the series we find that 

6--. ^ 4- loff ic + i loe - 

- ? + fo + log 2 C + i log -"2^,) - cos ( 7 ,, - r,) • 
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The corresponding stream-function is 

I , , . sin (rj„ — -n) ^ . sin (ti„ — r)) 

>l> = r)+ tan-^ j--- ' . -I- tan-i — / \> 

1 — cos (r)Q — 7 ]) 1 — cos (170 — 

and when = 0 the value of for ^ = 0 is 

^ j sinh ^0 

V0^/o cosh ^0 - cos (770 “ v) * 

The surface density of the charge on the plate ^ = 0 is thus 

I drj sinh ^0 

4 t 7 T ds L cosh ^0 — cos (t/q — 7 ])j ’ 

and the total charge is zero. When the total charge per unit length is 1, 
and the total charge per unit length of the line is — 1, the surface density 
of the charge on the cylinder is 

1 drj sinh 

, 27 t ds cosh ^0 — cos (170 — 17) * 

This is what C. Neumann* calls the induced charge density or the 
induced loading; it represents, of course, the charge on one side of the 
plate ^ = 0. We shall write this expression in the form 

(^( 0 , 7 ]; io, rjo) ^ ^ ’?o). 


and shall use a corresponding expression 


(7 (fi . ’ji ; ^0 . lo) 


2tt ds 


^ > Vl -) ^Oi Vo)i 


in which 

S L, Vo) = -“iy- cos'l^o - r,d’ 

and or (fi, 7 ]^; tjq) is the density of the induced charge for the elliptic 
cylinder i = ii. 

Let us now consider the problem in which a function V is required to 
satisfy the condition F = / (tj^) on the cylinder ^ while F is a regular 
potential function outside the cylinder i = ii but not necessarily vanishing 
at infinity. Some idea of the nature of the solution may be obtained by 
first considering the two cases 

/ (^1) "= cos niT], V = cos niTj, 

f {tji) = sinmT^, F = sin niT), 

Since 

^ '^) == 1 + 2 S cos w (77 - 771), 

w — 1 


Leipzig, Ber, Bd. Lxn, S. 87 (1910). 


17 
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the solution is given in these cases by the formula 

V ^ S ^yV)f (B) 

=' Vi ’ V)f iVi) dsi, 

and we may write 

(^ly Vl'y (^1» '^i) ^ iiiy Viy ^y V)y (C) 

where is the natural density per unit length when the total 

charge per unit length on the cylinder ^ is unity. This is a particular 
case of a general theorem due to C. Neumann*, which tells us that the 
density of the induced charge for a cylinder whose cross-section is a closed 
curve can be found when the natural density on* the cylinder and the 
corresponding potential is known. The expression for the induced charge 
is then of the form (C), where ^ and r] are conjugate functions such 
that $ = constant are the equipotentials and t) = constant, the lines of 
force associated with the natural charge. The undetermined constant 
factor occurring in the expressions for functions ^ and rj which satisfy the 
last condition should be chosen so that t] increases by 27t in one circuit 
round the cross-section of the cylinder. 

The formula (A) gives a potential which satisfies the conditions of 
the problem for a wide class of functions and for this class of functions 
we have the interesting relation 

f->fJo cosh (^ - ^i) -COS (rj-rji) 

The question naturally arises whether the function F given by (B) 
is the only function which fulfils the conditions of the problem. To discuss 
this question we shall consider the case when the ellipse reduces 

to the line ^ = 0, i.e. the line 

It will be noticed that when /(ry) = 1 the formula (B) gives F = 1. 
Now the potential ^ which is the real part of the expression 

(f) iifs ^ z {z^ — c2)~i = coth 

satisfies the condition that </> = 0 on the line ^ = 0 and = 1 at infinity. 
Furthermore, the function which is the real part of 

^1 + = c {z^ ~ c^)~^ == cosech 

satisfies the conditions 

^ 1=0 when ^ = 0, == 0 when | = oo. 

Hence a more general potential which satisfies the same conditions 
as F is rr 4 I I 

F + A.(f> -{- 


Leipzig. Ber. Bd. Lxn, S. 278 (1910). 
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where A and B are arbitrary constants. Now 
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sinh I 

cosh ^ — cos {rj — ijj) 


R 


1 H- 

1 — 


Hence, if 


^ ^ sinh i i sin T/o 
cosh ^ — cos T^o * 


r sinh ^ + i sin tjq 

cosh ^ 

L GOsh ^ — cos rjQ 

sinh C 


/ ('^o) J 

(D) 

where Z7 and F are constants, the potentials u and v are conjugate functions 
which can be regarded as component velocities in a two-dimensional flow 
of an incompressible inviscid fluid. These component velocities satisfy the 
conditions 

u = U, V = F at infinity, v ^ f {rj) on the line 8 ^ 82 • 

This result is of some interest in connection with Munk’s theory of 
thin aerofoils. In this theory an element ds of a thin aerofoil in a steady 
stream of velocity U parallel to Ox is supposed to deflect the air so as to 

give it a small component velocity v == u in a direction parallel to the 

axis of y. Assuming that u ~ U e, where e is a small quantity of the 

same order of smallness as and dy^jdxQ , we neglect e , as it is of order 

6^, and write v = U . This is now taken to be the i/-component of 

velocity at points of the line 8^82 and the corresponding component 
velocities (t4, v) for the region outside the aerofoil may be supposed, with 
a sufficient approximation, to be given by an expression of type (D). 
In this expression, however, the coefficient A is given the value 1 so that 
the velocity at the trailing edge will not be infinite. 

Now when | ^ | is large we may write 

(cosh ^ — cos = sech ^ -f- cos 7 ]q sech^ ^ ... , 

sinh ^ = cosh C ~ i sech ^ J sech^ ^4- ... , 
cosech ^ = sech ^ 4- | sech^ f 4- 

Hence, when F = 0 the flow at a great distance from the origin is 
of type 


where 


V A iu == iU 4- Pi/z 4- ^2^^ -t ••• » 
c 

Vo)f(Vo) drjo, 

C2 fir 

~ Vo)f(Vo) 


17-3 
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and by Kutta’s theorem the lift, drag and moment per unit length of the 
aerofoil are given by the expressions of § 4*71 


L + iD^ 




ip j dz ^ — 2TTpUPi , 

\pR [ (v + iuY zdz == — 27 TpURp 2 • 


Therefore L ~ ~ pcU^ | (1 + 

Z) = - pcU^ f" sin 7,0 drio = 0, 

J -ir U Xq 


These are the expressions obtained by Miink* by a slightly different 
form of analysis. A more satisfactory theory of thin aerofoils in which the 
thickness is taken into consideration, has been given by JeflFreys and is 
sketched in § 4 * 73 . 

Since dx^ = — c sin r]QdrjQ, == c cos rj^, 


we may write 


dx. 


dxa 


L=- 2pm j {c + xo) (c^ - Xo^) 

== 2pcmj (c + Xa)~i (c - Xo)~^ yodxo, 
M = 2pf/2 j (c2 - xy^dx^'. 


§ 3 - 81 . Bipolar co-ordinates. Problems relating to two circles which 

intersect at two points S-^ and 82 with rectangular co-ordinates (c, 0), 

(— c, 0) respectively may be treated with the aid of the conformal 

transformation • . 1 y / a ^ 

z =zc cot (A) 

where z ^ x + iy^ ^ ^ 4 - ir] and (x, y), (f, 7^) are the rectangular co- 

ordinates of two corresponding points P and ir. We shall say that the 
point P is in the z-plane and the point tt in the ^-plane. The transformation 
may be said to map one plane on the other. 

It is easily seen that 

z c 

= ( == 

2 - c 

e’> = rjri, 

(^x ~ c)^ y^ ^ \ z — c\^ = 2cMe~^, 

^ 2 “ = (a: + c)2 -f ^ j 2 ; -f c [2 = 2cMe^, 

where M ^ 

cosh 7] — cos ^ 

* National Advisory Committee for Aeronautics, Report, p. 191 (1924); see also J. S. Ames, 
Report, p. 213 (1925) and C. A. Shook, Amer. Journ. Math. vol. XLvm, p. 183 (1926). 
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The curves ^ = constant are clearly circles through the points and 
^2 > while the curves rj = constant 
are circles having these points as 
inverse points. The two sets of 
curves form in fact two orthogonal 
systems of circles, as is to be ex- 
pected since the transformation (A) 
is conformal, and the corresponding 
sets of lines are perpendicular. 

The expressions for x and y in 

terms of ^ and y] are x == M sinh r], y M sin At a point Pq of the 
line we have ^ = tt, therefore 

Xq-= c tanh (r]J2), y -- 0, 
and the natural loading for this line is 

cTo - (I/ttc) cosh (W2)* 

The loading induced by a charge ~ 1 at the point P (f, r]) is, on the 
other hand, 

0-* = 2 cosh ^ (7^0 /2) c os (^/ 2 ) cosh [(7; - 77 o)/ 2 ] 
ttC [cosh ('q - T^o) + cos i] 

__ cosh (ql 2 ) -h cosh [(ql 2 ) - T^o] f 
® cosh (q - qfi) + cos f 2 * 



EXAMPLE 

A potential function v is regular in the semicircle y > 0^ and satisfies the 

dv 

boundary conditions v = A when y - 0, ~ B when + 2/“ ~ prove that 


f 00 

V = A — A' cos mr; 
Jo 


sinh ?n(( n) 


cosh^ 


rriTT 


where x -f iy = ia cot J -f in), A' = aB. ^ 

§ 3*82. Effect of a mound or ditch on the electric potential. Let us now 
consider the complex potential 

2c H 

^ = cf ii/j =z cot , (B) 


where /<r is a real constant at our disposal. The potential cf is zero when 
^ = 0, for in this case x becomes cot , and is a purely imaginary 

K K 

2c %T^ 

quantity. It is also zero when ^ = \ktt, for then x= » and is 

again a purely imaginary quantity. The potential (f> is thus zero on a 
continuous line made up ,of the portion of the line y = 0 outside the 
segment S 1 S 2 and of the circular arc through S 1 S 2 at points of which 
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subtends the angle ^/ctt. Thus the complex potential x provides us 
with the solution of an electrical problem relating to a conductor in the 
form of an infinite plane sheet with a circular mound or ditch running 
across it. 


d<l> _ (cosh 7) ~ cos d4> 

OUlL/tJ L/ ^ 1 j. 

cy cosh 7) cos ^ \ 

we find that on the axis of y, where = 0, 


Also 


d<f> 

dy 

dcf> 


(1 — cos I) 

2c i 

^ cosec 2 , 

/C“ K 


defy 

ar 


consequently the potential gradient on the axis a: = 0 is 

^ cosec^ - (1 — cos I). 

K 

At the vertex where ^ = ^ktt it is 


2 

/<2 


(I ~ COS ^Ktt). 


On the plane y = 0, we have ^ 0, and the gradient is 

2 77 

„ cosech^ ^ (cosh 77 — 1). 

K ' 

As 7 ; -> 0 , x~>co and the gradient tends to the value 1 which will be 
regarded as the normal value. 

r] -> ± 00 , X -> ± c and the gradient tends to become zero or infinite 
according as k ^ 2. 



Fig. 17. Fig. 18. 


When /c 1 we have a semicircular mound. 

The gradient on the line a: = 0 is everywhere greater than the normal 
value, at the vertex it is 2, and at a point at distance 2c above the vertex 
it is 10/9. 

When AC -= 3 we have a semicircular ditch. 

The gradient on the line a; = 0 is everywhere less than the normal 
value, at the bottom of the ditch it is 2/9 and at a point (0, c), at distance 
2c above the bottom, it is 8/9. By making k -> 0 we obtain values of the 
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gradient for the case of a cylinder standing on an infinite plane. We must 
naturally make c 0 at the same time, in order to obtain a cylinder of 
finite radius a. The appropriate complex potential is 


aiT 


y = -f ijA = aiT cot 

^ ^ y — %x 

On the line x = 0 the potential gradient is 


2^2 


a^TT 


cosec^ 


Q- 


(C) 


and tends to the normal value as y -> i oo. 

TT^ 

When y ^ 2a the gradient is ^ , which is nearly 2*6. At a distance 2a 

7T^ 

above the summit, y = 4a and the gradient is ^ == 1*2337. On the axis 

8 

of X the gradient is „ ^ 

^ a^TT^ ..(a7T\ 

- „ cosech^ 
x^ \ X J 

As a: -> 0 the gradient diminishes rapidly to zero, consequently the 
surface density of electricity is very small in the neighbourhood of the 
point of contact. 


EXAMPLE 

Fluid of constant density moves above the infinite plane y — 0 with uniform velocity U . 
A cylinder of radius a is placed in contact with the plane with its generators perpendicular 
to the flow. Prove that the stream function is derived from a complex potential of type (C) 
multiplied by U and calculate the upward thrust on the cylinder. 

[H. Jeffreys, Proc. Camb. Phil. Soc. vol. xxv, p. 272 (1929).] 


§ 3*83. The effect of a vertical wall on the electric potential. Let h be the 
height of the wall, y = 0 -f- ii/r the complex potential. If a is a constant, 
the substitution 

az = ih (a^ + x^r (^) 

makes the point z = ih correspond to y = 0, the points on the axis of x 
correspond to the points on = 0 for which i/j^ > a^, while the points on 
the axis of y for which y < h correspond to the points on ^ = 0 for 
which < a^. Hence, if </> be regarded Jis the electric potential, a con- 
ducting surface consisting of the plane y = 0 and the conducting wall 
{x = 0, y < h) will be at zero potential*. 

If (r, 0), (r', 6') are the bipolar co-ordinates of a point P relative to S, 
the top of the wall, and to S' , the image of this point in the plane y = 0 , 
we have 

^2^2 a2 (^2 + A2) 

Therefore h(f) = a (rr')i sin J (0 4- 0'), 

hip ^ — a (rr')i cos | (0 -f 6'). 

2A2^2 _ ^2 __ y2 — (X^ “ H“ ^^)}- 

* G. H. Lees, Proc. Roy. Soc. London, A, vol. xci, p. 440 (1916). 


Therefore 
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The equipotentials have been drawn by Lees from the equation 
1/2 (1 -f a^x^jh^^) - A2 4- :r2 -f h^cfy^la^. 

To determine the surface density of electricity we differentiate 
equation (D), then 

Ix^ ~ ly^ ~ 

When a; = 0, 2 ; = iy, hx = — id {h^ — y^)K so 

0 ^ = aylh {h^ - y^)K 

The' surface density is thus zero at the base and infinite at the top of 
the wall. 

When y 0, z ^ X, hx = — id (h^ 4- x^)^, and so 

= axjh (^2 4 - . 

As a: -> 00 this tends to the value ajh which may be regarded as the 
normal value of the gradient. At a distance from the foot equal to li the 
vertical gradient is 0*707 times the normal gradient. 

The curve along which the electric field strength has the constant value 
F is given by 

a 2 (a ;2 4 - y^) [{x^ — 2 /^ + + ^x'^y^'^, 

that is, by , 

’ ^ -= h^F^rr', 

where {R, 0) are the polar co-ordinates of P with respect to the origin. 
The curves F = constant may be obtained by inversion from the family 
of Cassinian ovals with S and S' as poles, they are the equipotential curves 
for two unit line charges at S and S', and a line charge of strength — 2 at 
the origin 0. The rectangular hyperbola 

^2 _ ^2 ^ |/^2 

is a particular curve of the family. This hyperbola meets the axis of y at 
a point where the horizontal gradient is equal to the normal gradient. 
The force is equal in magnitude to the normal gradient at all points of 
this hyperbola. At points above the hyperbola the force is greater than 
ajh, at points below the hyperbola it is less than ajh. 

The curves along which the force has a fixed direction are the lemnis- 
cates defined by the equation 

0 4- — 20 = constant. 

Each lemniscate passes through. and S' and has a double point at 0. 

It should be noticed that the transformation 

az — ill (a2 — 

enables us to map the upper half of the {-plane on the region of the upper 
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Effect of a Vertical Wall 

2 ;-plane bounded by the line y = 0 and the vertical wall x = 0, y < h. This 
transformation makes the points at infinity in the two planes corre- 
sponding points. It may be observed also that if the 

angle 20 ranges from — tt to tt. Hence, since az = hr sin 6 -f ihr cos 0, 
hr cos 0 is never negative and so it is the upper portion of the cut 2 :-plane 
W|hich corresponds to the upper portion of the ^-plane. If we invert the 
2 -plane from a point on the negative portion of the axis of y we obtain 
a region inside a circle which is cut along a radius from a point on the 
circumference to a point not on the circumference. The upper half of the 
^-plane maps into the interior of this region. 

If, on the other hand, we invert from the origin of the 2 -plane, the 
cut upper half plane inverts into a half plane with a cut along the y-axis 
from infinity to a point some distance above the origin. The point at 
infinity in the ^-plane now maps into the origin in the 2 -plane, 
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CONFORMAL REPRESENTATION 


§ 411 . Many potential problems in two dimensions may be solved 
with the aid of a transformation of co-ordinates which leaves V^F = 0 
unaltered in form. It is easily seen that the transformation 

1 = 9 (^. y) 

furnished by the equation 

itj) = F {z) 

possesses this property when the function F is analytic, because a function 
of ^ which is analytic in some region F of the ^-plane is also analytic in 
the corresponding region G of the z-plane when regarded as a function of z. 
In using a transformation of this kind it is necessary, however, to be 
cautious because singularities of a potential function may be introduced 
by the transformation, and the transformation may not always be one-to- 
one, i.e. a point P in the ^-plane may not always correspond to a single 
point Q in the 2 ;-plane and vice versa. 

Let F be a function of ^ and rj which is continuous {D, 1), then 

0F^0F0^ 0F^ dV^dVdi dVdri 

dx di dx'^ drj dx' dy 0^ dy'^ drj By' 


These equations show that if the derivatives of. ^ and rj are not all 

0F 0F 

finite at a point (x, y) in the 2 ;-plane, the derivatives g— , may be infinite 
0F 0F . 

even though and ^ are finite. A possible exception occurs when 

0F 0F . ^ . 

g^ and -g both vanish, i.e. at a point of equilibrium or stagnation. 

At any point (xq, i/q) in the neighbourhood of which the function F {z) 
can be expanded in a Taylor series which converges for \ z — Zq\ < c, 
we have 


where 


F{z)= E a„ (2 - 2o)”, 

n^O 

z = x+iy, 2o = a:o+*>o> 


and if ^ ^ ^ (z), + irjo = ^ {h)> 

we may write 

Co = F(z)-F (zo) = dz [F' {z) + 6 ], 
where dz = z ~ Zq and e -> 0 as -> 0. 


Hence d^ = dz,F' (x) approximately. 
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Properties of the Mapping Function 

This relation shows that the (x, y) plane is mapped conformally on the 
(f, 7 ]) plane for all points at which | F' {z) | is neither zero nor infinite. 
We have in fact the approximate relations 

da ^ds\F' {z) I , 

(j> ^ 0 a, 

where dz = ds,e^^, d^==da.e^^, 

F' {z) = I F' {z) I 

These relations show that the ratio of the lengths of two corresponding 
linear elements is independent of the direction of either and that the angle 
between two linear elements dz, Sz at the point (x, y) is equal to the angle 
between the two corresponding linear elements at (^, t/). The first angle is, 
in fact, 0 — d', while the second angle is 

<1, ~ cf,' = {0 + a) ~ (0' + a) = 0 - 0\ 

These theorems break down if some of the first coefficients in the 
expansion 

^ ~ ^0 “ ^ ~ (^) 

1 

are zero. If, for instance, = ... = 0, we have for small values 

of I ^ - 2 ;o I 

^ - ^0 = « 7 n (^ - 

and the relation between the angles is 

, 0 = m0 + where = I I 

This gives 

^m(0- 0'). 

More generally if there is an expansion of type (A) in which the 
lowest index m is not an integer a similar relation holds. 

§ 4*12. The way in which conformal representation may be used to 
solve electrical and hydrodynamical problems is best illustrated by means 
of examples. One point to be noticed is that frequently the transformation 
does not alter the essential physical character of the problem because an 
electric charge concentrated at a point (line charge) corresponds to an 
equal electric charge concentrated at the corresponding point, a point 
source in a two-dimensional hydrodynamical problem corresponds to a 
point source and so on. 

These results follow at once from the fact that if ^ + ii/r is the complex 
potential we may write 

= / (^ + iy) = g (^ + iv), 

and if (f> is the electric potential, the integral taken round a closed curve 
is zb 47r times the total charge within the curve. Now the interior of a 



268 Confor7nal Representation 

closed curve is generally mapped into the interior of a corresponding closed 
curve and a simple circuit generally corresponds to a simple circuit, 
moreover 0 is the same in both cases and so the theorem is easily proved. 
It should be noted that a simple circuit may fail to correspond to a simple 
circuit when the closed curve contains a point at which the conformal 
character of the transformation breaks down. Another apparent exception 
arises when a point {x^ y) corresponds to points at infinity in the (^, r]) 
plane, but there is no great difficulty if these points at infinity are imagined 
to possess a certain unity. In fact mathematicians are accustomed to 
speak of the point at infinity when discussing problems of conformal 
representation. This convention is at once suggested by the results obtained 
by inversion and is found to be very useful. There is no ambiguity then 
in talking of a point charge or source at infinity. 

We have s^en that certain angles are unaltered by a conformal trans- 
formation and can consequently be regarded as invariants of the trans- 
formation. Certain other quantities are easily seen to be invariants. 
Writing 

d{x, y) 7 ,) = Jr/ (^, ^), 

where d (x, y), d (^, 17) are elements of area in the two planes, we have 
\dx^ dy^) ' drj^’ 

' \ dx^ '■ a?/V^ a|2 ■<- 



The quantities </> and ip are usually taken to be invariants in a con- 
formal transformation and the foregoing relations indicate that 




d^cf> 020 
dx^ dy^ 


dxdy, 



are invariants. In the theory of electricity the first integral is proportional 
to the total charge associated with the area over which the integration 
takes place. In hydrodynamics the second integral represents the total 
vorticity associated with the area and the third integral is proportional 
to the kinetic energy when the density of the fluid is constant. The 


invariant character of the integrals ^{udx + vdy) and ^{udy — vdx) is easily 
recognised because these represent ^d(f> and respectively. 
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§ 4 * 21 . The transformation w == When n is a positive integer the 
transformation iv = 2 ” does not give a ( 1 , 1 ) correspondence between the 
tt^-plane and the 2 ;-pIane but it is convenient to consider an ti- sheeted 
surface instead of a single plane as the domain of w. For a given value of 
w the equation ^ w has n roots. If one of these is the others are 
respectively = Zjco, Z 3 = Z^oj^, ... Z^ == where to = 

If 2 : = re^^ we may adopt the convention that for 

Zj, 0 < nd < 2 .T, 

Zg, 277 < nd < 4:77, 

Zn, (2n ~ 2) 77 < nd < 2m7, 

Defining the sheet {m) to be that for which = Z^” we can say that 
Wi is in the first sheet, W 2 in the second sheet, and so on. The n sheets 
together form a “Riemann surface” and we can say that there is a ( 1 , 1 ) 
correspondence between the 2 :-plane and the Riemann surface composed 
of the sheets ( 1 ), ( 2 ), ... (n). If w ^ we have 0 = nd, and so when 
w = W^, we have (2m — 2) 77 < 0 < 2m77, 

The 2 J-plane is divided into n parts by the lines joining the origin to 
the corners of a regular polygon, one of whose corners is on the axis of x. 
These n portions of the z-plane are in a ( 1 , 1 ) correspondence with the 
n sheets of the Riemann surface. The n lines just mentioned each belong 
to two portions and so correspond to lines common to two sheets. It is by 
crossing these lines that a point passes from one sheet to another as the 
angle 0 steadily increases. The point O in the ?^;-plane is a winding point 
of the Riemann surface, its order is defined as the number — 1. 

A circle \ w ~ IF | = a” corresponds to a curve | 2 :” — Z” | = a”, which 
belongs to the class of lemniscates* 

where , 7 * 2 , . , . are the distances of the point 2 : from the points Z^ , Zg , . . . Z,i 
which correspond to W . In the present case the poles of the lemniscate 
are at the corners of a regular polygon and the equation of the lemniscate 
can be expressed in the form 

7 » 2 n _ 2r^R^ cos n (d ~ 0) -j- == = z, Re^® = Z). 

When 71 = 2 a circle in the 25-plane corresponds to a lima^on. To see 
this we write w^u-\-iv,z^x~\- iy, then 

u = x^ — y^, V = 2xy. 

* This is the name used by D. Hilbert, Gvti. Nctchr. S. 63 (1897). The name caasinoid is used 
by C. J. de la Vallee Poussin, Mathesis (3), t. ii, p. 289 (1902), Appendix. The geometrical pro- 
perties and types of curves of this kind are discussed by H. Hilton, Me^s. of Math. vol. xlviii, 
p. 184 (1919), reference being made to the earlier work of Serret, La GoupiUi^re and Darboux. 
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Hence, if 


{x + aY + 1/2 = c2, 


we have -f i;2 — 2 a^u -h — c2)2]2 — 4^^ (u^ 4- 

or, if U ^ u ~ V ^ v, U ^ R cos 0 , V = R sin 0, 
([72 4- 72 „ 2 c 2 ? 7)2 = 4a2c2 (/72 4_ 72)^ 

R = 2 ac + 2c2 cos 0 . 


EXAMPLES 

1. The curve - 2/^0^^ cos nO 4- c^d'^ = 0 has n ovals each of which is its own inverse 

with respect to a circle centre O and radius \/{cd). The ordinary foci ... invert into 

the singular foci Ag, ... the polar co-ordinates of B^ being given hy r ~ dy nd ~ 2stt. 

2. Line charges of strength + 1 are placed at the comers of a regular polygon of n 

corners and centre 0, while line charges of strength — 1 are placed at the corners of another 
regular polygon of n comers and centre O. Prove that the equipotentials are w-poled lemnis- 
cates. [Darboux and Hilton.] 

3. Provo also that the lines of force are w-poled lemniscates passing through the vertices 
of the regular polygons. 


§ 4 - 22 . The bilinear transformation. The transformation 


az b 
az -f 


(A) 


in which a, 6, a, arc complex constants, is of special interest because it 
is the only type of transformation which transforms the whole of the 
2:-plane in a one-to-one manner into the whole of the ^-plane and gives a 
conformal mapping of the neighbourhood of each point. 

If a /- 0 there are generally two points in the z-plane for which ^ = z. 
These are given by the quadratic equation 

az^ (P — a) z — b = 0 . 


Let us choose om* origin in the 2;-plane so that it is midway between 
these points, then ^ ^■= a and if we write b = ac^ the self-corresponding 
points are given by z == ± c. The transformation may now be written in 
the form 




a caz + c 
a — caz ~ c' 


From this relation a geometrical construction for the transformation 
is easily derived. Writing „ + ca = ,oe‘“, 

^ + c = z + c = 

^ — c = z — c = 

©1 — ©2 == -f- {d^ — d^. 


we have the relations 
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If Si and S2 are the self -corresponding points these relations tell us that 
a circle through Si and S^ generally corresponds to a circle through Si 
and S2, but in an, exceptional case it may correspond to a straight line, 
namely the line SiS2^ 

Again, a circle which has Si and S^ as inverse points corresponds to a 
circle which has Si and S2 as inverse points. 

By a suitable displacement of the z and ^-planes we can make any 
given pair of points the self-corresponding points provided the self-corre- 
sponding points are distinct, for if the displacements are specified by the 
complex quantities u and v respectively, the transformation may be 
written in the form 

, a{z u) b 

^ + a(r+u)~+^’ 

and we can choose u and v so that the equation = z has assigned roots 
Zi and Z2. 

We may conclude from this that the transformation maps any circle 
into either a straight line or a circle; a result which may be proved in 
many ways. One proof depends upon the theorem that in a bilinear 
transformation of type (A) the cross-ratio of four values of z is equal to 
the cross-ratio of the four values of ^ ; i.e. 

{z-Zi){Z2~Z:i) (C- Ci)(^2-y 

(z'-Z 2 )(Z 2 ~Zi) 

Now the cross-ratio is real when the four points lie on either a straight 
line or a circle, hence four points on a circle must map into four points 
which are either collinear or concyclic. If in the transformation (A) we 
choose u so that aw -f- /8 = 0 , and v so that av = a, the transformation 
takes the form 

where ab — ajS. 

By a suitable rotation of the axes of reference we can reduce the 
transformation to the case in which k is real, and this is the case which 
will now be discussed. 

The transformation evidently consists of an inversion in a circle of 
radius k with centre at the origin followed by a reflection in the axis of x. 
The points z == ± k are self-corresponding points and if these are denoted 
by Si and S2 it is easily seen that two corresponding points P and Q lie 
on a circle through Si and figure has a number of interesting 

properties which will be enumerated. 

1 . Since z {I k) ^ k {z -\- k) the angles SiPO, QSiO are equal, and 
so the angles SiPO, S2PQ are also equal. 

2 . The triangles SiPO, QPS^ are similar, and so 

PSi,PS 2 ^ PO,PQ. 
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3. If 6* is the middle point of PQ we have CS-^.CS^ = CP^, also PQ 
bisects the angle S 1 CS 2 . 

The four points S^, P, S^, Q on the circle form a harmonic set. This 
follows from the relation 

L L ^ 

z - k'^ z k~ z - 


which is easily derived from (B). 

The angle PS^C is equal to the angle S^PO, The lines S^P, PO, CS^ 
thus form an isosceles triangle. 

In the case when the self-corresponding points coincide we have 
a — fi — 2ac, b — — 

where c is the self-corresponding point. The transformation may now be 
written in the form 


+ 


-f- 7^ 0. 


1 _ « 
c~~ ^ + ac 

It may be built up from displacements and transformations of the 
type just considered and so needs no further discussion. The only other 
interesting special case is that in which the transformation then consists 
of a displacement followed by a magnification and rotation. 


§ 4*23. Poisson's formula and the mean value theorem, Bocher has 
shown by inversion that Poisson’s formula may be derived from Gauss’s 
theorem relating to the mean value of a potential function round a circle. 

Lot C and C' be inverse points with respect to the circle F of radius a, 
and let CO' == c. Inverting with respect to a circle whose centre is C' and 
radius c, the point 8 on the circle transforms into a point S' , We shall 
suppose that C' is outside the circle F, then 8 is inside the circle F. Let 
ds, ds' be corresponding arcs at 8 and S' respectively and let the polar 
co-ordinates of C and C' be (r, 0), (r', 6) respectively, where rr' = a^. The 
circle F inverts into a circle with centre G and radius given by the formula 
aa' = cr, for 


GS' 


CS _ CA 
^C’S''^C'A 


_ a — r or , 

r' — a a 

Also r^C'S^ - a\CS^ - a^ [r^ + - 2ar cos (a - 0)], 

where (a, a) are the polar co-ordinates of 8. 

Writing ds' = a'da' , we have 

, , _ c'^ds ca'^da __ rcdor 

^ ~ a' ,C'S^~~ r.G'S^^ a^ — 2ar cos (a — 6) + 
and rc == a"^ — consequently the formula of Poisson becomes 

1 r2- 
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Circle and Half Plane 

This formula states that the mean value of a potential function round 
the circumference of a circle is equal to the value of the function at the 
centre of the circle. Hence Poisson’s formula may be derived from this 
mean value theorem and is true under the same conditions as the mean 
value theorem. 

§ 4*24. The conformal representation of a circle on a half plane^. If two 
plane areas A and can be mapped on a third area Aq they can be 
mapped on one another, consequently the problem of mapping ^ on 
reduces to that of mapping A and on some standard area Aq, 

This standard area generally taken to be either a circle of unit 

radius or a half plane. The transition from the circle x‘^ + - 1 in the 

2 :-plane to the half plane > 0 in the ?c-plane is made by means of the 
substitutions 

z ^ X -\- iy, w = u iv, z {i w) ^ i — w, 

Dx =-= 1 — l)ij = 2u, (I) 

where D ^ \- (I t;)-, 

4/Z) == (1 -f- xY + 2/^- 

When = 0, the substitution u = tan 6 gives 
X — cos 20 y y = sin 20. 

As 20 varies from — tt to tt, the variable n varies from — oo to oo and 
so the real axis in the t^;-plane is mapped in a uniform manner on the unit 
circle the 2 :-plane. 

Since, moreover, 

D {\ — — y^) ~ 4 ?;, Dy ~ 2Uy 

we have 2 ; > 0 when x^ + y^ < 1, consequently the interior of the circle is 
mapped on the upper half of the t(;-plane. 

When u and V are both infinite or when either of them is infinite, we 
have X ^ ~ 1, y = 0; hence the point at infinity in the ^^;-plane corre- 
sponds to a single point in the z-plane and this point is on the unit circle. 

The transformation (1) may be applied to the whole of the z-plane; 
it maps the region outside the circle x"^ y"^ \ on the lower half (v < 0) 

of the td;-plane. A line y = mx drawn through the centre of the circle 
corresponds to a circle m {\ — — v^) = 2u wh;ch passes through the 
point (0, 1) which corresponds to the centre of the circle, and through the 
point (0, — 1) which corresponds to the point at infinity in the 2 : -plane. 
This circle cuts the line v ~ 0 orthogonally. 

Two points which are inverse points with respect to the circle x^ + y^^ \ 
map into points which are images of each other in the line v = 0. 

♦ This presentation in §§ 4-24, 4-61 and 4-62 follows closely that given in Forsyth’s Theory of 
Functions and the one given in Darboux’s Thdone gen^rcde des surfaces^ 1. 1, pp. 170-180. 

18 


B 
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The upper half of the t^;-plaiie may be mapped on itself in an infinite 
number of ways. To see this, let us consider the transformation 




aw -h b 
cw 


w = 


dj-b 
a — cC 


.( 11 ) 


in which a, 6, c and d are real constants and ^ ^ ir^. 

When w is real ^ is also real and vice versa, hence the real axes corre 
spond. Furthermore, 

7 ] [{cu -I- dy + = {ad — be) v, 


hence Had — be is positive, rj is positive when v is positive. There are three 
effective constants in this transformation, namely, the ratios of a, b and c 
to d, hence by a suitable choice of these constants any three points on the 
axis of u may be mapped into any three points on the axis of In fact, 
if %, U2, are the values of u corresponding to the values of 

we can say from the invariance of the cross-ratio that 


- Ji) (fa -J'a) ^ - ^1) (^2 '^3) 

(^ — ^2) (^3 fi) ~~ ^2) (^3 “ '^1) 

and so the equation of the transformation may be written down in the 
previous form, the coefficients being 

^ ~ ^2^3 (^2 ^3) ^3^1 (^3 '^1) ^1^2 (% '*^2)? 

b = ^ 2 ^ 2 ^ 3^1 (^2 ^3) “f* %%^2 (^3 ^l) "f" ^ 1 ^ 2^3 (^1 “ ^2)? 

C ~ Ui (^2 ^3) + % (is ~~ il) + ^3 (^1 ~ is)} 

d == (^2 “■ ^"3) + %% (^3 fl) “f" '^1^2 (^1 ■“ ^2). 


The quantity ad — be is given by the formula 
ad — be — (^2 ““ ^3) (^3 ~ ^1) (ii ~~ ^2) (^2 ^3) ('*^3 “ %) (^1 “ '*^2). 

If ^1, u^, U3 are all different the coeflScients c and d cannot vanish 
simultaneously, for the equations c == 0, d = 0 give 

is is _ ^3 _ ^1 ~ is 

(^2^ ^3^) ^2 (^3^ ^1^) ^3 (^ 1 ^ ^2^) 

and these equations imply that 

Wl + 2^2 { U ^^ - ^ (^^2 _ ^^ 2 ) ^ 0 ^ 

or (^2 - U3) (Us- Ui) (Ui - 1^2) = ff. 

if the quantities fi, ^2> ^^3 ^re also all different. In a similar way it can be 
shown that a and c cannot vanish simultaneously and that a and b cannot 
vanish simultaneously. Poincar6 has remarked that the transformation 
(II) can usually be determined uniquely so as to satisfy the requirement 
that an assigned point ^ and an assigned direction through this point 
should correspond to an assigned point w and an assigned direction 
through this point. The proof of the theorem may be left to the reader. 
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who should examine also the special case in which one or both of the 
points is on the real axis in the plane in which it lies. 


EXAMPLES 

1. Prove that Poisson’s formula 

27r J -jrl — 2rcos (B — B') 4- r- 
maps into the formula of § 3*11, 

F = - 

IT I -CO {x — x'f + 2/^’ 

where / (O') = F (tan \d'). 


I’-K 1 


2. Prove that the transformation 



maps the half plane y ^ 0 on the unit circle | w; | < 1 in such a way that the point Zq maps 
into the centre of the circle. 


§ 4 * 31 . Riemann's proble7n. The standard problem of conformal repre- 
sentation will be taken to be that of mapping the area A in the 2 :-plane 
on the upper half of the t^-plane in such a way that three selected points 
on the boundary of A map into three selected points on the axis of u. This 
is the problem considered by B. Riemann in his dissertation. The problem 
may be made more precise by specifying that the function f (w) which 
gives the desired relation 

z=--f{w) 

should possess the following properties : 

(1) / (w) should be uniform and continuous for all values of w for which 
^; > 0. If Wq is any one of these values / ( 24 ?) should be capable of expansion 
in a Taylor series of ascending powers of — Wq which has a radius of 
convergence different from zero. 

(2) The derivative/' (w) should exist and not vanish for v > 0; indeed, 
if /' (w) — 0 for w = Wq there will be at least two points in the neighbour- 
hood of ivq for which z has the same value. This is contrary to the require- 
ment that the representation should be biuniform. 

(3) / (?^) should be continuous also for all real values of tv, but it is 
not required that in the neighbourhood of one of these values, Wq, the 
function / {iv) can be expanded in a Taylor series of ascending powers of 
w — Wq, for, as far as the mapping is concerned, f {w) is defined only 
for V >0. 

(4) Considered as a function of z, the variable w should satisfy the 

same conditions as / If / {w) satisfies all these requirements it will give 

the solution of the problem. The solution is, moreover, unique because if 

two functions ... , , 

z==f{w), z = g(w) 

give different solutions of the problem, the transformation 

f(w) = g (Tf) 
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will map the upper half plane into itself in such a way that the points 
map into themselves. Now it can be proved that a transformation 
which maps the upper half plane into itself is bilinear and so the relation 
between w and W is 


{ w - u^) (u^ - u^) ^ (W - 3 ) (?/2 - '^h) 
{w — U 2 ) {u^ ~ {W — U 2 ) (^3 — UiY 


or 

This reduces to 
and so If = 


IV — W — 

IV ~ U2 If — 1^2* 

{w — If) (% — U 2 ) 0, 


§ 4*32. The (jeneral 'problem of conformal representation. The general type 
of region which is considered in the theory of conformal representation 
may be regarded as a carpet which is laid down on the 2 ; -plane. This carpet 
is supposed to have a boundary the exact nature of which requires careful 
specification because with the aim of obtaining the greatest possible 
generality, different writers use different definitions of the boundary curve. 
There may, indeed, be more than one boundary curve, for a carpet may, 
for instance, have a hole in its centre. For simplicity we shall suppose 
that each boundary curve is a simple closed curve composed of a finite 
number of pieces, each piece having a definite direction at each of its 
points. At a point where two pieces meet, however, the directions of the 
two tangents need not be the same; a carpet may, for instance, have a 
corner. The tangent may actually turn through an angle 2tt as we pass 
from one piece of a boundary curve to another and in this case the boundary 
has a sharp point which may point either inwards or outwards. It turns 
out that the former case presents a greater difficulty than the Ifltter. 

In special investigations other restrictions may be laid on each piece 
of a boundary curve and from the numerous restrictions which have beer 
used we shall select the following for special mention. 

(1) The direction of the tangent is required to vary continuously as 
a point moves along the curve (smooth curve*). 

(2) The curvature is required to vary continuously as a point moves 
along the curve. 

(3) The curve should be rectifiable, i.e. it should be possible to define 
the length of any portion of the curve with the aid of a definite integral 
which has a precise meaning specified beforehand, such as the meaning 
given to an integral by Riemann, Stieltjes or Lebesgue. 

A simple curve which possesses the first property may be called a 
curve {CT), one which possesses the properties 1 and 2 a curve {CTC), 
a curve which possesses the properties 1 and 3 may be called a curve {RCT). 

* A curve which is made up of pieces of smooth curves joined together may be called smooth 
bit by bit (“Stiickweise glatte Kurve”; see Hurwitz-Courant, Berlin (1925), FunkUonentheorie). 
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The carpet will be said to be simply connected when a cross cut starting 
from any point of the boundary and ending at any other divides the carpet 
into two pieces. A carpet shaped like a ring is not simply connected 
because a cut starting from a point on one boundary and ending at a point 
on the other does not divide the carpet into two pieces, '^uch a carpet 
may, however, be made simply connected by making a cut of this type. 
When we consider a carpet with n boundaries which are simple closed 
curves we shall suppose that the boundaries can be converted into one 
by a suitable number of cuts which will at the same time render the carpet 
simply connected. It will be supposed, in fact, that the carpet is not 
twisted like a Mobius’ strip when the cuts have been made. 

Any closed curve on a simply connected carpet can be continuously 
deformed until it becomes an infinitely small circle. This cannot always be 
done on a ring-shaped carpet as may be seen by considering a circle con- 
centric with the boundary circles of a ring, and it cannot be done in the 
case of a curve which runs parallel to the edge of a singly twisted Mobius’ 
strip formed by joining the ends of a thin rectangular strip of paper after 
the strip has been given a single twist through 180 "^. Such a closed curve 
is said to be irreducible and the connectivity of a carpet may be defined 
with the aid of the number of different types of irreducible closed curves 
that can be drawn on it. Two closed curves are said to be of different types 
when one cannot be deformed into the other without any break or crossing 
of the boundary. It is not allowed, for instance, to cut the curve into 
pieces and join these together later or in any way to make the curve into 
one which does not close. 

A simply connected carpet may cover the plane more than once; it 
may, for instance, be folded over, or it may be double, triple, etc. In the 
latter case it is called a Riemann surface, i.e. a surface consisting of several 
sheets which connect with one another at certain branch lines in such a 
way as to give a simply connected surface. When there arc only two 
sheets it is often convenient to regard them as the upper and lower 
surfaces of a single carpet with a cut or branch line through which passage 
may be made from one surface to the other. In the case of a ring-shaped 
carpet we generally consider only the upper surface, but if the lower surface 
is also considered and a passage is allowed from one surface to the other 
across either one or both of the edges of the ring a surface with two sheets 
is obtained, but this doubly sheeted surface is not simply connected 
because a curve concentric with the two edges is still irreducible. In a more 
general theory of conformal representation the mapping of multiply 
connected surfaces is considered, but these will be excluded from the present 
considerations. 

A carpet may also have an infinite number of boundaries or an infinite 
number of sheets, but these cases will also be excluded. When we speak of 
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an area A we shall mean the right side of a carpet which is bounded by a 
simple closed curve formed of pieces of type (RCTC) and is not folded 
over in any way. The carpet will be supposed, in fact, to be simply con- 
nected and smooth, the word smooth being used here as equivalent to the 
German word “schlicht,” which means that the carpet is not folded or 
wrinkled in any way. The function F (z) maps the circular area | 2: | < 1 
into a smooth region if 

F (z,) - F (z^) ^ ^ 

2^1 -'^2 

whenever | ^^ | < 1 and | 23 | < 1 . 

We shall be occupied in general with the conformal representation of 
one simple area on another, and for brevity we shall speak of this as a 
mapping. In advanced works on the theory of functions the problem of 
conformal representation is considered also for the case of Riemann 
surfaces and the more general theory of the conformal representation of 
multiply connected surfaces is treated in books on the differential geometry 
of surfaces. 

For many purposes it will be sufficient to consider the problem of 
conformal representation for the case of boundaries made up of pieces of 
curves having the property that the co-ordinates of their points can be 
expressed parametrically in the form 

x=f (<), y = 9 (t), 

where the functions / {t) and g (t) can be expanded in power series of type 

2 (Ill) 

n-O 

which are absolutely and uniformly convergent for all values of the 
parameter t that are needed for the specification of points on the arc under 
consideration. In such a case the boundary is said to be composed of 
analytic curves and this is the type of boundary that was considered in 
the pioneer work of H. A. Schwarz, but the restriction of the theory to 
boundaries composed of analytic curves is not necessary* and a method 
of removing this restriction was found by W. F. Osgoodf . His work has 
been followed up by that of many other investigators^. 

In the power series (III) the quantities Iq, an are constants which, of 
course, may be different for different pieces of the boundary. 

There are really two problems of conformal representation. In one 
problem the aim is simply to map the open region A bounded by a curve 

* In the modem work the boundary considered is a Jordan curve, that is, a curve whose points 
may be placed in a continuous (1, 1) correspondence with the points of a circle. 

t Trans. Amer. Math. Soc. vol. i, p. 310 (1900). 

i Particularly E. Study, C. Carath^odory, P. Koebe and L. Bieberbach. 
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a on the open region B bounded by a curve 6, there being no specified 
requirement about the correspondence of points on the two boundaries. 
In the second problem the aim is to map the closed realm* A on the 
closed realm B in such a way that each point P on a corresponds to only 
one point Q which is on b and so that each point Q on 6 corresponds to 
only one point P which is on a. It is this second problem which is of most 
interest in applied mathematics. If, moreover, in the first problem the 
correspondence between the boundaries is not one-to-one the applied 
mathematician is anxious to know where the uniformity of the corre- 
spondence breaks down. 

Existence theorems are more easily established for the first problem 
than for the second and fortunately it always happens in practice that 
a solution of the first problem is also a solution of the second ; but this, of 
course, requires proof and such a proof must be added to an existence 
theorem that is adapted only for the first problem. 

The methods of conformal representation are particularly useful because 
they frequently enable us to deduce the solution of a boundary problem 
for one closed region A from the solution of a corresponding boundary 
problem for another region B which is of a simpler type. When the function 
which effects the mapping is given by an explicit relation the process of 
solution is generally one of simple substitution of expressions in a formula, 
but when the relation is of an implicit nature or is expressed by an infinite 
series or a definite integral the direct method of substitution becomes 
difficult and a method of approximation may be preferable. A method of 
approximation which is admirable for the purpose of establishing the 
existence of a solution may not be the best for purposes of computation. 

§ 4*33. Special and exceptional cases. It is easy to see that it is not 
possible to map the whole of the complex 2 :-plane on the interior of a circle. 
Indeed, if there were a mapping function / (z) which gave the desired 
representation, / {z) would be analytic over the whole plane and \ f (z) \ 
would always lie below a certain positive value determined by the radius of 
the circle into which the 2 ;-plane maps, consequently by Liouville’s theorem 
/ (z) would be a constant. A similar argument may be used for the case 
of the pierced 2 -plane with the point Zq as boundary. By means of a 
transformation z — Zq== Ijz' the region outside Zq can be mapped into the 
whole of the 2 '-plane when the point 2 ' = oo is excluded. The mapping 
function is again an integral function for which | / ( 2 ') | < M, and is thus 
a constant. On account of this result a region considered in the mapping 
problem is supposed to have more than one external point, a point on the 
boundary being regarded as an external point. 

* We use realm as equivalent to the German word “ Bereich, ” and region as equivalent to 
Gebiet.” 
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The next case in order of simplicity is the simply connected region 
with at least two boundary points A and B, If these were isolated the 
region would not be simply connected. We shall therefore assume that 
there is a curve of boundary points joining A and B. This curve may 
contain all the boundary points (Case 1) or it may be part of a curve of 
boundary points which may either be closed or terminated by two other 
erd-points C and F. The latter case is similar to the first, while the case 
of a closed curve is the one which we wish eventually to consider. 

The simplest example of the first case is that in which the end-points 
are ^ 0 and z -= go, the boundary consisting of the positive x-axis. The 

region bounded by this line can be regarded as one sheet of a two-sheeted 
Riemann surface with the points 0 and oo as winding points of the second 
order, passage from one sheet to the other being made possible by a 
junction of the sheets along the positive :r-axis. The whole of this Riemann 
surface is mapped on the 2 ;'-plane by means of the simple transformation 
z' — which sends the one sheet in which we are interested into the 
half plane ()< 0' < tt, where z' = r'e*®'. 

In the case when the boundary consists of a curve joining the points 
z ^ a, z b, these points are regarded as winding points of the second 
order for a two-sheeted Riemann surface whose sheets connect with each 
other along the boundary curve. This surface is mapped on the whole 
z'-plane by means of the transformation 



and in this transformation one sheet goes into the interior, the other into 
the exterior of a certain closed curve C, The mapping problem is thus 
reduced to the mapping of the interior of (7 on a half plane or a unit circle. 
Finally, by means of a transformation of type 

2 : = Az' -f- B, 

we can transform the region enclosed by C into a region which lies entirely 
within the unit circle | s | < 1 and our problem is to map this region on 
the interior of the unit circle | ^ | < 1 by means of a transformation of 
type ^ = / (2). 

§ 4-41. The mapping of the unit circle on itself. If a and d are any two 
conjugate complex quantities and a is a real angle the quantities — a 
and 1 — ae*'' have the same modulus, consequently if is another real 
angle the transformation 

(1 - dz) ^ {z - a) (A) 

maps I 2 I = 1 into | ^ | -= 1, and it is readily seen that the interior of one 
circle maps into the interior of the other. It should be noticed that this 
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transformation maps the point 2 = a into the centre of the circle | ^ | = 1. 
If we put a = 0 the transformation reduces to the rotation 

^ - ze^, 

which leaves the centre of the circle unaltered. If we can prove that this 
is the most general conformal transformation which maps the interior ol 
the unit circle into itself in such a way that the centre maps into the 
centre it will follow that the formula (A) gives the most general trans- 
formation which maps the unit circle into itself. 

The following proof is due to H. A. Schwarz. 

Let / (z) be an analytic function of 2 which is regular in the circle 
I 2 I = 1 and satisfies the conditions 

I /( 2 ) I < 1 for \z\< I, /(()) = 0. 

If - <1. {z) f {z)lz, </,(()) ==/'(0), 

the function (f> ( 2 ) is also regular in the unit circle, and if | 2 | = r, where 
r < 1,' we have 

\<f>(z)\< 1/r. 

But since cf> ( 2 ) is analytic in the circle | 2 | = r the maximum value 
of \ (j> (z) \ occurs on the boundary of this region and not within it, hence 
for a point Zq within the circle | 2 | = r, or on its circumference, we have 
the inequality | </> ( 20 ) | < 1/r (Schwarz’s inequality*). 

Passing to the limit r -> 1 we have the inequality 

I (2o) I < 1 for I Zo I < 1 - 

Now let ^ / [z), z ^ g {V} Ihe mapping functions which map a 

circle on itself in such a way that the centre maps into the centre, then 
by Schwarz’s inequality 

K/2|<i, |z/C|-ci. 

Renee | ^/2 | 1, and so | (/► ( 2 ) | is equal to unity within the unit 

circle. Now an analytic function whose modulus is constant within the 
unit circle is necessarily a constant, hence ^ = 2 e^^ where j8 is a constant 
real angle. 

Since the unit circle is mapped on a half plane by a bilinear trans- 
formation, it follows that a transformation which maps a half plane into 
itself is necessarily a bilinear transformation. 

§ 4-42. Normalisation of the mapping problem. Let F be the unit circle 
I ^ I < 1 in the ^-plane and suppose that a smooth region G in the 
2 -plane can be mapped in a (1, 1) manner on the interior of F. Since F 
can be mapped on itself by a bilinear transformation in such a way that 
two prescribed linear elements correspond, it is always possible to normalise 

* This is often called Schwarz’s lemma as another inequality is known as Schwarz’s inequality. 
The lemma of § 4*61 is then called Schwarz’s principle or continuation theorem. This second in- 
equality is used in § 4*81. 
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the mapping so that a prescribed linear element in the region 0 corresponds 
to the centre of the unit circle and the direction of the positive real axis, 
that is to what we may call the “chief linear element.” We can then, 
without loss of generality, imagine the axes in the z-plane to be chosen so 
that the origin lies in (? on the prescribed hnear element and so that this 
linear element is the chief linear element for the 2;-plane. This means that 
the normahsed mapping function C == f (z) satisfies the conditions / (0) = 0, 
r (0) > 0. Finally, by a suitable choice of the unit of length in the 2;-plane, 
or by a transformation of type z' = hz, we can make/' (0) = 1. The trans- 
formation is then fully normalised and / {z) is a completely normalised 
mapping function. The power series which represents the function in the 
neighbourhood of z == 0 is of type 

f{z) = z + a^z^ + .... 

The coefficients (22 > ••• in this series are not entirely arbitrary, in 

fact it appears that ag is subject to the inequality* | ^2 | < 2. To prove this 
we consider the function g (z) defined by the equation / {z) g (z) ^ 1 . We 

zg (2) = 1 + 612; + b^'z^ + ... , 

6 ^ = 0 ^ 2 ) ^2 ~ > • • • • 

If 0<c< 1, the transformation y = g {z) maps the circular ring 
c< z < 1 on a region A in the y-plane bounded by a curve C and a curve 
Cq which can be represented parametrically by the equation 
cy = e~^ 4 - 61C 4 - b2cH^ 4 - c^o) (c, a), 

where a is the parameter and a> (c, a) remains bounded as a varies between 
0 and 277 . Writing 63 = cc? = 1, we remark that the equation 

gives the parametric representation of an ellipse with semi-axes d 4- be, 
d — be respectively, and so the area of the curve (7^ differs from Trd^ 
by eB, where | B | remains bounded as c 0. Now the area of the region A 
is a quantity given by the equation 

A^ = f f* I / pdpda -= 7T (d^ - I S n\bn\^ — S n\bn 

and Ac > Ac ; also as c 0 the difference nd^ — AJ tends to the area A 
of the region enclosed by C. Since ^ > 0 we have the inequality 

i 1. 

n-2 

Now the function 

[g (z^)]* = 1 + + ... , 2^1 = 61 

likewise maps the unit circle | 2: | < 1 on a smooth region, and so by the 

last theorem \ o \o i 

I Pi I <1. 

♦ See, for instanoe, L. Bieberbach, Berlin. Sitzungsber. Bd. xxxvm, S. 940 (1916). 
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Since 6^ = — ^2 the last inequality becomes simply 
I a 2 1^ < 4: or I ^2 I < 2. 

We have | | = 1 when and only when jSg = jSa —...== 0, consequently 

I a 2 I = 2 when and only when 

[g = - f where a is real, 
z 

or g (z) = {z''^ + e^z^Y, 

that is, when / = (1 ^ ze^^‘ 


EXAMPLES 


1. A transformation which maps the unit circle into itself in a one-to-one manner and 
transforms the chief linear element into itself is necessarily the identical transformation. 

[Schwarz and Poincar^.] 


2. A region enclosing the origin which can be mapped on itself with conservation of the 
chief linear element consists either of the whole plane or of the whole plane pierced at the 
origin. [T. Pad6, Szeged Acta^ 1. 1, p. 240 (1923).] 


3. If the region | ^ | < 1 is mapped smoothly on a region W in the ti;- plane by the function 
= / ( 2 ) = 2 + aiz^ -f , prove that, when 1 2 ; | = r < 1 , 

Hence show that if is a point not belonging to the region W 

I M’o I < i- 

The value \wq\ = is attained at the point Wq — Je”"*® when 


/( 2 ) = 


Z 


4. If a region W of the z<;-plane is mapped smoothly on the circle | 2 | < 1 by the fimction 
w =f (z) and if Zi, Z 2 are any two points which do not lie within the circle, then 

[/(0)-7(2i)][/(0)-/feTi 

[G. Pick, Leipziger Berichte, Bd. Lxxxi, S. 3 (1929).] 


<4. 


§ 4*4f3. The derivative of a normalised mapping function. Now let / (z) 
be regular in the unit circle |z|< 1 , which we shall call K. We shall study 
the behaviour of /' {z) in the neighbourhood of an interior point oi K. 
Let Zq be the conjugate of Zq, then the transformation 


z == 


g - 2o 

1 - 


maps the circle K into itself and sends the point Zq into the point z' 
Thus 


0 . 


/ (s) 


f( z + Zo \ 

Vl +Zoz'/ 
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Writing /* (z) = / “ / (^o). 

we sec that the function /* (z) maps the circle K on a smooth region and 
leaves the origin fixed. If Zq = re'* we have by Taylor’s theorem 

/* (z) = z (1 - r^)/' (zo) + (1 - r^) [(1 - r*) /'' (zo) - 2zo/' (Zo)] + ... • 


The function^ 

(I- 4 f'~(z„) ^ ^ - 

is thus a normalised mapping function, and so by the theorem of § 4-42, 


A, 




, i.e. 


n — 2z 


4. 


Writing 

where f'(z)=- 

Therefore 


6“+"’ and M and v are real, we have the inequality 
d 


[u -h 



2r^ 

4r 

iv) — 

1 


1 - r2 

4 

- 2r 


du 

4 + 2r 

“ 1 

— 


dr 

1 - ’ 


4 


dv ^ 

4 

“ 1 

- 

< 

dr^ 

1 - 


Integrating between 0 and r we obtain the twa inequalities J 


log 


1 — r 
(1 h r)3 


< M < log 


I f r 

( Irf ’ 


I ?; I < 2 log 


1 -1 r 

I — r* 


4'he first of these may be written in the more general form 


1 - u I ^ /' (2) 

(1 + \z\r'- /'(o) 


1 I- I Z I 

(1 - 1 z \r 


where now ^ / ( 2 :) is a function which maps K on a smooth region not 


t This function was used by L. Bieberbach, Math. Zeitschr. Bd. iv, S. 295 (1919), and later by 

R. Nevanlinna, see Bieberbach, Math. Zeitschr. Bd. ix, 8. 161 (1921). The following analysis 
which is due to Nevanlinna is derived from the account in Hurwitz-Courant, Funktionentheone, 

S. 388 (11125). 

t The first of these was given b> T. H. Gronwall, Comptes Rettdus, t. CLXii, p. 249 (1916), 
and by J. Plemelj and G. Rick, Leipziger Ber. Bd. L.xviii, S. 58 (1916). In the form 

fc(r)<l/'C)| < A(r) ■ 

it is known as Koebe’s Verzerrungssatz (distortion theorem). The precise forms for k (r) and h (r) 
were derived also by G. Faber, Munchener Ber. S. 39 (1916) and L. Bieberbach, Berliner Ber. 
Bd. xxxvm, S. 940 (1916). The inequality satisfied by | t; | was discovered by Bieberbach, Math. 
Zeitschr. Bd. iv, S. 295 (1919). 
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containing the point at infinity but is not necessarily a normalised mapping 
function. 

The second theorem is called the rotation theorem, as it indicates limits 
for the angle through which a small area is rotated in the conformal 
mapping. The other theorem gives limits for the ratio in which the area 
changes in size. This theorem has been much used by Koebe* * * § in his 
investigations relating to the conformal representation of regions and has 
been used also in hydrodynamics-j* and aerodynamics. 

When / {z) maps if on a convex region it can be shown that | /' {z) | 
lies within narrower limitsj. Study has shown, moreover, that in this case 
any circle within K and concentric with it also maps into a convex region§. 
Many other inequalities relating to conformal mapping are given in a paper 
by J. E. Littlewood, Proc. London Math. Soc. (2), vol. xxiii, p. 481 (1925). 


§ 4-44. The mapping of a doubly carpeted circle with one interior branch 
point. Let P be a point within the unit circle | z'|< 1 and let rV® 
(0 < r < 1) be the value of z' at P. The transformation || 

(1 r'^) z — 2re"® 


^ 


2rz — (I f e 


^ W (A) 

: I 2 |, when I 2 : I ^ I, and 


satisfies the conditions </) (0) = 0, <^' (0) > 0, | 2 : 
so represents a partially normalised transformation which maps the unit 
circle in the z-plane on a doubly carpeted unit circle in the ^'-plane, the 
two sheets having a junction along a line extending from P to the boundary. 
We shall regard this line as a cut in that sheet which contains the chief 
element corresponding to the chief element in the 2 ;-plane. 

It is evident that | 2 :' | < | 2 : | whenever \ z \ < 1, and so | | < 1 when 

I 2 : I < 1 . This means that 1 2 ' I < 1 2 1 whenever \ z' \ < 1. 

From this we conclude that for all values of z' for which | 2 ;' | < there 
is a positive number q (r) greater than unity for which | 2 : | > g(r)\z'\. 
Indeed, if there were no such quantity q (r) there would be at least one 
point in the circle | 2'|< for which | 2 : | = | 2 ^' | . An expression for q (r) 
may be obtained by writing 


s 


2r 
1 -f 


pe*” 


and considering the points s, 1 /s on the real axis. If Pj , Pg ^^re the distances 
of the point 2 : from these points respectively we have 


• Gott. Nachr. (1909); Crclle, Bd. cxxxviii, S. 248 (1910); Math. Ann. Bd. lxix. 

f Ph. Frank and K. Lowner, Math. Zeitschr. Bd. iii, S. 78 (1919). 

t T. H. Gronwall, Comptes Eendus, t. clxii, p. 316 (1916). 

§ E. Study, Konforme Abhildung einfach zusammenhdngender Bereiche, p. 110 (Teubner, 
Leipzig, 1913). A simple proof depending on a use of Schwarz’s inequality has been given recently 
by T. Rado, Math. Ann. Bd. cii, S. 428 (1929). 

II C. Carath4odory, Math. Ann. Bd. i*xxii, S. 107 (1912). 
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The oval curve for which pRfsR^, = r‘^ lies entirely within a circle 


= constant which touches it at a point Xq 

for which / , \ 2 /i , \ 

p ip 4- s) = r2 (1 + ps), 


p on the real axis 


/> = 1 1^2 [(2 + - 1 + 

The constant is found to be 


1 + ps 
p -f 5 


P 

r2 


— * „J(2 + 2r«)i- l + r*] 

r (1 + r2) 


and we may take this as our value of (r). We can see that it is greater 
than 1 when r < 1 because 


2 f - (1 + r - r2 4- “ (1 - (1 - rf - 

It is clear from the inequality \ z\> q {r) \ z' \ that points corre- 
sponding to those which lie within the circle | 2 :' | < in the 2 ' -plane lie 
within the larger circle \ z \ < r^q (r) in the 2 -plane. If r- is the minimum 
distance from the origin of points on a closed continuous curve C" which 
lies entirely within the unit circle | ’'' | < 1, the transformation (A) maps 
the interior of C" into the interior of a closed* curve C which lies entirely 
between the two circles | 2 | < 1, | 2 | == r^q (r). The shortest distance from 
the origin to a point of C may be greater than r^q (r) but it lies between 
this quantity and r, i.e. the value of | 2 | corresponding to the branch 
point 2 = q^his second minimum distance may be used as the constant 
of type r2 in a second transformation of type (A). Let us call it and 
use the symbol Ci to denote the curve into which C is mapped by the new 
transformation. The minimum distance from the origin of a point of this 
curve is a quantity r 2 ^ which is not less than a quantity r^^q (r^) associated 
with the number . 

If we consider the worst possible case in which the minimum distance 
for a curve derived from a curve (7„ with minimum distance is 
always r^^q (r^), we have a sequence of numbers r^, ... which -are 
derived successively by means of the recurrence relation 

Since < 1 for all values of n and r„, the sequence tends to 

a limit R which must be given by the equation 

^ 

This equation gives the value i? = I. Hence as ri ->oo the curve (7„ lies 
between two circles which ultimately coincide. 

* The curve C may in some cases close by crossing the line which corresponds to the cut in 
the z'-plane. This will not happen if the cut is drawn so that it does not intersect C' again. 



Sequence of Mapping Operations 287 

The convergence to the limit is very slow, as may be seen by considering 
a few successive values of : 

^2 ^3 

•25 -283 -309 

The best possible case from the point of view of convergence is that in 
which = r. This case occurs when the curve C' is shaped something like 
a cardioid with a cusp at P. 

Though useful for establishing the existence of the conformal mapping 
of a region on the unit circle, the present transformation is not as useful 
as some others for the purpose of transforming a given curve into another 
curve which is nearly circular, unless the given curve happens to be shaped 
something like a cardioid or a lima 9 on with imaginary tangents at the 
double point. We shall not complete the proof of the existence of a 
mapping function for a region bounded by a Jordan curve. This is done 
in books on the theory of functions such as those of Bieberbach and 
Hurwitz-Courant. Reference may be made also to the tract on conformal 
transformation which is being written by Caratheodory *, to E. Goursat’s 
Cours d' Analyse Mathematique, t. iii, and to Picard’s Traite d’’ Analyse. 

§ 4 * 45 . The selection theorem. Let us suppose that the set or sequence 
of functions {x, y), (x, y), (x, y), ... possesses the following pro- 

perties : 

(1) It is uniformly bounded. This means that in the region of definition 
R the functions all satisfy an inequality of type 

I y) I < 

where is a number independent of s and of the position of the point 
(x, y) of the region R. 

(2) It is equicontinuous\ . This means that for any small positive number 
€ there is an associated number 8 independent of 5, x and y but depending 
on € in such a way that whenever 

{x' — xY + {y' — yY ^ 

we have | u, {x', y') - u, (x, y) | < ^€. 

We now suppose that the sequence contains an unlimited number of func- 
tions and that an infinite number of these functions forming a subsequence 
y)i ^Tn 2 y)j ••• be selected by a selection rule (m). Our aim 
now is to find a sequence (1), (2), (3), ... of selection rules such that the 
“diagonal sequence” u^^ (x, y), 2/)? ••• converges uniformly in R. 

* Caratheodory’ 8 proof is given in a paper in Schwarz- Festschrift, and in Math. Ann. Bd. lxxii, 
S. 107 (1912).# Koebe’s proof will be found in his papers in Journ. fUr Math. Bd. CXLV, S. 177 
(1915); Acta Math. t. XL, p. 251 (1916). 

t The idea of equal continuity was introduced by Ascoli, Mem. d. R, Acc. dei Lincei, t. xvm 
(1883). 



288 Conformal Representation 

The first step is to construct a sequence of points Pj, Pg, ... everywhere 
dense in R. This may be done by choosing our origin outside R and using 
for the co-ordinates of P^ expressions of type 

a;, - p2- S y, = 2 / 2 - ^ g > 0 

where p, p' and q are integers, and where the index s ~ I {p, p\ q) is a 
positive integer with the following properties: 

f {ih p\ q)> 1 (7>0. ^o)» whenever q> q^, 

J iP^ P\ q)> 1 (/^o> q). whenever p> Po, 

^ (/h p\ q) > I (p, Po\ q)y whenever p' > pf . 

Since the functions (x, y) are bounded, their values at P^ have at least 

one limit point yj. We therefore choose the sequence {x, y) so 

that it converges at P^ to this limit {x^, y^). Since, moreover, the func- 
tions {x, y) are uniformly bounded their values at have at least one 
limit point U2[oc<^,y2)\ we therefore select from the infinite sequence 
y) ^ second infinite sequence ?/2n y) which converges at Pg to 
t/g (-^2? 2/2)* These functions n2n{x,y) are uniformly bounded and their 
values at P3 have at least one limit point f/g (:r3, 2/3), we therefore select 
from the sequence U2n y) an infinite subsequence {x, y) which con- 
verges at P3 to (0:3, 2/3), and so on. 

We now consider the sequence 71^^ (x, y), U22 y), (x, y), .... Since 

the functions are all equicontinuous we have 

j ) 2/ ) ^mm {x, 2 /) I < Je 

for any two points P and P' whose distance PP' is not greater than 8. 

Next let be less than 8 and let r be such that the set P^, Pg, ... P^ 
contains all the points of R for which q has a selected value satisfying this 
inequality, then a number N can be chosen such that for m> N 

\uii {Xg, y^) (:^sj 2/s) j 

for all values of I greater than m and for all points {Xg, y^) for which q has 
the selected value. This number N should, in fact, be chosen so that the 
sequences {^,y) converge for all these points P^. These points P^ 
form a portion of a lattice of side 2"*^ and so there is at least one of these 
points P' within a distance 8 from 2. We thus have the additional in- 
equalities 

I % y) - Uii (x', y') I < 

I Mii {x', y') - {x', y') I < 

i u,i {x, y) - (x, y) I < €. 

This inequality holds for all j)oints P in P and proves that the diagonal 
sequence converges uniformly in R to a continuous limit function u (x, y). 

There is a similar theorem for sequences of functions of any number of 
variables, and for infinite sets of functions which are not denumerable. 



Eqmcontinuity 




In the case of a sequence of functions fi (z), f.y (2), ... of a complex 
variable z = x iy there is equicontinuity when 


for any pair of values 2, z' for which | 2' — 2 | < 8, 8, as before, being 
independent of s and of the position of 2 in the region R. A sufficient 
condition for equicontinuity, due to Arzela*, is that 

< il/ 

2—2 


for all functionvs/3 (2) of the set and for all pairs of points 2, 2' of the domain, 
Afi being a number independent of s, 2 and 2'. We need in fact only take 
8Afi = to obtain the desired inequality. 

In the particular case when each function /„ (2) possesses a derivative 
it is sufficient for equicontinuity that | j\ ' (^) I < Afg, where is inde- 
pendent of *5 and 2. The result follows from the formula for the remainder 
in Taylor’s theorem. 

Montelt has shown that if a family of functions (2) is uniformly 
bounded in a region R it is equicontinuous in any region R' interior to R, 

Suppose, in fact, that | /, (2) | < M for any point 2 in R and for any 
function (2) of the family, the suffix s being used simply a.s a distinguishing 
mark and not as a representative integer. 

Let jD be a domain bounded by a simple rectifiable curve C and such 
that R contains D while D contains R' . We then have for any point ^ 
within R' 



fsi^) dz 

(2-T)^‘ 


Therefore 


1// (0I< 


Ml 

27Th^^ 


where I is the length of C and li is the lower bound of the distance between 
a point of C and a point of R\ This inequality shows that the functions 
fs (z) are equicontinuous in R'. 

Now if fs (2) = Ug {x, y) -f ivg (x, y) where Ug and Vg are real, the func- 
tions Ug, Vg are likewise equicontinuous and uniformly bounded in R'. We 
can then select from the set Ug a sequence , 'M22 ? ^33 > • • • which converges 
uniformly to a function u (x, y) which is continuous in R\ Also from the 
associated sequence ^22? ^33? ••• we can select an infinite subsequence 
^aaj ^cc> ••• which Converges uniformly in R' to a continuous function 
V {x, y). The series - 

faa (^) + [/bft (z) — faa (^)] + [fee (^) ~ Jbb (^)] + ... 
then converges uniformly to u (x, y) + iv {x, y), which we shall denote by 


* Mem. della JR. Acc. di Bologna (5), t. vni. 
t Annalea de V^cole Normale (3), t. xxiv, p. 233 (1907). 


B 
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the symbol / (z). On account of the uniform convergence the function 
/ (z) is, by Weierstrass’ theorem, an analytic function of z in E'. Indeed if 
(z) denotes the nth derivative of any function (z) of our set and C' 
is any rectifiable simple closed curve contained within R\ we have by 
Cauchy’s theorem and the property of uniform convergence 

+ (^)]+ ... 

^nlf faaiO dC n\ f U(0- faa(0 .. . 

27ri j O' (^ - 27ri Jc' (^ - z)-^^ * 

[ /(O 

27rija^a-zr^^^ 

Since / {^) is continuous in E' and on ( 7 ' the integral on the right represents 
an analytic function. When^n = 0 this tells us that the sequence 

faa {z)i fbb iz)i ••• 

converges to an analytic function wliich, of course, is / (2:). When n ^ 0 the 
relation tells us that the sequence (2:), (2), ... converges to/^”^ (2). 

We may conclude from Cauchy’s expression for (z) as a contour 
integral that (z) is uniformly bounded in any region containing E' and 
contained in E. It then follows that the set (2) is equicontinuous in E'. 
Hence from the sequence f^a (2), f^b (z),fcc (^)> ... we can select an infinite 
sequence faa (2), f^p {z),fyy (2), ... such that /««' (z)Jpf (^)Jyy' ... con- 

verges uniformly in E' to an analytic function which can be no other 
than /' (2). At the same time the sequence faa {z),f^fi (2), ... converges uni- 
formly to/ (2). This process may be repeated any number of times so as 
to give a partial sequence of functions converging imiformly to / (2) and 
having the property that the associated sequences of derivatives up to an 
assigned order n converge uniformly to the corresponding derivatives of 

/(z)- 

We now consider a sequence of contours ( 7 i, Cg, ... having for 
limit the contour Cq which bounds i?, the contours C^, C2, bounding 

domains Di, D2, each of which contains the preceding and has E as 
limit. From our set of functions (2) we can select a sequence (2) which 
converges uniformly in Dj towards a limit function, from* the sequence 
fsi we can cuU a new sequence /^g (2) which converges uniformly in Dg 
to a limit function and so on. The diagonal sequence (2),/g2 (2), ... then 
converges uniformly throughout the open region E to a, limit function. 

Hence we have Montel’s theorem that an infinite set of uniformly 
bounded analytic functions admits at least one continuous limit function, 
both boundedness and continuity being understood to refer to the open 
region E in which the functions are defined to be analytic. 

For further developments relating to this important theorem reference 
must be made to Montel’s paper. For the case of functions of a real variable 
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A. Roussel* has recently invented a new method. The selection theorem 
has been extended by Mon tel to functions of bounded variation. 


§ 4 - 46 . Mapping of an open region. Let jR be a simply connected bounded 
region which contains the origin 0 and has at least two boundary points. 
Let S be the set of analytic functions (z) which are uniform, regular, 
smooth and bounded in R and for which 


/s(0) = o, /;(0)=i, \fAz)\<M. 

Let Us be the upper limit of | fs (z) | in R and let p be the lower limit of all 
the quantities Ug. There is then a sequence/^ (z) of the functions/, {z) for 
which Ur p. Since, moreover, this sequence is uniformly bounded, we 
can apply the selection theorem and construct an infinite subsequence 
which converges uniformly to a limit function / (z) in any closed partial 
region R' or R. This function / (z) is a regular analytic function in R and 
satisfies the conditions / (0) = 0,/' (0) = 1. Being a uniform limit function 
of a sequence of smooth mapping functions it is smooth in R and its ?7 is p. 

The function / (z) thus maps i? on a region T which lies in the circle 
with centre O and radius p. li T does not completely fill the circle, there 
will be a value with r < p, which is not assumed by our function / (z) 
in R. We shall now show that this is impossible and that consequently T 
does fill the circle. 

Let r = a^p, then a < 1 and if we write 


where 


/o (2) = 


(^) - « 

1 -f- ^ av {z) ~ I' 


[V {z)f 


f (z) — a^pe^ 
^f(z)-~pe^’ 


V ( 0 ) = a, 


we have /o (0) = 0, ff (0) = 1 and the function /□ (z) is uniform, regular, 
smooth and bounded in R. 

Now let Uq be the upper limit of /□ {z) in R, We may find an inequality 
satisfied by this quantity by observing that 

V (z) — a 

a -Vr — ~ 

av (z) — 1 

is of the form r^/rg, where r^, rg are the distances of the point v (z) from the 
points a, 1/a respectively which are inverse points with respect to the 
circle | 2 : | = 1. 

On the other hand, 

a2 I v{z) P 1 /P 2 , 

where pi, pg are the distances of the point f (z) from the points a^pe^, 
a-^pe^ which are inverse points with respect to the circle | 2 | = p. Now 
* Journ. de Math. (9), t. v, p. 395 (1926). See also Bull, des Sciences Math. t. Lii, p. 232 (1928). 
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the point / {z) lies either on this circle or within it and so pijp 2 has a value 
which is constant either on | 2 ; | = p or on a circle within \ z \ = p and with 
the same pair of inverse points. This constant for a circle with this pair of 
inverse points has its greatest value for the circle | 2 | — p if circles lying 
outside this circle are excluded. This greatest value is, moreover, 

p — a^p 

- — ; - -= a^. 

p - a~^p 

Hence we have the inequality | v (z) < 1. By a similar argument we 

conclude that has its greatest value when the point v (z) is at some 
])lace on the circle | 2 | = 1 and this value is a. Hence 



and so < p. We Iiave thus found a function for which Uq < p, and this 
is incompatible with the definition of p as the lower limit of the quantities 
The region T must then completely fill the circle of radius p and so the 
function / ( 2 ) maps B on this cnrcle. The radius p is consequently called the 
radius of the region B. 

This analysis, which is due to L. Fejcr and F. Riesz, is taken from a 
paper by T. Rack)*. Tlie analysis has been carried further by G. Juliat who 
first selects from the functions (2) the polynomials (2) of degree n. 
Among these polynomials there is one polynomial (2) whose maximum 
modulus has a minimum value It is clear that rn^ > p. Julia specifies 
a ty])e of region B for which the sequence p<^^ (2) possesses a limit function 
/ (2) map{)ing the region B on the circle of radius p. 

§ 4-51. Conformal representation and the Green's function. Consider in 
the .i 7 y-plane a region A which is simply connected and which contains the 
origin of co-ordinates. We shall assume that the boundary of A is smooth 
bit by bit. We write 

G (.r, y) = log (1/r) ~ H {x, y) 

for the Green's function associated with the origin as view-point, r being 
short for (a:^ -f ?/2)i. Let us write H (0, 0) = log r log (1/p), then r is the 
capacity constant or constant of Robin J. Now let 

^ (2) = 2 + C22 -f- 032^ -k ... 

be the uniquely determined function which maps the interior of a circle 
I Z I < p on .d in such a manner that 

<f> ( 0 ) =. 0 , cf>' (0) == 1 . 

* Szeged Acta, 1. 1, p. 240 (1923). 

t ComjAe.f Rendus, t. clxxxiit, p. 10 (1926). 

t The boundafy of A may also be taken to be a closed Jordan curve, in which case t is the 
transfinite diameter. 
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Relation to the Green's Function 

It will be shown that the Green’s function G (x, y) is 
(9 (x, y) - log (p/r), r === I 0 ( 2 ) |. 

Bieberbach* has proved a theorem relating to the area of the region A 
which is expressed by the inequality area > This means that among 
all regions A for which H (0, 0) has a prescribed value the circle possesses 
the smallest area. 

For the theorem relating to the Green’s function we may, with ad- 
vantage, adopt a more general standpoint. Let us suppose that the 
transformation tv = f {z) maps the area A on the interior of a unit circle 
in the t4;-plane in such a way that to each point of the circle there coi re- 
sponds only one point of the area A and vice versa. Let the centre of the 
circle correspond to the point Zq of the area A , then Zq is a simple root of 
the equation / (zq) = 0 and f (z) = 0 has no other root in the interior of A. 
This is true also for the boundary if it is known that there is a (I, 1) 
correspondence between the points of the unit circle and the points of the 
boundary of We may therefore write 

•/(z) = (2 - 2o) 

where the function p (z) is analytic in A, 

Putting p {z) -= P + iQ, z — Zq ^ where P, Q, r and 6 are ail real, 
we have 

= f = exp {log r -j- P -f i (Q + 6)}, 

Now, by hypothesis, the boundary of A maps into the boundary of the 
unit circle, therefore log r -f- P must be zero on the boundary of A . This 
means that log r + P is a potential function which is infinite like log r at 
the point (Xq, yo), is zero on the boundary of A and is regular inside A 
except at {Xq, y^). This potential has just the properties of the function 
G {x, y’, Xq, yo), where G {x, y, Xq, y^) is the Green’s function for the area A 
when (a^o, yg) is taken as view-point, consequently the problem of the 
conformal mapping of A on the unit circle is closely related to that of 
finding the function G. 

.Writing o Q 0, 0 < a < 2 tt, we have on the boundary of the circle 

dw = ie^^da, 

while on the boundary of A 

dz ^ \ dz \ 

where ip is the angle which the tangent makes with the real axis. Since 
dzjdw is neither zero nor infinite, the function 



* L. Bieberbach, Rend, Palermo, vol. xxxviii, p. 98 (1914). This theorem is discussed in § 4*91. 
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is analytic within the circle and its real part takes the value ip — a on the 
boundary of the circle. On the other hand, the function 
F (w) = ~ i log [— i (1 — w)^ dzjdw] 


is analytic within the circle and its real part takes the value ip on the 
boundary. 

If 0 is a known function of a on the boundary of A, Schwarz’s formula 


gives 


/ X *1 7 1 / / X j 


where k is an arbitrary constant. The preceding formula then gives z by 


means of the equation 


z ~ z 


n/j 

M - 

Jw 


■w g!F(M) 

(1 - ^ 


2* 


The relation between ip and a is partly known \^hen the boundary of 
A is made up of segments of straight lines but in the general case ip is an 
unknown function of o- and the present analysis gives only a functional 
equation for the determination of ip. 

To see this we suppose that on the circumference of the circle 

F — ip i(p 

where cp and ip are real, then 

\ dz \ = I cosec^ do\ 6“*^, 


and the curvature of the boundfiry of A is 

d4> 


C 


dzi-* 2 


da 


and may be regarded as a known function of ip, say C (ip). Making use of 
the relation between cp and ip of ^ 3*33 


4,(a)^b- ip' (ffo) log cosec^ ~ 

where 6 is a constant, we obtain the functional equation* 

0 ' (a) = 

4C (ifi) sin2 ^ 

where cp (a) is defined by the foregoing equation. 


dCQy 


EXAMPLE 

Prove that 

[K. Lowner.] 

§ 4*61. Schvarz's lemma. It was remarked that a Taylor expansion for 
/ (w) in powers of iv — iVq is not required for points Wq on the real axis, 

* T. Levi Civita, Bend. Palermo^ vol. xxni, p. 33 (1907); H. Villat, Annates de V^cole Normale, 
t. xxvm, p. 284 (1911); U. Cisotti, Idromeccantca piana, Milan, p. 50 (1921). 
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but when f{w) is real* for real values of w belonging to a finite interval, 
Schwarz has shown that it is possible to make an analytical continuation 
of / {w) into a region for which v is negative. Let us consider an area 8 
bounded by a curve ACB of which the portion A B is on the line = 0 
within the interval just mentioned. 

Let aS" be the image of 8 in the line 7) = 0 and let the value of / (iv) for 
a point w' of 8' be defined as follows. We write 

W = U iVy w' = U — iVy 

f M = i -I- iy], f {w') - ^ 

where u, v, rj are all real. The function / (w) being now defined within 
the region 8 + 8' we write 

g (w, C) = 1/2771 (w - 

and consider the two integrals 

= [ g{w, Of {w) dw, 7' = f (7 {w, 0 f (w) dw 
JS Js' 

taken round the boundaries of 8 and 8' Since / (iv) is analytic within 
both 8 and 8' we have 

I = f (1^), r = 0 when ^ lies within 8, 

/ = 0, r = f {Q when ^ lies within 8\ 

Hence in either case I + F = f (^) and so 

fU)=\ 9 0f(^) dWy 

JS+S' 

for the two integrals along the line AB are taken in opposite directions and 
so cancel each other. 

Now the integral in this equation can be expanded in a Taylor series 
of ascending powers of ^ point within the area 8 + 8' 

whether is on the real axis or not. The integral in fact represents a 
function which is analytic within the area 8 + 8' and can be used to define 
/(^) within 8 + 8'. In. this case, when is on AB, f (1^) can be expanded 
in a power series of the foregoing type and the coefficients in this series, 
being of type 

'A- [ (w - 0)”'^^fiv^)dw, 

Js+S' 

are all real. 

• * It is assumed here that / (w) has a definite finite real integrable value for these real values 

of w. In a recent paper, Bull, des Sciences Math. t. lh, p. 289 (1928), G. Valiron has given an 
extension of Schwarz’s lemma in which it is simply assumed that the imaginary part irj of f{w) 
tends uniformly to zero as v 0. If, then, the function / {w) is holomorphic in the semicircle 
1 k; I < i?, V > 0, it is holomorphic in the whole of the circle \ w \ <R. 
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Let us now use Zq to denote the value of z corresponding to this value 
of w. The equation 

z- Zo-^-f(w)-f (^o) = a(w - Q + b(w - + c (w - Co)^ 4 - ... 

can be solved for w — l^Qhj the reversion of series if a ^ 0 , and the series 
thus obtained is of type 

w - ^0^ A {z - Zo) B (z - Zo)^ -h C (z- Zo)^ + ... , 
where the coefficients A, B, C are all real. The exceptional case a — 0 
occurs only when the correspondence between w and z at the point 
ceases to be uniform. 

§ 4 * 62 . The ma'p'ping function for a polygon. Let us now consider an 
area A in the s-plane which is bounded by a contour formed of straight 
portions ... L,^. Let Zq denote a point on one of the lines L and 

let hiT be the angle which this line makes with the real axis, also let Wq be 
the value of lo corresponding to 2;. 

It is easily seen that the function 

/ {w) == (2 - 2:0) 

has the properties of a mapping function for points z within A, and 
consequently also for the corresponding region in the ?i;-plane; it is real 
when the point z is on the line L in the neighbourhood of and changes 
sign as z passes through the value Zq\ consequently, when considered as 
a function of xv it is real on the real axis and changes sign as xju passes 
through the value xvq. Schwarz’s lemma may, then, be applied to this 
function to define its continuation across the real axis and it is thus seen 
that we may write 

e-i/ttr (2 _ = {W - XVo) P (xv - XVo), 

where P (xv — xVq) denotes a power series of positive integral powers of 
XV ~ xVq including a constant term which is not zero. From this equation 
it follows that in the neighbourhood of the point xvq 

dw ^ ^ 

where (w -- xv^y) is real when xv and xVq are real. 

Taking logarithms and differentiating again, we see that the function 

is real and finite in the neighbourhood of xv xvq. 

Next, let Zj^ denote the point of intersection of two consecutive lines 
L, L', intersecting at an angle an; the argument of 2:1 — 2; varies from hn 
to hn — an as the point 2; passes from the line L to U through the point of 
intersection (Fig. 19 ). Hence the function 

1 

J = [(2:1 - z) 
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is real and positive on L and negative on U . Moreover, it has the required 
properties within and when considered as a 
function of w it has the required mapping pro- 
perties in the region corresponding to A and 
is real on the real axis. By Schwarz’s lemma 
we may continue this function across the 
real axi^ and may write for points w in the 
neighbourhood of , 

J =z (w — w-^) {w — wA, 

where {w ~ is a power series with real 
coefficients and with a constant term which is 
not zero. This equation gives 



z — 




where Pg — ^i) is another power series with real coefficients. This 
equation indicates that for points in the neighbourhood of iVi 
dz 

— = P3 {W — 

where P3 {w — w-^) is a power series with real coefficients. Taking logarithms 
and differentiating we find that 

where T {w — is a power series with real coefficients. The function 

F (w) 

w — u\ 

is thus analytic in the neighbourhood of w = . 

For a point Z2 on the boundary of A which corresponds to tv we have 
(if Z2 is not a corner of the polygon) 


2:2 ^ 


4a 

w 


-h 




■f- 


Therefore 



where p {^jw) is a power series. The expansion for z — Z2 may, indeed, be 
obtained by mapping the half plane w into itself by means of the sub- 
stitution w = — and by then using the result already obtained for 

an ordinary point Zq on L. 

The function F {w) is real for all real values of w, as the foregoing 
investigation shows, is analytic in the whole of the upper half of the 
t(;-plane and is real on the real axis, the fact that it is analytic being a 
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consequence of the supposition that the inverse function g {w) is 
analytic in the upper half of the t«7-plane. Applying Schwarz’s lemma we 
may continue this function F [w) across the real axis and define it analytically 
within the whole of the 2 /;-plane, the points on the real axis which are 
poles of F (w) being excluded. 

When I I is large | F (w) | is negligibly small, as is seen from the 
expansion in powers of l/w; moreover, F (w) has only simple poles corre- 
sponding to the vertices of the polygon A and these are finite in number. 
Hence, since F (w) outside these poles is a uniform analytic function for 
the whole i(;-plane, it must be a rational function. 

Let a, 6, c, ... 1 be the values of w corresponding to the vertices of the 
polygon and let an, ^n, . . . Att be the interior angles at these vertices, then 


F (w) = 

and there is a condition 



w — a 


d , , dz 


S (a - 1) = - 2, 

which must be introduced because tjie sum of the interior angles of a 
closed polygon with n vertices is equal to {n — 2) n. 

Integrating the differential equation for z we obtain 


= cj {w 


{w — 


(w — dw C\ 


where C and C' are arbitrary constants. By displacing the area A without 
changing its form or size but perhaps changing its orientation we can 
reduce the equation to the form 


z = K j (w ~ {w — ... (ti; — ly-^ dw, 

where A is a constant. This is the celebrated formula of Schwarz and 
Christoff el* If one of the angular points with interior angle /xtt corresponds 
to an infinite value of w, the number of factors in the integrand is n — 1 
instead of n, and the equation 

S (a - 1) = - 2 

may be written in the form 

S (a - 1) = - 1 - 

where now the summation extends to the n — \ values of a which appear 
in the integral. 

Since we can choose arbitrarily the values of w corresponding to three 
vertices of the polygon, there are still n — 3 constants besides C and C' 
to be determined when the polygon is given. In the case of the triangle 
there is no difficulty. We can choose a, b and c arbitrarily; a, j8 and y are 
known from the angles of the triangle and by varying jK* we can change 
the size of the triangle until the desired size is obtained. 

♦ E. B. Christoffel, Annali di Mat. (2), 1. 1, p. 95 (1867); t. iv, p. 1 (1871); Oes, Werke, Bd. i, 
S. 265. H. A. Schwarz, Journ.fur Math, Bd. Lxx, S. 105 (1869); Oea. Abh, Bd. n, S. 66. 
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An interesting example of the conformal representation of a triangle 
with one corner at infinity is furnished by the equation 

z — Zq = ^ f (s) (Is, where / (6*) = {^ajir) (1 ~ w ^ iv. 

When w lies between 1 and oo we have 

rl cw 

2: - Jj 

= -f ic, say, 

where 6 is a constant and c varies from 0 to oo. Thus, the portion > 1 
of the real axis corresponds to a line parallel to the axis of y. 

Again, if 0 < ^/; < 1, we may write 

2 - 2« = f /(«)</•«- f / («) ds 
J i J W 

- 6 - r/, 

where d varies from 0 to o6. The portion 0 < t/; < 1 of the real axis corre- 
sponds, then, to a line parallel to the axis of x and extending from 
z ^ Z(, -f 6 to — 00 . 

When — 1 < < 0 wc may write 

f - 1 no 

z--Zo=J. f ds + j J (s) ds 

= 6' + d', 

and so the corresponding line in the z-plane extends from — oo to 6' H- Zq 
and is parallel to the axis of x. When — oo < w < 1, we have 


Zo= [ f{-'^)ds- f f{s) 

J i J w 


ds 


- // - ic', 

where c' ranges from 0 to oo, and so this part of the ^6-axis corresponds 
to a line from b' parallel to the y-axis. The two lines parallel to the y-axis 
can be shown to be portions of the same line separated by a gap. We have 
in fact 

^ = j. / («) ds “ j. / («) ds = j J{s) ds, 

where the integral is taken along the semicircle with the points — 1, + 1 
as extremities of a diameter. On this semicircle we may put 

5 = cos 0 -\- i sin 6, 
and so ’ 

(7r/2a) (b — 6') = i dd [— 2i sin 6 

J IT 

i (I — i) I ^cos I + i sin (sin d)^ dO 


= 2i [" cos f (sin e)i dd ^ 2i ^/2 T (J) T (f ) 
Jo ^ 


i. 
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The figure in the z-plane is thus of the type shown in Fig. 20. To solve 
an electrical problem with the aid of this transformation we put 
where x complex potential xfs -f i(f). This transformation maps the 

half ^/;-plane for which ?; > 0 on a strip of the ;^-plane lying between the 
lines cf> ^ li: 77. 

Performing the integration we find that 

z - Zo = “ r2T - log — -I - 2 V2 - 2 log (V2 + 1)1 , 

77 L 'T — A J 

where r = {e^ l)i. 



Fig. 20. Fig. 21. 


When the real part of tv is large and negative the chief part of the 
expression for z is 

- ~ log (t - 1) = - “ log (1 + + ... - 1) = “ log 2 - “ X- 

77 77 77 77 

This gives a field that is approximately uniform. On the other hand, 
when the real part of w is large and positive, the chief part of the expression 
for z is 

2aT 2a 
— = - - e^/2, 

77 77 


and we may thus get an idea of the nature of the field at a point outside 
the gap and at some distance from its surfaces. These results are of some 
interest in the theory of the dynamo. Another interesting example, in 
which the polygon is originally of the form shown in Fig. 21, gives edge 
corrections for condensers*. 

Assigning values of w to the corners in the manner indicated, the 
transformation is of type 


(Ci 


f(^ + 1) 


(W -I- 


[(Cl - w) ... (C«4- W)]i 


* J. J. Thomson, Recent Researches in Electricity and Mo/gnetismy 1893; Maxwell, Electricity 
and Magnetism, French translation by Potier, ch. ii. Appendix; J. G. Coffin, Proc, Amer. Acad, 
of Arts and Sciences, vol. xxxtx, p. 415 (1903). 
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Edge Correction for a Condenser 

Making a, -> 0, c, -> oo we finally obtain 

2 = C'|(w + 1) (m; - h] 

where C and b are constants to be determined. 

Integrating, we find that 

z = C [w + I (w — b)^ — b log (~ w) + F], 
where F is a constant of integration. Since z = 0 when w = — I, we have 

r= i-i(i + b)\ 

When w is small and positive, the imaginary part of z must be ih, and 
the real part must be negative. Since the argument of — w in both con- 
ditions are satisfied by taking C = ~ hjbTTy therefore 

2: = — ^ [{lo 1)2 - 26 (te -f 1) — 26 log (- w)]. 

Assuming that the potential </> is zero on A A' and equal to V on 
we may write 

V 

^ = tjj — {(j) = - - (log w — irr). 


S': 




A 


- .Jii 

Fig. 22. 


The charge per unit length on BB' from the edge {w = 6) to a point 
P {w = s) so far from B that the surface density is uniform is 

1 V 

^ - 4^ ('/'i- -</'»)=- 4^ log (s/6). 

Now when s is very small and positive, z = x + ih, and so 

X + ih= — 2^ (1 — 26 — 2ibTT — 26 log s). 

Therefore log (sjb) = TTxjh + 1/26 — 1 — log 6, 

, F Tttx 1 - 26 , . 1 

and so _l„g6j. 

When 6 = 1 we have the well-known result 



in which it must be remembered that x is negative. 
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When w is very small and negative, z = x, and so 
<7 = 4^2 log (- «) 


When h = 1 


00 


q - 


r \h 

irrh 
V 

47rh 

IK (h 

4iTTh 


(- ' i) - 
(!-)• 


X 


Since w --- b at the point B, the value of 2 : for this point is 


h 


ly^ — 26 log b — 26i7r], 


and so the upper plate projects a distance d beyond the lower one, where 



TT 


log 6+1 (6 - 


Many important electrostatic problems relating to condensers are solved 
by means of conformal representation in an admirable paper by A. E. H. 
Love*. The problem of the parallel plate condenser is treated for planes 
of unequal breadth and for planes of equal breadth arranged asymmetrically. 
The formulae involve elliptic functions. The hydrodynamical problems 
relating to two parallel planes, when the motion is discontinuous, are 
treated in a paper by E. G. C. Poolcf. 

Some applications of conformal representation to problems relating to 
gratings are given in a paper by H. W. Richmond J. The general problem 
of the conformal mapping of a plane with two rectilinear or two circular 
slits has been discussed recently by J. Hodgkinson and E. G. C. Poole§. 


§ 4*63. The mapping function for a rectangle. When n = 4 and 
a ^ ^ y ^ ^ the polygon is a rectangle and is represented by an 

elliptic integral which can be reduced to the normal form 

h\^ dt[{\~-t^){\~ 

JO 

by a transformation of type 

w {Ct + D) ^ At 4 - B, (A) 

If, in fact, the integral is 

j dw {{w —p) (w ~ q) (w — r) {w ~ 

we have (Ct -f D) (w — p) (A — Cp) t 4 - B — Dp, 

(Ct + dw = (AD - BC) dt, 

* Proc. London Math. Soc. (2), vol. xxir, p. 337 (1924). f P* 425. 

J Ibid. p. 389. § Ibid. vol. xxm, p. 396 (1925). 
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and so the transformation reduces the integral to the normal form if 

A-Cp = B-Dp, 

A — Cq ^ Dq — B, 

A-Cr ==k(B~ Dr), 

A — Cs = h {Ds — B). 

These equations give 

C (q - p) = 2 B - D {p + q), 

C (s — r) — 2kB — kD (r + s), 

2 A - 0 (p + q) = D (q - p), 

2 A — G {r + s) ^ kD (s — r), 

C [s — r ~ k (q — p)] = kD |j) + (? — r — s], 

C [r + 5 - (p + q)] = D[q - p + k {r - «)], 
k^ {q — p) (r — s) + k [(o' — p)^ + (r — s)^ — (p + q — r — s)*] 

+ {q- p)(r- s)= 0. 

This equation gives two values of k which are both real if 

[(? - P)^ + {r - s)'^ - (p + q — r — s)2]2 > 4 (gr _ p)i (r - 5)2, 

that is, if 

[(q — p + r — s)^ - (p + q - r - s)^] [(q - p — r + s)^ - (p + q - r - s)*] > 0, 
or, if i(q - «) (»■ - p){q — »■) («-?>)> 0. 

lirif-p'l^q'i^s this is evidently true and since the product of the two 
values of k is unity, we may conclude that one value of k is greater than 1 , 
the other less than 1. This latter value should be chosen for the transfor- 
mation. With this value 

AD-BC k^) (q-p){s-r)^ 

s-r-k(q-p) ’ 

consequently, the transformation (A) transforms the upper half of the 
w-plane into the upper half of the <-plane. 

When the normal form of the integral is used the lengths of the sides 
of the rectangle are a and 6 respectively, where 

a = H^ df [(1 - <2) (1 _ = 2HK, 

b^H d< [(1 - f!*) (1 - = HK', 

and where 4:K and 2iK are the periods of the elliptic function sn u defined 
by the equation a; = sn u, where 

Jo 

With the aid of this function t can be expressed in the form 

^ = sn {zlH). 
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The modulus k may be calculated with the aid of Jacobi’s well-known 
formula /_ . / (H- (1 + g«) ...1^ 

in which q = exp [— TrK'jK] = exp [— 27 T 6 /a]. 

When the region is of the type shown in Fig. 23 the internal angles of 
the polygon are 877/2 at four corners and 77/2 at the other eight. The 
transformation is thus of the type 

z A [{w - Cj) {w - C2) {w - C3) {w - 04)]^ [{w - i)i) ... {w - 'p^)T^dw + B, 
A particular transformation of this type is obtained by assigning 
positive values of w to corners of the polygon which lie above the axis of 
X and negative values of w to corners which lie below the axis of x, points 
which are images of each other in the axis of x being given parameters 
whose sum is zero. The transformation is now 



Fig. 23. Fig. 24. 

Making the parameters a^, a2 tend to zero and the parameters 61, 
tend to infinity, the transformation becomes 

z = C I ^ — l)i _ c2)i -f JS, 


and the interior of the polygon becomes a region which extends to infinity. 

To use this transformation for the solution of an electrical problem in 
which the two pole pieces in Fig. 24 are maintained at different poten- 
tials, we write* ^ = -A + 

SO as to map the half of the z/;-plane for which v > 0 on the strip — 77 < <^ < 77. 
This will make w ^ ^ correspond to 2 = 0 if JS = 0 , and the lower limit of 
the integral is i\/c. 

Writing cZ: = 1 we find that the lengths a and b in the figure are given 

by the equations ^ ^ 

26 = C'cJ -^2/(5), 

- 2 ia = Cc r J/ (s) - Cc [ ^ J/ («), 

JiiJc ^ JitJc ^ 


* Riemann -Weber, Differentialgleichungen der Physik, Bd. n, S. 304. 
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where /(s) = [(1 — «*) (1 — These integrals are easily reduced to 

standard forms of elliptic integrals, thus 




« ds 

iWV) 


[/(«)? 



Now if we put ksr = 1, the last integral becomes 

k^Hr _ r (1 — k'^s’^) ds ds 


ds 

s^fisy 


and we eventually find that 

6 = Gc[2E' - (1 - * 2 ) x'l 


a = 2Cc[2E- (1 - P) K]. 


Therefore 


2b _ 2E' - (1 - k^) K' 
a ~ 2E - (I - k^)K ■ 


EXAMPLE 

Prove that if OABC is the rectangle with sides x = 0, x = Ky y — 0, y — K' and 

^ -f # = log (sn z)y 

we have 0 — 0 on OA, AB, BC; t/j — 7r/2 on CO, Prove also that if 

<l> + it// = log (cn z)y 

where (cii z)^ 4- (sn z)^ = 1, we have 0 = 0 on OA, OC; ^ — 7t/ 2 on BA, BC, 

See Greenhill’s Elliptic Functions, ch. ix. 


§ 4-64. Conformal mapping of the region outside a polygon. In order to 
map the region outside a polygon on the upper half of the it?-plane, we may 
proceed in much the same way as before, but we must now use the external 
angles of the polygon and must consider the point in the 2 i;-plane which 
corresponds to points at infinity in the 2 :-plane. Let us suppose that the 
t^;-plane is chosen so that this point is given hy w ^ i, then there should 
be an equation of the form 

^ ^ + C'o + ^1 + ••• > 

W I 


where the coefficients are constants. This gives 

dz _ _ C~ 1 
dw 


d , 4^ __ 

dw ® dw w - 

where P (ti? — i) is a power series in w 


{w — iy 
2 




. ^ P [w - i), 


Since ^ log ^ is to be real it must be of the form 


’ dw 
d 


1 dz a — \ 
d^ ^^dw ~ ^ vT^a 


w 


^ 2 

w i* 


B 


20 
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Therefore 


2 = C ^{w — aY''^ [w — 6)^“^ ... (w — lY"^ (1 + w^)-^ dw -f (7', ...(I) 

where C and C* are arbitrary constants of integration. The relation between 
the indices a is now 

S (a - 1) = 2, 

for the sum of the exterior angles of a polygon with n vertices is (n -f 2) tt. 

The region outside a polygon can be mapped on the exterior of a unit 
circle with the aid of a transformation of type 

z ^ H ^ {w -- aY~^ {w — ... w-^dw, | a | = | 6 | = ... = 1, 

where, as before, 

S (a - 1) = 2. 

When the integrand is expanded in ascending powers of w~^ there will 
be a term of type which will, on integration, give rise to a logarithmic 
term unless the condition 

S a (a - 1) - 0 

is satisfied. 

When the polygon has only two vertices and reduces to a rectilinear 
cut of finite length in the z-plane, we have a = jS = 2. The second condition 
may be satisfied by assigning the values == ± 1 to the ends of the cut. 
The transformation is now 

2 = I {w^ — 1) w-^dw, 

and the length of the cut evidently depends on the value of H. Taking 
H — \ for simplicity, the transformation becomes 

2z = w w~^. 


This is the transformation discussed in § 4*73. 

The general theorem (I) indicates that the region outside a straight 
cut may be mapped on the upper half of the it?-plane by means of the 
transformation 






(1 + w^y 


dw 


_2w 

1 + 


The region outside a cut in the form of a circular arc may be obtained 
from the region outside a straight cut by inversion. If the arc is taken to 
be that part of the circle 2 = — for which — a < 6 < a, the trans- 
formation 

. 4- 1 4- 2iw tan a 

^ 

l — 2iw tan a 


maps the region outside the arc on a half plane. 

Suppose that in the ?^;-plane there is an electric charge at the point 
w = i (sec a + tan a) = is^ say, and that the real axis is a conductor. 
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The corresponding charge in the 2 :-plane will be at infinity and the circular 
arc will be a conductor which must be charged with a charge of the same 
amount but of opposite sign. The solution of the potential problem in the 
i4;-plane is evidently 

... , w — is 


This gives 
and finally 

X 


w = — is coth 


z = 


. 1 + sin a 
^ I sin a ’ 


-log ^ 


cosec a {z -f 1 + ( 2 ^ + 2iz cos 2a 



The two-valued function -f 2^2 cos 2a — l)i may be regarded as 
one-valued in the region outside the cut and must be defined so that it is 
equal to i when 2=0 and is of the form — z — i cos 2a when | 2 | is very 
large. Changing the signs of </> and y we have 


X K\2 sin a cosh sin ifs + sin- a sin 2i/r], 

2/ = — iC [1 4- 2 sin a cosh ^ cos ifj + sin*-^ a cos 2ip], 
where K-^ = 1 -f 2e“^ sin a cos ip + e-^ sin^ a. 


With the aid of these equations Bickley has drawn the equipotentials 
and lines of force for the case of a semicircular arc. The charge resides for 
the most part on the outer face, the surface density becoming infinite at 
the edges. The field appears to be approximately uniform on the axis just 
above the centre of the circle. 

The field at a great distance from the circular arc is roughly that due 
to an equal charge at the point 2 = — ^ cos^ a, for when x is large, the 
equation 

. 1 -f e^sina • n , v • in v • t 

2 = — ^ , ^ 1 1 -f sm al 1 1 — e~^ sin al . . . 

1 + 6"^ sm a ■' 


may be written in the form 

2 + i cos^ a = — ie^ sin a -f negligible terms. 

This point, which may be called the ‘‘centre of charge,’’ is the middle 
point of that portion of the central radius cut off by the chord and 
the arc. 

On the circular arc 

X = iip and 2 = — 

Therefore sin {ip — 9) sin a = sin 6, 

The surface density is thus proportional to S cos 6 I on the convex 
face and to S cos 0 — 1 on the concave face, S denoting the quantity 

S = (sin2 a — sin^ 0)~i, 

If E is the charge per unit length of a cylindrical conductor whose 


20-2 
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cross-section is the circular arc and d is the diameter of the circle, the 
surface density a is given by Lovers formula 

27 T<jd = E I sec V | (cosec a — cos v), 
where sin v — — tan 9 cot a. 

The solution of the electrical problem of a conducting plate under the 

influence of a line charge parallel to the plate but not in its plane may be 

derived from the preceding analysis by inversion from a point 0 on the 

unoccupied part of the circle. Let AB be the cross-section of the plate, 

i)'the foot of the perpendicular from O on AB, OC the bisector of the 

angle AOB, then the surface density a is given by Love's formula 

E OD cosec a — cos v 

^ 277 OP^ 1 cos V I ' 

where now sin v = cot a tan (P'OC'), 

(A'P',B'P')i 
cos = ± cosec a — — - , 

A'P'G'B' being perpendicular to OC' (Fig. 25). Thus 
_ E OD OA' T(A'P\B'P')i 
'"“ 277 (9P2 (^'P'.P'P')i 


0 



Fig. 25. 


This is easily converted into the expression given in § 3-81. 

The region outside a rectangle may be mapped on the interior of the 
unit circle in the ^-plane with the aid of the transformation 

2 : = I rftS ( 1 — 2s^ cos 2a + 

while a transformation which maps the region outside the rectangle into 
the region outside the circle is obtained by using a minus sign in front of 
the integral. 

Let us use this transformation to determine the drag on a long thin 
rod of rectangular section which is moved slowly parallel to its length 
through a viscous liquid contained in a wide pipe of nearly circular section. 
We write log ^ = iw ^ i {u -f- iv), where v is the velocity at any point in 
the 2 ;-plane, then 

2i I (cos 2a — cos 2s)i ds = 2 \ (sin^ a — sin^ s)^ ds, 

Jo Jo 
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Putting sin s == sin a sin 0, this becomes 

r® sin2 a (1 — sin2 o -2 * 2 

z = 2 \ ' — — — ^ = 2 (1 — sin2 a sin^ 8)^ dB 

Jo (1 - sin2asin2j3)i Jo 


2 f cos^ a (1 
Jo 


sin^ a sin 


2 j8)-i djS. 


At the corner ^ immediately to the right of the origin 0 in the 2 ;-plane, 
we have 6 = and 


= 2E (k) - 2jfc'2 K (k), 

where k = sin a and E {k), K {k) are the complete elliptic integrals to 
modulus k. The drag on the half side OA of the rectangle is proportional 
to and since 


sin = sin a sin (J77) = sin a, 

we have = a. The drag on the side OA is thus equal to (a/27r) times the 
drag of the whole rectangle. [C. H. Lees, Proc. Roy, Soc. A, v^. xcii, 
p. 144 (1916).] 


EXAMPLE 


A line charge Q at the origin is partly shielded by a cylindrical shed of no radial 
thickness having the line charge for its axis, the trace of the shell on the a:y-plane being that 
part of the circular arc z = for which — n < — 2aj < 20 < 2co < tt. Prove that the 
potential ^ is given by the formula 


<f> -h tf/f = Q log 


(z — a) cos^ o) + (z -h a) sin^ co -f 
(z -h a) sin^ cu — (2 — a) cos*^ cj + R* 


where R denotes that branch of the radical [z^ — 2az cos 2oj + whose real part is 
positive when the point z is external to the circle. 

The surface density a of the induced charge at a point 9 on the charged arc is 
0 = — Q |sec to (tan^ a> — tan^ 9) - ± l}/4Tra, 


the upper sign corresponding to the density on the concave side, the lower sign to the density 
on the convex side. The latter is zero when 2a> = it, that is, when the circle closes. 


[Chester Snow, Scientific Papers of the Bureau of Standards y No. 542 (1926).] 


§ 4 * 71 . Applications of conformal representation in hydrodynamics. 
Consider the two-dimensional flow round an airplane wing whose span is 
so great that the hypothesis of two-dimensional flow is useful. Let u, v 
be the component velocities, p the pressure, /> the density, L the lift per unit 
length of span, D the drag per unit length and M the moment about the 
origin of co-ordinates, this moment being also per unit length. These 
quantities may be calculated from the flux of momentum across a very 
large contour G which completely surrounds the aerofoil. In fact, if /, m 
are the direction cosines of the normal to the element ds^ we have 

L + iD == — p j {v iu) {ul -f vm) ds — ^p {m il) ds, 

M — p[ {xv — yu) {ul -f vm) ds — [p {xm — yl) ds; 
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the sign of M is such that a diving couple is regarded as positive. The 
equations may be rewritten in the form 

L + iZ) = I/O I (v -h iuY dz — \p {u^ + v^)"] (m + il) ds, 

ilf = I/O I [{u^ — v^) {mx 4- ly) -f 2uv {my — lx)] ds 

+ j (Zi/ - mx) [p 4- Ip {u^ 4 - v^)] ds, 

where z x -h iy. Now when the motion is irrotational outside the aerofoil 
the quantity ^ 4- |p {u^ 4- ri^) is constant, also 

I (m 4- il) = 0, I {ly — mx) ds = 0, 

hence Z 4- iZ) == |p | (t; 4- iu)'^ dz. 

Taking the contour to be a circle of radius r, we have 
ilf = Ip I [{u^ — 2xy + 2uv {y^ — x^)] dsjr 

== |J?p j [u^ — — 2iuv] [a;2 — 2ixy] dsjir 

= |J?p I + iuYzdz, 

where the symbol iZ is used to denote the real part of the expression which 
follows it. These are the formulae oi^Blasius* but the analysis is merely 
a development of that given by Kutta and Joukowsky. 

The integrals may be evaluated with the aid of Cauchy’s theory of 
residues by expanding v 4- iu in the form 

V + m = iU + + “I + .... 

z z-* 

When the region outside the aerofoil is mapped on the region outside 
the circle | z' | = a by a transformation of type 

z' = Co 4- ^ ^ 2 ; 4- “ + ^ + •••) » 


the flow round the aerofoil may be made to correspond to a flow round 
the circle by using the same complex potential x each case. Now for 
our flow round the circle we may write 


% = C7'e-» - 0V2'* + 

dz 


iK 

W’ 


Zeita. f. Math. u. Phys. Bd. Lvm, S. 90 (1909), Bd. ux, S. 43 (1910). 
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where U\ a and k are constants, therefore 




.dx_. djc ^ 
dz dz' dz 


m 1 - 4 


= inU'e~^ 


2co 




IK 


27m^z^ 2Trnz 


+ 
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...] 


IK KCq 

2ttz 2TTnz'^ 


inc^ U' . rr/ 

1 g-ta _ 




4- .... 


z^ n^z^ 

If z' = is the point of stagnation on the circle which maps into the 
trailing edge of the aerofoil, we have 

K = 27TaU' sin (a — jS), 

U - 

L -h iD “ KpU'ne~^ — KpU ~ 27TapUU' sin (a — ^). 


§ 4*72. The majpjping of a wing profile on a nearly circular curve. For 
the study of the flow of an inviscid incompressible fluid round an aerofoil 
of inflnite span, it is useful to find a transformation which will map the 
region outside the aerofoil on the region outside a curve which is nearly 
circular. 

If the profile has a sharp point at the trailing edge at which the tangents 
to the upper and lower parts of the curve meet at an angle a, it is convenient 
to make use of a transformation of type 


z — KC — cy 

Z -r KC + C/ ' 


(A) 


where a = {2 — k) tt. 

If a circle is drawn through the point — c in the f-plane so that it just 
encloses the point c, cutting the line (~ c, c) in a point c + d, say, where 
d is small, this circle will be mapped by the transformation into a wing- 
shaped curve in the 2 ;-plane. This curve closely surrounds the lune formed 
from two circular arcs meeting at an angle a at each of their points of 
junction, z ^ kc, z ^ ~ kc. The curve actually passes through the point 
— KC and has the same tangents there as the lune derived from a circle in 
the ^-plane which passes through the points (— c, c) and touches the former 
circle at the point — c. 

If we start with the profile in the 2 :-plane and wish to derive from it 
a nearly circular curve with the aid of a transformation of this type, the 
rule is to place the point — kc at the traihng edge and the point kc inside 
the contour very close to the place where the curvature is greatest*. This 
rule works well for thin aerofoils, but it has been found by experience that 
by increasing the magnitude of d an aerofoil with a thick head may be 
obtained from a circle, and that the thickness of the middle portion of the 
aerofoil is governed partly by the value of cr. Hence in endeavouring to 


* F. Hohndorf, Zeits. f. ang. Math, u, Mech. Bd. vi, S. 265 (1926). 
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map a thick aerofoil on a nearly circular curve the point kc may be taken 
at an appreciable distance from the boundary. Another point to be noticed 
is that when a circle is transformed into an aerofoil by means of the 
transformation (A) the smaller the distance of the centre from the line 
(— c, c) the smaller is the camber of the corresponding aerofoil and the more 
symmetric is the head. The point kc, moreover, lies very nearly on the line 
of symmetry. 

The actual transformation may be carried out graphically with the aid 
of two corresponding systems of circles indicated by the use of bipolar 
co-ordinates. The circles in one plane are the two mutually orthogonal 
coaxial systems having the points (— c, c) as common points and limiting 
points respectively; the corresponding circles in the other plane for two 
mutually orthogonal systems having the points (— c, c) as common points 
and limiting points respectively. This is the method recommended by 
KArm&n and Trefftz. Another construction recommended by Hohndorf 
depends upon the substitutions 

, z — kc t — c 

^ — , T — ^ - — , 

Z kC ^ c 

by which the transformation may be written in the form 

1 

T = <' = 

, 277 — cr 

where v 

a 

The plan is to first consider the transformation from z to given by 
the equation 



This transformation may be performed graphically* by writing 

Zo^ Z + KC, ^ + C, 

when the relation becomes 



When has been found its T^th root may be determined graphically 
and when this is multiplied by the value of r is obtained, and from this 
^ is easily derived. 

Hohndorf gives a table of values of rj corresponding to different 
angles a. When a ^ 4°, = 89, when a ^ 8^, = 44, and when a — 10°, 


* The transformation may also be performed graphically by writing it in the form 


z = 


K 

2 



when it is desired to pass from a figure in the (-plane to a corresponding figure in the 2-plane. 
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7) — 85. When the transformation (A) is expressed by means of series, 
the results are 

+ -^J 45^-3 + •••> 

. 1-k2c2 (4k:^-~ 5/c2+ 1)c^ 

4 — 2 H — - — ;r^7a' + . . . . 


§ 4*73, Aerofoil of small thickness"^. We have seen that the trans- 
formation 

z' ^ z a^jz 

maps the circle C given by | 2 | = a into a flat plate P' extending from 
2 ' = 2a to 2 ' = — 2 a and back. On the other hand, if the ^’s are small 
quantities the transformation 

00 

C = 2{1 + S A„(a/z)"} 

»=0 

maps C into a curve F differing slightly from a circle, and if we then put 

r maps into a curve 11' differing slightly from a flat plate. Now for a 
point on F 

^ = a (1 -f r) 

where 0 is a real angle and r a real quantity which is small ; therefore to the 
first order in r 

4 ' = 2 a (cos 9 -f- ir sin 0 ), 

and so = 2 a cos 0, 17 ' = 2ar sin 6. 

For points on G and P' we may use a real angle to and write 
z = ae*®, x' = 2 a cos co, y' == 0 , 


CO 


then (1 + ^) = 1+2 

n “0 

I 

and since 0 — a> is small we have to the first order, with An=^Bn + iCn , 

r = 2 (Bn cos no) -h Cn sin nw), 

0 — </> = 2 (On cos noj — Bn sin noj). 

Hence by Fourier’s theorem 


TrPn = 
TrCn = 
27rPo = 


i: 

f- 

i: 


r cos n9d9 = 

It 

r sin nOdd = 

It 


T] COS n9 
.„2a sin 0 

Tj' sin nO 
.n 2a sin 6 


dd, 

dd, 


rdd = 


i: 


V d0 

2a sin 6 ’ 


H. Jeffreys, Proc. Roy, 8oc, A, vol. cxxi, p. 22 (1928). 
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Since sin 0 and sin nO are odd functions of 6, whilst cos nO is an ‘even 
function of 6, it appears that depends on the sums and Bn on the 
differences of the values of rj' corresponding to angles ± 6; thus the (7„’s 
depend on the camber of the aerofoil, the jB„’s on its thickness. 

When 6 is small, that is, for points near the trailing edge of the aerofoil, 
we have approximately 

7)' _ r sin 0 _ 2r 

2a — 1 — cos 6 6 * 

and when tt — 0 is a small quantity o) we have 

~]r 2a oj 


Thus r vanishes at 0 = 0 because the slope of the section is finite there ; 
but at 0 == TT the section and the axis meet at right angles at a point which 
may be called the leading edge. If the curvature at this point is 1/2? we 
have to a close approximation 


22 ? = 


_ 4:a^r^sm^6 
^ + 2a 2a ( 1 4 - cos 9) 


2ar^ (1 — cos 6) == 4ar2, 


consequently r is finite and equal to (2?/2a)i at the leading edge. If at 
a great distance from the circle C the flow in the z-plane is represented 
approximately by a velocity U making an angle a with the axis of x, we 
have 

l/K 

X = + w/f = Uze-*^ + Ue^a^jz + log (z/a), 

Ztt 


where k is the circulation round the cylinder. Taking x be the complex 
potential for a corresponding flow in the ^'-plane the component velocities 
{n, v) in this plane are given by the equation 

dz! dz dJi 


To determine k we make the velocity finite at the trailing edge where 


j yf 

I' is a maximum and 0 == 0, r = 0, ^ = a, ^ = 0. 


Hence dxidz is zero and so 


Z^ 27TZ 


But when 0=0 


ajz = = e*®. 


say, where 
Therefore 


K = 47ra?7 sin {a + p). 



Now 
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jfjg-ta — a^jz^ -f. iKl2TTZ 

{\ - I. (n - ifAfidJzY) {I - oV^) 

t7e-» - f7e»a* (1 + + Ik (1 + £„ + A^all')l2nl' 

- {l + ^B,-J,(a/m(l-aVn ^ ^ 


C/c-*- 


+ 


l/C 


l + B^ 27rC 

A^a^Ue-*^ 


+ 1 ’ 


aU,-<JK. - Ua^e ** TT<>//1| T> \ , 

L (r+ £.)■ + 1-?^ - + •®»' + srriTs;) 


Therefore by the Kutta-Joukowsky theorem the lift per unit span of 
the aerofoil is 


L — = Anpa (1 + B„) sin (a + P) V^, V (1 + Bo) = U, 

and the lift coefficient is 


= {LI4paV^} = 77 (1 + Bo) sin (a + jS). 

The thickness thus affects the lift through Bq, which is a positive 
constant for a given wing. 

The moment about 0, that is a point midway between the leading and 
trailing edges of the aerofoil, is equal to np times the real part of the 

coefficient of + in the expansion of • This coefficient is 

g- aFwjd + 

and so to the first order in the B's and (7’s the moment is M, where 


M = 2TTpV^a'^ {C 2 cos 2a — (1 + B<^ sin 2a -j- 2jBi cos a sin (a + j8) 

+ 2(7i sin a sin (a + j3)}. 

The moment about the leading edge is 
Mq ~ ^ 2ciL — 27rp l^^a^ {2a ( 1 “1“ ^Bq -f- B^ — B 2 ) C ^2 "b 2j3 (2 -f~ 2J5 q -f- jBj) 

where terms of orders a^, aBn, aC^ have been retained, but terms of orders 
a^, a^jS„, a^Gn, dropped. When squares and products of the JS’s and (7’s 
are neglected, the moment coefficient is 

~ i^L (1 "b ^0 + ^1 “■ -^ 2 ) + ^“^^2 "b 

The moment coefficient at zero lift is thus 


^7rC2 + 

and is independent of the thickness to this order of approximation. The 
thickness, however, affects the coefficient of Kj^. 
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For further applications of conformal representation in hydrodynamics 
the reader is referred to H. Glauert’s Aerofoil and Airscrew Theory (Cam- 
bridge, 1926) and to H. Villat’s Legons sur V Hydrodynamique (Gauthier- 
Villars, Paris, 1929). 

§ 4*81. Orthogonal polynomials associated with a given curve^. Let / {z) 
be a function which is defined for points of the z-plane which lie on a closed 
continuous rectifiable curve C which is free from double points. If 
ds ^ \ dz\, the integral i- 

f{z)ds 

Jc 

denotes as usual the limiting value 

m 

lim S /(^.) I 2^ - I , 

m->oo I/—1 

where Zq, z^, z^^, . . . represent successive points on C for which 

lim [Maximum value of | -> Zy_i | for 0 < v < m] = 0, {zi = z^), 

m 00 

and denotes an arbitrary point of C which lies between Zy^i and We 
have in particular t 

ds ^ I, 

Jc 

where I denotes the length of the curve C. We shall suppose now that the 
unit of length is chosen so that 1=1. 

Using z to denote the complex quantity conjugate to z, we write 


hr, 




z^z^ds = ha 


Dq v/^QQ 1, D-^ 


hiQ 




h^n h^ 




Let Hmn denote the co-factor of h^^ in the determinant Z>„ , and let 
be a constant whose value will be determined later ; then, if 

Rfi (^) ~ (-^On "h 

it is easily seen that 

j Pn {z) Z^ ds — {TlQyHQrt “t" l^nvP^nn) 

Jc 

= 0 for 0 < < 71 — 1 

= a^Dn for V = n, 

|* j Pfi (z) dz = = aj^afiPn—iPn • 


♦ See a remarkable paper by Szego, Math. Zeits. Bd. rx, S. 218 (1921). 
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The polynomials thus form an orthogonal system which is normahsed 
by choosing so that 

If {z) denotes the complex quantity conjugate to ( 2 ), the ortho- 
gonal relations may be written in the form 

[ P„ ( 2 ) P^ ( 2 ) = 0, m^n 

Jc 

= 1, m == n. 

Let us now suppose that C is an analytic curve and that ^ = y ( 2 ) is 
the function which maps the interior of C smoothly on the region | ^ | < 1 
of the ^-plane in such a way that y (a) = 0, y' (a) > 0. Since C is an 
analytic curve y ( 2 ) is also regular and smooth in a region enclosing the 
curve (7. It is known, moreover, that there is one and only one function, 
^ = ff (Of which is regular and smooth for | ^ | < 1 and maps the interior 
of I ^ I == 1 on the interior of the curve C. The derivatives of the functions 
y ( 2 ), g (0 are connected by the relation y ( 2 ) gr' (^) = 1, where 2 and ^ are 
associated points of the two planes. 

Our aim now is to show that 

y (z) = lim [ [Kr, {a, dw, 

n-^co J a 

where K„ (a, z) = Po («) Pq (z) + ••• Pn («) Pn (z). 

We shall first of all prove an important property of the polynomial 
K„ (a, z). 

Let a be arbitrary and (z) a polynomial of the nth degree with the 
property 

f 1 Gn (z) Yds = 1, 

Jc 

then the maximum value of | (a) |2 is (a, a), and this value is attained 

when Gn (z) = eKn {a, 2 ) (a, where e is an arbitrary constant 

such that I € I = 1. 

Let *us write 

Gn (z) = t^Po {z) 4- t^Pi ( 2 ) 4 ... tnPn {z), 
where the coefficient ty is determined by Fourier’s rule and is 

\ Gn {z) Py ( 2 ) ds, 

Jc 

We then have 

1= f \Gn{z)\^ds=\to\^+\h\^+ ,,.\tn\^ 

Jc 

G (a) = toPo (a) + hP^ (a) 4 ... hPn («), 
and by Schwarz’s inequahty 

\ Gn {a) \^< Kn (a, a). 



318 Conformal Representation 

The sign of equality can be used when 

t, = eP,(a)[K„ {a, a)]-l; 

that is, when G„ (z) = eK„ (a, z) [K„ (a, »)]“!. 

When the point a is within the region bounded by C, and F {z) is any 
function which is regular and analytic in the closed inner realm of (7, we 
have the inequality 


where 8 is the least distance of the point a from the curve C, To prove 
this we remark that Cauchy’s theorem gives 


F(a)== 


JLf 

2771 jQ z — a ’ 


and so 


F{a) 


'277 Jc 


F(z) 


(Is 


1 

2778 


F {z) I ds. 


In the special case when F (z) = [Gn (z)Y the inequality gives 


[Gn (a)f< 


1 

2778 ’ 


This is true for all polynomials (z), and so, in particular, 

Kr,(a, 

Since 8 is independent of n, this inequality establishes the convergence 
of the series 

K (a, a) = I Po (a) |^ + | Pi (a) \^ + ... 

for the case in which the point a lies in the region bounded by C. Again, 
we have the inequality 

\K„ (a,z) < [|Po (a) II Po (z) I + I Pi (a) || Pi(z) | + ...f < Kn (a, a) (z,z), 

and if (a, z) denotes the remainder 

(a, z) = (a) Pn+I (z) 4- ... (a) (z), 

we have | Rn^ (a, 2:) [^ < R^^ (a, a) R^"^ [z, z). 

Since the series K (a, a) is convergent when a lies within C we can find 
a number N {a) such that if 71 > iV' (a) we have for all values of m 

I R^'^ {a, a)\<€, 

where e is a small positive quantity given in advance, hence if N is the 
greater of the two quantities N (a), N (2), we have ior n> N 

I (a, z)\^< 

This estabhshes the convergence of the series 


K (a, z) = Pn (a) Pn (z) + Pn (u) Pi (z) + ... . 
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To prove that the series is uniformly convergent in any closed realm R 
lying entirely within C we note that the quantities (a, z) are uniformly 
bounded in the sense that 

I {a, z) 1* < K„ (a, a) K„ (z, z) < . 

The general selection theorem of § 4*45 now tells us that from the 
sequence (a, z) we may select a partial sequence of functions which 
converges uniformly in R towards a limit function f (z). Since, however, 
the sequence converges to K (a, z) this limit function / (z) must be identical 
with K (a, z) and so the series which represents K (a, z) converges uniformly 
in R, a and z being points within R. 

We now consider the integral 


J„=f \K„{a,z)-X{y' {z)}i\^ds, 

Jo 

where A is a constant which is at our disposal. We have 

f I K„ (a, z) ds = K„ (a, a), 

Jc 

[ \y{z)\ds=\ dO — 277 , 

JC Jo 

f (a, z) {/ {Z)}i ds = r K„ {a, g (C)} dO 

h Jo {g’ 

= f K„{a, g U)}^9' (0 dd, 
where ^ = e'*. ” 

Now the function K„{a,g{Q}Vg'{Q is regular and analytic for 
I ^ I < 1, and so the last integral is equal to 

27tK„ {a, g (0)} Vg' (0) = 2ttK„ {a, a) [y (a)]-i. 


Choosing 
we have finally 


A=2^[r' (a)]K 
•J'n = ^ 1 y' («) I - (a, a). 


Our object now is to show that 

lim Jn = 0, 

n->oo 

Let us write L{C) = [g' 

Since g' ^ 0 ior | ^ | < 1, a branch of L (^) is a regular analytic 
function for | ^ | < 1. 

We now consider the set of analytic functions E (C) regular in | ^ | < 1 
and such that - 2 . 

\La)Ea)\^de=i. 

Jo 
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Let a be a fixed number whose modulus is less than unity, then the 
maximum value of \ E (a) is 

To see this we put 

then on the above supposition 

Mo + Ml 1 ^ + ••• + Mn 1 ^ + ••• = 
and Schwarz’s inequality gives 

S |<„|^ 2 |apn = _L^^. 

n =0 n =0 A 1 ^ | 

The sign of equality holds when, and only when, 


that is, when 

Now 
therefore 
and so 


<„ = ca", «= 0,1,2,..., 


LiOEiC) 


Ea) = € 


1 - la- 
dd Itt 

0 I 1 ~-al\'^^' I - lap’ 
277 I c p = 1 - I a p, 
(1 - I a p)i 1 


1 - (27r)i L (^) 


Now let E {l) = E {y ( 2 )} == 0(z) = G{g (C)}, 

then E (^) and 0 (z) are simultaneously regular, and 


f27r r2Tr r 

1= \L{l)E{l)\Uld^\ \g' a)\\E{l)\^dd==\ \Q(z)\^ds. 

Jo Jo Jc 

Finally, E (0) = G (a), 

so that max | J? (0) = max | G (a) 

therefore 

K (a, a) = max I (7 (a) = max I ^ (0) == — — 

^ ^ ^ ^ ' I ^ (0) I" 277 I (0) I’ 

and so 

= 2 ^ I y' (a)\- E {a, a)==~{\ y' (a) | - | g' (0) |} = 0. 

Since [K„ {a, 2 ) - A {y ( 2 )}^ = F„ ( 2 ) 

is a regular analytic function in the closed inner realm of C, we have for 
any point Zq within C whose least distance from C is 8, 


F„ (zo) P < 2^8 I F„ (2) p dz - 2^^ 
lim I F„ (zo) I = 0. 


and so as ri ~>oo, 
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Region Outside a Closed Curve 
Hence K (a, Zo) = lim K„ (a, Zo) = A {y' (zo)}*. 

n->oo 

Furthermore, since 

X (a, a) = ^ I y' (a) j = 27rA^ 

, [K (a, Zo)]* 

we have y W - 2n , 

o_ rz 

and 80 y (z) = ~ j^[K (a,Zo)]^dZo. 

If the curve O instead of being of unit length is of length I the ortho- 
gonal polynomials Pn (z) are defined so that 

l|^|P„(z)|*ds= 1. 

and the general formula for the mapping function becomes 

>-<"> “T'-XlHTa) 11 

where e is a number with unit modulus and is equal to unity when the 
mapping function is required to be such that y' (a) > 0. 

A study of the expansion of functions in series of the orthogonal poly- 
nomials Pn (z) has been made recently by Szego and by V. Smirnoff, 
Comptes Rendus, t. clxxxvi, p. 21 (1928). 


§ 4 * 82 . The mapping of the region outside C\ If we write 
z' (z — a) = 1, ww' = 1, 

the interior of C maps into the region outside a closed curve C' in such 
a way that the point 2 == a maps into the point at infinity in the z'-plane. 
The interior of the unit circle | | < 1 is likewise mapped into the region 

\w'\> 1, the point w = Q corresponding to w' ^ 00 . 

Hence the region \w'\> 1 is mapped on the region outside C' in such 
a way that 2 /)' = 00 corresponds to z' = 00 , the relation between the 
variables being of type 

z' — tw* + Tq 4- 4- ... 4- 4* — 


Since w — y {z), the function which gives the conformal representation is 
w' = [y {a 4- say. 


Szego has shown that the function ifj (z') may also be obtained directly 
with the aid of an orthogonal system of polynomials 11 „ ( 2 ') associated 
with the curve C\ 

If T == I T I e^, we have in fact the formula 


iff {z') = c~»* lim 

n->oo 


nn+l ) 

n„(V) ’ 


B 


21 
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EXAMPLES 

1. If Zq is a* of the equation ( 2 ) == 0, prove that 




Pn(^) 
C\z - Zo 


ds 


. f 

Jc z~Zo 


zds. 


Hence show that Zq lies within the smallest convex closed realm R which contains the 
curve (7. 


2. If C is a circle of unit radius, 




K (a, z) ■■ 


1 

I - 2d* 


y(z) = 


z - a 
1 — 2d* 


3. If the curve 6' is a double line joining the points — 1,1, the polynomial P (z) becomes 
proportional to the Legendre polynomial. Note that in this case the series K (a, 2 ) fails to 
converge, but this does not contradict the general convergence theorem because now the 
points a and 2 do not he within G. 

4. If R^ ( 2 ) is any polynomial and a any point within the curve (7, prove that 

I (a^z) Rn ( 2 ) ds = R^ (a). 


§ 4 * 91 . Approxirnation to the mapping Junction by means of polynomials 
Let a circle of radius R be drawn round the origin in the 2-plane and let 

^ + ••• 

be a power series converging uniformly in its whole interior. This maps 
the circle on a region of the complex ^/;-plane. For the area of this region 
we easily find the expressions 

A \ f' I /' {z) l^rdrdO (2 -- re^^) 

Jo Jo 

= 277 I rdr S | a^ |2^2^2n-2 

J 0 n“l 

= 77 I + 77 S n\a^\^ + ... . 

n-2 

The area of the image region is always greater than ttR^ | I ^ when 
ai^ 0 and is always greater than im | a„ when a„ ^ 0 . When the 

mapping function / (2) is such that = 1 the result is that the area of the 
picture is greater than that of the original region unless the picture happens 
to be a circle of radius R. 

Suppose now that we are given a simply connected smooth limited 
region B of the 2-plane. Let dr be an element of area of this region, we 
then look for a function / (2) regular in B which makes the integral 

/= jji/' 

* L. Bieberbach, Rend. Palermo, vol. xxxviii, p. 98 (1914). 
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Approximation by Means of Polynomials 

as small as possible. To make the problem definite we add the restrictions 
that / (0) = 0, /' (0) = 1, and that / {z) is a polynomial of the nth degree. 
These conditions are satisfied by writing 

f(z)=-z-}~ + ... + (A) 

If f (z) + eg {z) is a comparison function we have to formulate the 
conditions that the integral 

J («) = II I /' ( 2 ) + ( 2 ) [/' (2) + ,g' (2)] 4 - dr 

may be a minimum for € = 0 . These conditions are 

^ = ||sr' (2)7M^)rfT=o, 

^ = ||/' (2) g' (2) dT = 0, 

= II g' (2) g' (2) = II I g' (2) 1 2 dr. 

The inequality is always satisfied, but the two equations are satisfied 
for all forms of the polynomial g {z) only when the coefficients satisfy 
certain linear equations. If 

II zH^dr = z„, 

where z is the conjugate of z, these equations are 
^^ 0,1 ^^ 2 , 1^3 1 , l^n ~ 

+ (^-2) + (^.3) ;^2,n-ia3 + ••• {n-n) Zn.i,n~ian = 0, 

and 

22:1,0+ ( 2 . 2 ) 2 :i^id 2 + ( 2 . 3 ) 2:1, 2 ^3 + ••• = 0 , 

+ (^-2) 2:„_i,ia2 + (^•^) 2^n-l,2»3 + ••• (^ • ^) 2:n-l,n-l«n = 0 . 

These linear equations are associated with the Hermitian form 

n- 1 n- 1 

S S (p + 1) (g’ + 1) ZrpqClj^df^^ 

p=0 

and possess a single set of solutions for which / is a minimum. By giving 
different values to n we obtain a sequence of polynomials which in many 
cases converges towards a limit function F {z). The question to be settled 
is whether this function F ( 2 :), among all mapping func- 
tions with the properties F (0) = 0, F' (0) = 1, gives the 
smallest possible area to the picture into which B is 
mapped. The following simple example tells us that this 
is not always the case. Consider the region B which 
arises from a circle when the outer half of nne of its 
radii is added to the boundary (Fig. 26). There is no 
polynomial which maps this region jB on a region of smaller area. For 



21-2 
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by means of a polynomial the region B is mapped on another region 
which has the same area as the region on which the complete circle is 
mapped and, unless the polynomial is simply z, this region has an area 
which is greater than that of the circle. Hence in this case all minimal 
polynomials are equal to z and F (z) is also equal to z. 

Bieberbach has investigated the convergence of the sequence of 
polynomials to the desired mapping function for the type of region 
discovered by Carath^odory*. For such a region the boundary is contained 
in the boundary of another region which has nt) point in common with the 
first. The interior of a polygon is a particular region of this type and so 
also is the interior of a Jordan curve. 

Bieberbach’s method of approximation has been used recently in 
aerofoil theory for the mapping of a circle on a region which is nearly 
circular f. 

Introducing polar co-ordinates, z = re*^, and supposing that on the 
boundary r - 1 -f y, where y is small, we may write 

\ ^ Jr = ^ [ (1 -f y)^+5+2g(p-<z)i0 

Jo Jo 2^ + (7+^Jo 

Hence retaining only terms up to the second order in the binomial 
expansion of (1 -f y)p+<?+2^ 

ZpQ = f y.cos (p - q) O.dO + ^ ^ [ y^cos {p - q) O.dO 

Jo ^ J 0 

+ i y.sin {p - q) d.dd -f ^ j yS.sin (p - q) d.dd^, P ^ 

^ 1 + (P + 

P -r ^ Jo Jo 

These quantities may be determined from the profile of the nearly 
circular curve when this is given. 

Now writing ^ -j- irj^, 4 - iijjj,, 

where 7]^^, and ijjj, are all real, and neglecting all the coefficients 
after in the expansion (A), we obtain the following equations for the 
determination of 02? ^3? ^4? 02? ^3? ^4- 

^01 2^1102 + ^^12 ^3 I" ^^12 ’As 47^1304 = 0, 

Voi 2^4102 — + 3^12 ’As 47713^4 + 4^43 04 = 0, 

^02 + ^^12 02 ~ 27712 02 3^22 03 4^23 04 + 47^23 04 = 0 , 

^02 + 2771202 + 2^1202 + 3^2203 “ 47723 04 + 4^23 04 ~ 

^03 2^13 02 — 27713 02 -f" 3^23 03 — 4^33 04 = 0, 

27713 02 + 2^13 02 -f 37723 03 + 3^23 03 + 4^33 04 — 0. 

* Math. Ann. vol. lxxii, p. 107 (1912). 

t F. Hohndorf, Zeits. f. ang. Math. u. Mech. Bd. vi, S. 265 (1926). The conformal representation 
of a region which is nearly circular is discussed in a very general way by L. Bieberbach, Sitzungsber. 
der preussischen Akademie der Wissenscha/ten, S. 181 (1924). 
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DanielVs Orthogonal Potentials 

Eliminating <^4 and we obtain the equations 

(0133) + 2 (1133) ^2 + 3 (1233) ^3 + 3 [1233] 1^3 = 0 , 

[0133] + 2 (1133) - 3 [1233] ^ 3+8 (1233) ^3 = 0, 

(0233) + 2 (1233) ^2-2 [1233] ^2 + 3 (2233) ^3 = 0, 

[0233] + 2 [1233] 02 + 2 (1233) 02 + 3 (2233) 03 = 0, 

where 

{pgTS) = ^pq$rs ^pr^qs ^j)r^«s> [i^?^"^] “ + ^pr'^q» ^pr^9J> 

and these finally give the values 

vN<f)^ = Z 2 „_ 3 , viV0^ = Z 2 „_ 2 , V = 2, 3, 4, 
where N = (1233)2 + [1233]2 - (1133) (2233), 

Zi = (0133) (2233) - (0233) (1233) - [0233] [1233], 

^2 = [0133] (2233) + (0233) [1233] - [0233] (1233), 

Z 3 = [0133] [1233] + (0233) (1133) - (0133) (1233), 

^4 = [0233] (1133) - (0133) [1233] - [0133] (1233). 


§ 4-92. DanielVs ortJiogonal potentials. Consider a set of polynomials 
jPo ( 2)1 Pi ( 2 ), ... defined by the equations* 

( 0 , 0 ) ( 1 , 0 ) {n, 0 ) 

( 0 , 1 ) ( 1 , 1 ) (n, 1 ) 


Pr> ( 2 ) = 


^Dn-lPn 


where 


D„ 


{0,n- 1 ) ( 1 ,«- 1 ) (n,n- 1 ) 
122 " 
( 0 , 0 ) ( 0 , 1 ) ( 0 ,n) 

(1,0) (1,1) (l,w) 


and 


{n, 0 ) (w, 1 ) (n, n) 

(m, n) = ^11 z”'z”dT, 


Do= 1 , 


the integral being taken over the region to be mapped on a unit circle. 
A denotes here the area of the region and dr an element of area enclosing 
the point 2 . These polynomials satisfy the orthogonal conditions 

= 0, m^n 
== 1 , n. 


A mapping function / {z) which satisfies the conditions / (a) = 0 , 
/' (a) = 1 , is given formallyf by the expansion 

Sf (x) = Po (a) [ Po (z') dz’ + Pi (a) f py (z') dz' + ... , 

J a J a 

where S = p^ (a) pg (a) + p^ (a) Pi{a) + .... 


* These equations are analogous to those used by Szego. 

t This series does not always represent an appropriate mapping function as may be seen from 
a consideration of the circular region with a cut extending half-way along a radius as in § 4-91. 
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To see this we write 

/' (2) = (z) + (z) + (z) + ... , 


S' (2) = aoPo (2) + a^Pi (2) + a^Pz (2) + ... , 
where Oq , % , . . . ; , di, ... are coefficients to be determined, so that the 

integral 

^ j|/' (2)/' (2). dr = aoSo + + ... 

may be a minimum subject to the conditions 

/' (a) = 1 , TV) = 1 . (A) 

Differentiating with respect to Oo, ... ; ao> ••• turn we find that 

"n = («). » = 0, 1, 


d<f>n 

V„ 


we have 


o„ = (a), n= 0,1, ... 

where k and Ic are Lagrangian multipliers to be determined by means of 
the equations (A). We easily find that 

1 = kS, kS = 1, 

and so 

kif (z) = Po (a) Po ( 2 ) + Pi (a) Pi (z) + ... . 

If pn ( 2 ) — u„ — iv„ , where u„ and v„ are real potentials which can be 
derived from a potential function </>„ by means of the equations 

d±n 
dy > 

= 1 , m = 7i» 

The potentials </>(,, </>!, ... thus form an orthogonal system of the type 
considered by P. J. Daniell*. This definition of orthogonal potentials is 
easily extended by using a type of integral suggested by the appropriate 
problem in the Calculus of Variations. 

For the unit circle itself the orthogonal polynomials are 

p„ ( 2 ) = z".(n + 1)1, 

and the mapping function is consequently given by the equations 

(l-aa)(z-a) 

/ 12) ^ 

§ 4-93. Fejer’s theorem. Let 

^ =/(2) = Uo + “l2 + “ 22 ^ + ... (1) 

be the function mapping a region D in the Z-plane on the unit circle d with 

♦ Phil. Mag. (7), vol. ii, p. 247 (1926). 
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equation | ^ | < 1 in the 2 -plane. We shall suppose that D is bounded by a 
Jord^in curve G and that Z ^ H {d) is the point on G which corresponds to 
the point z ~ on the unit circle c which bounds the region d. At this 
point, if the series converges 

2 = ^0 + -f + ... 

= 1^0 -f -f -2^2 + ••• say. (2) 

Now by Cauchy’s form of Taylor’s theorem 

^jc~”-^f(0dC = a„, n>0, 

= 0, 7l< 0, 

where n is an integer and the contour is a simple one enclosing the origin 
and lying within the circle of convergence of the power series. On account 
of the continuity of f (z) in d we may deform the contour until it becomes 
the same as c without altering the values of the integrals. Hence, writing 
i = e"® we get 

r2ir foo 

2TTan H (a) n> 0, 0 = // (a) e^^^da. 

Jo Jo 

These equations show that the series (2) is the Fourier series of the 
continuous function H (d) and is consequently summable (C7, 1) (§ 1*16). 

Now consider a circle | 2 | = /> where p < 1. The function / (z) maps the 
interior of this circle on the interior of a region R whose area A is, by 
§ 4‘91, equal to the convergent series 

7r[|a, |V^+2|a,|V^+ ...]. 

This area A is bounded for all values of p and is less than 5, say, 
for 0 < p < 1 and so 

TT [| ai + 2 I |2 -f ^ I |^] < B, 

This inequality shows that the series S n | 1^ is convergent. Now this 

property combined with the fact thayt (2) is summable {G, 1) is sufficient 
to show that the series (2) converges. Writing 

= ^0 + + ••• + 1) -f ... 

we have Sn = where (n + 1) 2u^ -{- ... nu^. It is suffi- 
cient then to show that C 7 „ -> 0 as -> oo. With the notation 1 | 

we have the inequality 

[(m + 1) + ... (m + p) 

< [{m + 1) + ... (m -I- p)] [(m + 1) + ... (m + p) 

The first factor on the right is less than 1 -f 2 4- . . . (m -f- p) which is less 
than (m + p + 1)^. Also, since the series converges we can choose 
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m so large that the second factor is less than whatever p may be. We 
may now write n = m -f p, 

^ ^ + ... (m + 1) Vm+i + (m + p) v^-^p 

m-fp+1 m + p+1 ’ 

where the second term on the right is less than e and since p is at our 
disposal we may choose it so large that the first term on the right is less 
than €. Hence we can choose n so large that 1 <Tn [ < cr„* < 2€ and so 
I or„ I -> 0 as n 00 . 

It follows then that the series (2) converges and that the co-ordinates 
(X, Y) of a point on a simple closed Jordan curve can be expressed as 
Fourier series with 0 as parameter. The theorem implies that the series (1) 
converges uniformly throughout d and that the mapping by means of the 
function / {z) may be extended to regions which are slightly larger than 
d and D. 

Reference is made to Fejer’s papers, Munchener Sitzungsber. (1910), 
Comptes Rendus, t. clvi, p. 46 (1913) for further developments. Also to the 
book by P. Montel and J. Barbotte, Legons sur les families normales de 
fonctions analytiques (Gauthier-Villars, Paris, 1927), p. 118. 



CHAPTER V 


EQUATIONS IN THREE VARIABLES 


§ 5'11. Simple solutions and their generalisation. Commencing as before 
with some applications of the simple solutions we consider the equation 

dH /dH 

P ^ Var* 

of the propagation of Love-waves in the direction of the rr-axis. If now 
p and /X have the values p ^ , /xq respectively for 2 > 0, and the values pi , p^i 
respectively for 2 ; < 0, it is useful to consider a solution of type 
V Vq== (A cos sz + B sin sz) sin k {x — qt)^ z> 0, 

V — Vy^— Ce^^ sin k (x — qt), z< 0, 
where the constants are connected by the relations 
= /Xo (s* + = Ml 

In the expression for V 2 we take A > 0 so that there is no deep pene- 
tration of the waves. 

The boundary conditions are 

PLq~~ = 0, when z ^ a, 

3vg _ 

dz dz[, when 2 = 0 . 

= j 

These equations give 

A sin sa = B cos sa, 

A = C, 

PqsB ~ pLihC, 

Putting pq = Cq^Pq , Pi = Ci^pi we have with s = k cosech ojq, h = K sech oji , 
Cq^ q tanh ojq, Ci= q coth , 


cosh Oil = — sinh coq cot (aK cosech cuq) = f 1 ~ ^ tanh^ \ 

Po \ Cl / 

and it is readily seen that there are no waves of the present type unless 


Co< Cl- 

Matuzawa has examined the case of three media arranged so that in 


his notation 




V = Vi = Ai (e*i® + cos {pt -h fx), 

P = Pi> 

II 

J 

0 > z > — h, 

V = V2= (^2^*** + Be'-^i^) cos {pt -{-fx). 

11 

11 

J 

— h> z> — H, 

v = t ;3 = A^e^* cos {pt -h fx), 

P — P 3 y 


-H>z. 
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The boundary conditions 


/^i 


dvi 

dz 


/^2 


Vo = Vo 


dV 2 

dz 

dvo 


at z 


h, 


at z — Hy 


give 


dv 2 _ 

- 3 . = 

= A2lJi2^2^~^^^ *“ B2 112^2^^^^ i 

A. 2 6~*^2 ^ “}“ -^2 ^ 3 ^ ^ 

^2 M2 “ £2M2^2^^^^ “ -dg 

Eliminating ^1, ^2 j -^3> ^2 ^^^d writing = tanh T2 = tanh S2h, 
T2 = tanh S2H, we obtain the equation 


/Xl^iTi 

M 2’^2 




Ta -f 

M2 ^^2 

r//’ + - T2) 

" " /iaSa' " 


The cases ^'2, .S3 all real and ^2 imaginary, real, are not com- 
patible with an equation of this type. When S2 is real it appears that there 
is only one value of and this is an imaginary quantity; when .Sg is an 
imaginary quantity it appears that there are two possible values of and 
these are both imaginary. 

Matuzawa has examined the six possible cases 
A B C D E F 

^2 ^3 Cj C3 <C C2 C2 <C <C C3 C3 <[ Cj <C Cg ^2 <C C3 <! C3 <C C2 <C 

and concludes that in cases B^ D and F there is no solution. 


§ 5 * 12 . The simple solutions considered so far correspond to the case 
of travelling waves. We shall next consider a case of standing waves and 
shall take the equation of a vibrating membrane 

d'^w _ 2 

0^2 ^ \0a;‘^ ^ dy^J* 

Let the boundary of the membrane consist of the axes of co-ordinates 

and the lines x a, y ^ b. The expression 

. niTTX , mry , . ^ . d • 

w = sin sin -jf- {A^n cos pt + B^^ sin pt} 

a 0 

satisfies the condition = 0 on the boundary and is a simple solution of 
the differential equation if 



This equation gives the possible frequencies of vibration, m and n 
being integers. A more general type of vibration may be obtained by 
summing with respect to m and n from m = 1 to 00 and n = I to 00. 
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The resulting double Fourier series is usually a solution which is sufficiently 
general to make it possible to satisfy assigned initial conditions 

ciw • t u a 
w == Wq^ = Wq for ^ = 0 , 


by using coefficients determined by Fourier’s rule 




4 f“ 


abp J 


oJo 

a rb 


. niTrx . nTry , , 

Wq sm sin - . - ax ay, 


f WqSI 
Jo 


b 

mnx . UTry , , 
sin ^ sin (lx ay. 


EXAMPLE 


Find the nodal lines of the solutions 


. . nX . Try 

w — Am\~~ sm -- 
a 


fry f nX 7 ry\ 

-- (cos h cos — ) cos pt, 

a \ a a / 


. . >2irx . 2iTy 
ly = A sm — sm — - cos pL 
a a 

( . ZttX .Try . ttx . Sttv) 
w = C ^sm — sm - — sm — sm — -} coopt, 

\ a a a a j * 

which are suitable for the representation of the vibration of a square if p has an appropriate 

value in each case. 


§ 5*13. Reflection and refraction of electromagnetic waves. In a non- 
conducting medium the equations of the electromagnetic field are* 
curl H = Djc, div D = 0, 
curl E == — Bjc, div B = 0, 
and the constitutive relations are 

D ~ kE, B — fxH, 

where the coefficients k and can be regarded as constants if the material 
is homogeneous and the frequency of the waves is not too high. 

If aU the field vectors are independent of 2 , their components satisfy 
the two-dimensional wave-equation 

dW dW __ 1 dW 
~dx^ dy‘^ dt^ ’ 

where == c^jK^i = Ijs^, say. 

The permeability of all substances is practically unity for frequencies as 
great as that of light. Hence for light waves it is permissible to write 

V = Cj^/K, 

and in this case we may also write k = n\ where n is the index of refraction 
of the medium. 

Let us now suppose that the medium with the constants {k^, fj^) is on 


* For convenience we denote a partial differentiation with respect to the time ^ by a dot. 
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the side x < 0 of the plane a; = 0, and that on the other side of this plane 
there is a medium with constants (/cg, /X2). 

We shall suppose that when x < 0 there is an incident and a reflected 
wave, but that for x > 0 there is only a transmitted wave. We shall 
suppose further that the electric vector in all the waves is parallel to the 
axis of z, then with a view of being able to satisfy the boundary conditions 
we assume 

(x < 0), {x > 0), 

where denote respectively the exponentials 

gj _ gi<o[8i(j[:0O8<^i + 2/sln<#>i)-n — gia>[ai(2/8in«^i— xco8«#>i)— 

g = gt‘o[8t(u-C08«#>, + 2/8in<#>8)-<]^ 


The corresponding expressions for the components of H are 
Hx ^ W/^i) (^1^1 + ^1'^') sin </>!, X < 0 , 

Hx ^ ^2^2 sin </>2, X > 0, 

Hy = (csJilj) (A^Ci -> A^e^) cos ^ 1 , x < 0, 


H y {cs^j -^4262 cos ^2 > 


X > 0. 


The boundary conditions are that the tangential components of E and 
H are to be continuous. These conditions give 

A-j^ + A^ = - 4 - 2 , 

sin [A^ + ^1') = sin ^2, 

cos • 1^2 *^i (■ 4 1 H'X *^2 "42 ^ns ^2 • 

TT sin ch-i LL-t So Uo I 

Hence . = — when = U2- 

sin (p2 Ui r X 

This is the familiar relation of Snell. Writing 


A' ^ RA, A^^TA, 


where R and T are the coefficients of reflection and transmission re- 
spectively, we have 

1 — i? sin </»i cos (f>2 ^ _ sin {(f>^ — (^2) 

1 + J? sin ^2 cos ^1’ sin + <^2) ’ 

2 — T _ sin cos <^2 T - ^ 

T sin ^2 cos ’ sin ( 0 i 4- ^2) 

In the case when the electric vector is in the plane of incidence we write 
Ex = -- + O^e^') sin ^1, E^^^ — (7263 sin </>2, 

Ey == {C^e^— C-^e^) cos <f)^ (x < 0 ), Ey cos <^2 (^ > 

” (C’^l/z^l) (^1^1 4* Cj ), = ((^^ 2 / ^^> 2 ) ^2^2? 

and the boundary conditions give 

(^1 + C'l ) = 

{Cl — Cl') COS (f)i = C2 COS ^2> 

/Cl (Cl -f Cl') sin <f>i = /C2C2 sin 
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The third equation implies that the a;-component of D is continuous 
at x = 0. These equations give 

sin KnlXnS-t The* . 

^ ^ ^ LL. = Uo. 

sin 02 

Thus Snell’s law holds as before. If we further write 

so that p, T are the coefficients of reflection and transmission respectively, 

tan 

^ tan (^1 + ^2) ’ 

2 sin 02 01 

“ sin (01 + 02) cos (01 ~ 02) ‘ 

Of the four quantities R, T, p, r only one can vanish, viz. the polarizing 
angle Oi is defined as the angle of incidence for which p = 0. This angle 
is given by the equation tan (0i 02) = 00, and so 

tan Oj = njriy ^ . 

When the incident light is unpolarized it consists of a mixture of waves 
in some of which E is parallel to the axis of 2 and in the others H is parallel 
to the axis of ;2. When such light strikes the surface a: =0 at the polarizing 
angle the waves of the second kind are transmitted in toto^ and so the 
reflected light consists merely of waves of the first kind and is thus linearly 
polarized. 

Reflection and refraction of plane waves of sound. Consider a homo- 
geneous medium whose natural density is pQ. When waves of sound 
traverse the medium the density p and pressure p at an arbitrary point 
Q y, have at time t new values which may be expressed in the forms 
p = Po (1 + *5), p = Po (1 + As), 

where Pq is the undisturbed pressure and ^ is a coefficient depending on 
the compressibility. The quantity s is called the condensation and will be 
assumed to be so small that its square may be neglected. 

We now suppose that the velocity components {u, v, w) of the medium 
at the point Q can be derived from a velocity potential 0 which depends 
on the time. Bernoulli’s integral 

[ ^ ^ constant 

} p ot 

then gives the approximate equation 

-^ + C*5 = 0, 

where = Po^/Po = (d'Pldp)o is the local velocity of sound and is constant 
since A and po are constants. The equation of continuity 
0 0 0 0 


constant 


(pw) = 0, 
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and the equations u 
the wave-equation 


d 4 > _ d<f) 


„ V = w = wlien V, v, w are small, give 
ooc cy vz 


df^ 




The conditions to be satisfied at the surface separating two media are 
that the pressure and the normal component of velocity must be con- 
tinuous. On account of Bernoulli’s equation the continuity of pressure 

P / 

implies that p ^ is continuous. 

Let us now consider the case in which two media are separated by the 
plane x ^ 0 . We shall suppose that in the medium on the left there is an 
initial train of plane waves represented by the velocity potential 

and that these waves are partly reflected and partly transmitted. We 
therefore assume that 


02 = X > 0 . 

Idle boundary conditions give 

Pi (% "h %) — P2%> 

^ - «i) ^ 

where pi and p2 are the values of the natural density for x < 0 and x > 0 
respectively. If and C2 are the two associated velocities of sound, we 
must have | = cos c,7, = sin , 


Therefore 


C2 ^ = cos 0^2 > = sin «2 • 


C2P2 eos etj ^iPi QOS 6^2 P2 oot c^i Pi cot 0^2 
^ ® C2P2 + Cl Pi cos ^2 ^ P2 CC)t «! + Pi cot ^2 ’ 

a ^ a 2^^2Pi cos ^ ^ 2 p^ co t ^i 

^ ® C2P2 cos «! + Cl Pi cos a2 ^ p 2 cot «! -f- Pi cot 

The equation C2 sin «! = Ci sin a2 

gives a law of refraction analogous to SnelFs law. 

When the second medium ends at x = b, where 6 > 0 , and for x > b 
the medium is the same as the first, there are three forms for the velocity 
potential: ^ x < 0 , 

02 = -f b > x > 0 , 

03 = 

and the boundary conditions give 


Pi («o + «i) - p2 (a2 4- a^), i (ao ~ a^) = C (<^2 - %)> 

+ p2«3C*”i^* = Pla4e-»"^^ 
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Therefore 

«2 + ®3 = sin (w6C)j , 

flj — ttg = e-*"^’’ i sin {nbQ + -~cos (n6^)j , 
a^ginrt ^ (n j^cos (nbl^) + |i sin (w6^)j , 

= lid^ ||£? _ l&l sin (nbl). 

(4Pi iPi) 

It should be noticed that these equations give 

1 aol^- I Oi I «4 |^ 

Pa I «2 i" - P2 I «3 1^ = Pi I «4 I" “S 

and the first of these equations indicates that the sum of the energies per 
wave-length of the reflected and transmitted waves in the first medium is 
equal to the energy per wave-length in the incident wave. 

It should be noticed that if sin {nbl) 0, the condition for no reflected 
wave (% = 0) is ip2= and is independent of the thickness of the 
second medium. 

We have assumed so far that there is a real angle which satisfies the 
equation q sin 02 = Cg sin «i , but if Cg > Cj it may happen that there is no 
such angle. If the value of sin ag given by this equation is greater than 
unity, cos ccg wiH be imaginary and the solution appropriate for a single 
surface of separation {x = 0) will be of type 

-f- a; < 0, 

^2 = a; > 0, 0 > 0. 

In this case there is no proper wave in the second medium, and on 
account of the exponential factor the intensity of the disturbance falls 
off very rapidly as x increases. The corresponding solution of the problem 
for the case in which the second medium is of thickness b is obtained from 
the formulae already given by replacing ^ by — iO. It is thus found that 

2a2 = * Ij ®4. 

203 = e-»o<''+«> i I] « 4 > 
aoe*”f'’ = 04 j^cosh (nbd) + sinh (nbd) , 

If-* + sinh (nbd). 

l“Pl 6P2) 

The coefficient of the disturbance of type which increases 

in intensity with x is seen to be very small so that this disturbance is small 
even when a; = 6. 
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In the present case the reflection is not quite total, for some sound 
reaches the medium x > b. The change of phase on reflection is easily 
calculated by expressing a^/aQ in the form 

Let us now consider briefly the case when krr, where k is an 

integer. In this case sin {nb^) = 0; there is no reflected wave and the 
formulae become simply 

<f >2 ^ «o (P 1 /P 2 ) sin (^nx), b> x> 0, 


ptn(t-$x—riy) 


x> b. 


It will be noticed that the value of n is precisely one for which there is 


a potential </> fulfilling the conditions 


0 for X — 0 and x 


The slab of material between x = 0 and x = b can be regarded as in a 
state of free vibration of such an intensity that there is no interference 
with the travelling waves. 

The absorption of plane waves of sound by a slab of soft material has 
been treated by Rayleigh* by an ingenious approximate method in which 
the material is regarded as perforated by a large number of cylindrical 
holes with axes parallel to the axis of x and the velocity potential within 
these holes is supposed to satisfy an equation of type 




a<2 ar 


where A is a positive constant. The new term is supposed to take into 
consideration the effect of dissipation. 

At a very short distance from the mouth (x = 0) of a channel it is 

assumed that the terms and may be neglected and that the 
solution is effectively of type 

^ = gtnt (jQg gin 

where — inh. 

If the channel is closed at = 6, we have ^ - = 0 there, and so we may 


(f> = ^ cos E {x — b). 


When X is very small 


= k'A'e^^^ sin {k*b), 


0^5 = — “ = — cos {k'b), 

tan {k'b). 


Phil, Mag, (6), vol. xxxix, p. 225 (1920); Papers, vol. vi, p. 662. 
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If, for a; < 0, we adopt the same expression as before, viz. 

i (^0 “ ^i) 
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we have 


Wsjjr::^0 Cio 


+ a. 


Now let (7 be the perforated area of the slab and o' the area free from 
holes. The transition from one state of motion on the side a; < 0 to the 
other state on the side x > 0 is assumed to be of such a nature that 

(a + o^) au, 


= '5. 

These equations give the relation 


^ 0 ^ 1 
ao H- 


ik' a 
ni a + 


tan [k'b) 


for the determination of the intensity of the reflected wave. When A ~ 0, 
we have | | = | I Ihe reflection is total, as it should be. When 

a = 0, «! = ao> there is again total reflection. On the other hand, if 
a = 0, the partitions between the channels being infinitely thin, we have, 
when h = 0, 

_ ni cos (k'b) — ik' sin (Ffe) _ cos aj cos (k'b) — i sin (k'b) 
cos (k'b) -f ik' sin (k'b) cos aj cos^^^^) H ^ 

In the case of normal incidence = 0, effect is 

the same as if the wall were transferred to x = 6. When h is very small 
but the term k^ in the complex expression k' = k^-^- ik^, is so large that 
the vibrations in the channels are sensibly extinguished before the stopped 
end is reached, we may write 

cos (ik^b) — sin (ik^b) == tan (k'b) = — i, 

and the formula becomes 


ao — _ cr 

^0 + (cr + a') cos 


EXAMPLES 

1. In the reflection of plane waves of sound at a plane interface between two media 
the velocity of the trace of a wave-front on the plane interface is the same in the two media. 

- [Rayleigh.] 

2. When the velocity of sound at altitude z is c and the wind velocity has components 
(u, V, 0), the axis of z being vertical, the laws of refraction are expressed by the equations 

<t> = <f>Q, c cosec 6 + u cos + t; sin cosec Oq + Uq cos <I>q + Vq sin <^o = A, say, 

where (0, <l>) are the spherical polar co-ordinates of the wave-normal relative to the vertical 
polar axis and the suffix 0 is used to indicate values of quantities at the level of the ground. 

3. Prove that the ray- velocity (the rays being defined as the bicharacteristics as in 
§ 1*93) is obtained by compounding the wind velocity with a velocitj^ c directed along the 
wave-normal. See also Ex. 1, § 12*1. 


B 


22 
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4. The range and time of passage of sound which travels up into the air and down again 
are given by the equations 


a; = 2 

J 

1 (c^ COB <l> -f ILS) dz/V, 

f 0 



fZ 

1 (c^ sin (f> + vs) dzjTt 

' 0 


t = 2 

J 

fZ 

1 sdz/r^ 

' 0 



where 8 — X ~ u cos <l> — vam<f>, V = s (s^ — 

and Z is defined by the equation s = c» 


§ 5*21. Some problems in the conduction of heat. Our first problem is to 
j&nd a solution of the equation 


de _ /dy d^e\ 

aT“ dyV’ 


(A) 


which will satisfy the conditions 

6 = exp [ip (t — x/c)] when ^ = 0, 0=0 when y — oo. 

Assuming as a trial solution 

exp [ip (t - xjc - yjb) - ay], 


we find that 



Therefore 


6=2a/c, + = 


The result tells us that if the temperature at the ground [y = 0) varies 
in a manner corresponding to a travelling periodic disturbance, the variation 
of temperature at depth y will also correspond to a periodic disturbance 
travelling with the same velocity but this disturbance lags behind the 
other in phase and has a smaller amplitude. 

The solution may be generalised by writing 

6 = c tan a = (c/2/c) tan <f>, p = {c^I2k) tan ^ sin 0, 

TT 

[2 

0 == f {(h) d(f>. exp [(ic/2/c) {ct — x) tan <f> sin <f> — {cyj^K) (tan </» + i sin ^)], 
Jo 

where c i;j regarded as a constant independent of <f> and / (^) is a suitable 
arbitrary function. 

If we wish this solution to satisfy the conditions 

0 = gr (c^ — x) when y ^ 0, 0=0 when y = oo, 

the function / (<!>) must be derived from the integral equation 




f 


f {(f)) d<f>.bxp [{icu/2K) tan <f) sin </>], 


(— oo < u< oo). 
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When the function g (u) is of a suitable type, Fourier’s inversion 
formula gives 

/ (<A) = {cj^TTK) j (14- sec^ <f>) sin €f>.g (u) du.ex^ [— {icuj2K) tan <f> sin ^], 

0 < (f) < 7r/2. 


In particular, if 

g (u) = {2kIcu) sin [tan a sin a {cuI2k)'], 
where « is a constant, we have 


0 = f sin ^ (1 -f sec^ </>) d(f> . e~ (ci//2*)taii<i> 

Jo 

X sin [(c/2/c) {(ct ~ x) tan (/> sin (f> ~ y sin <^}]. 

Another solution may be obtained by making c a function of <f> and then 
integrating ; for instance, if c = 2/c cos ^ we obtain the solution 


e = 


j/w 


.exp \i sin^ cf) (2Kt cos (f> — x) — y (sin <j> i sin (f> cos </>)]. 


It should be noticed that the definite integral 


0 {x, y, 2, <) == / (^) • ^xp [i sin^ (f> (2Kt cos <f> — x)--zsin<f> 

Jo 

is a solution of the two partial differential equations 

dx^ dy^ dz^ ’ dt ^ dydz^ 
and is of such a nature that the function 


iy sin (f> cos </>] 


(B) 


e {x, yj) == Q (x, y, y, t) 

is a solution of equation (A). It is easy to verify, in fact, that if 0 (x, y, z, t) 
is any solution of equations (B) the associated function 6 (x, y, t) is a 
solution of (A), for we have 

0x2 0y2 0^2 0^2 02 j2 0^0^ 

-2 - 1 

dydz K dt K dt' 

Again, if we take c = 2/c cot we obtain an integral 

TT 

r2 

0 (x, y,t)= / {6) d^.exp [i (2/c^ cos ^ — x sin ^) — y (I 4- i cos <^)], 

Jo 

which is a solution of (A), and the associated integral 


(2 

0 (x, y, z,t)== f (<fi) d<f> . exp [i (2/c< cos (^ — x sin ^ — 2 / cos (f>) ^ z] 
Jo 


.(C) 


22-2 
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is likewise a solution of the equations (B). Indeed, if c is any suitable 
function of ^ the integral 


0 (^y Vy ^y 0 == f / (^) . cxp [(ic/2/c) {ct ~ x) tan ^ sin <f> 

Jo 

— (c/2fc) (z tan ^ -f iy sin </>)] 

is a solution of the equations (B). 

It should be noticed that the particular solution (C) is of type 
0 (x, y, 2 , i) = e~^F {x, y - 2Kt), 
where F (u, v) is a solution of the equation 

d^F d^F 




(D) 


This indicates that if F is any solution of this equation, then the 
function e(x,y,t)^e-yF{x,y-2Kt) 


is a solution of the equation (A). This is easily verified by differentiation. 
Since there is also a solution 6=^ (x,y)y we have two different w^ays 
of deriving a particular solution of the equation (A) from a particular 
solution of the equation (D). 

Since F (u, v) = Jq -f- is a particular solution of equation (D) 
there is a certain surface distribution of temperature 
d — Jq ^/[x'^ 4- when y = 0, 

which is propagated downwards as a travelling disturbance gradually 
damped on the way, the velocity of propagation being 2k. 

If, on the other hand, we take F (u, v) = cos fnu.exp v [m^ ~ 1]^, we 
obtain a distribution of temperature 

^ i^y Vy t) = cos mo;. exp {{y — 2Kt) — l]i}, > I (E) 

in which a periodic surface distribution is decaying at the same proportional 
rate at every point of the surface. If < 2 the foregoing distribution 
gives 9=0 when y = co. The periodic distribution now travels upwards 
with constant velocity 

c= 2 k (m2 - l)i/[l - {m2 - l)i], 

and the rate of damping at depth y is the same as that at the surface, but 
at any instant the temperature at this depth is a fraction 

exp [— 1 -f- (m2 — 1)1] 

of that at the surface. When m2 = 2 there is a distribution of temperature 

9 = cos {x \/2), 

which is independent of the depth but does not satisfy the condition* 
9=0 when y = co. When > 2 the distribution (E) gives 0=0 when 

♦ In this case there is no solution of type $ = e--** Y {y) cos {x ^'2) which gives the foregoing 
surface value of t and a value d = 0 when y = co for Y" (y) = 0. 
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2 / = — 00 , and the material into which conduction takes place may be 
supposed to be on the side y < 0. In this case the velocity of propagation is 

c = 2/c (m2 - l)4/[(m2 - l)i - 1], 

and the temperature at depth | ?/ | is at any instant a fraction 

exp — [{m2 — 1)4 -- 1] 

of that at the surface. 

We have seen in § 2-432 that if 0 (x, y, t) is a solution of equation (A) 
then the function 


^Kt 


. /ax ay a^\ 

«(t' f’-i) 


({> {x, y, t) = t-^e 

is a second solution. If, in particular, we take the function 

e {x, y, t) = e-" F {x, y), 

where F (u, v) satisfies (D), we obtain the solution 

7 ^ + ~ 4o*/c* 

^ {x, y, t) = 


iKl P 


•(F) 


If r* = X* + y^ there is a solution 

^ r* - 4a*fc* 

(f, == t~^e Jo (ar/t) 


.(G) 


depending only on r and t which at time ^ = 0 is zero at all points outside 
the circle r — 2aK. When ^ > 0 the temperature at points of the circle is 
given by = t^^Jo (2a2/c/^). The circle can thus be regarded as a source of 
fluctuations in temperature which are transmitted by conduction to the 
external space. The total flow of heat from this circular source in the 
interval ^ 0 to ^ = oo may be obtained by calculating the integral 


- K.2TT{2aK)r (^] dt. 

Jo \dr/r^ 2 aK 


Now 


Also 


Hence 


2/<:<2 


- 4a^K^ 


) = - {ajt^) Jo (2aV/0 + (a/f^) (2aV/<). 

Or / r=2aK 


[ dt {a/t'^) Jf (2a2/c/^) == — lj2Ka, 
Jo 

[ dt (ajt^) Jq (2a2/<'/<) = l/2K:a. 

Jo 




' r=2a« 

and so the total flow of heat from the circle is 

^ttK. 


l//ca, 
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This is independent of a and so our formula holds also for a point 
source. The temperature function of a point source of “strength’' Q is thus 


<f> - (H) 

while that of a circular source is 

f* - 4a*Ac* 

<f> = {QI47rKt)-^e ^ Jo (ar/t). (I) 


This result is easily extended to a space of n dimensions, thus in three- 
dimensional space the temperature function for a spherical source of 
strength Q is 

r* - 4a*A* 

(f) = {QI47TKt)-^e sin (arjt) I (arjt). (J) 

The solution for an instantaneous source uniformly distributed over 
a circular cylinder has been obtained by Lord Rayleigh* by integrating 
the solution for an instantaneous line source. The result is 


oa 

AttkI 


\' 


2ir — 
6 


r* + a* - 2ar cos 6 


4:Kt 


de 


oa 


A more general solution is 


r2 + a« 



era , 

= n<t>.e 





(K) 

.(L) 


Integration with respect to t from 0 to oo gives a corresponding solution 
of Laplace’s equation and we have the identity 





1 /r 


n \a, 

1 

n 


r < a, 
r > a. 


(M) 


The temperature 0 due to an instantaneous line doubletf of strength q 
may be derived by differentiating with respect to y the temperature 
due to an instantaneous line source of strength q. Since the latter is 


we have 


^ — {qj^TTKt) 

6 = (qyl^nKH^^) 


(N) 


The temperature due to a continuous line doublet of constant strength 
Q is obtained by integrating with respect to t between 0 and t. Denoting 
this temperature by 0 we have 

0 = [ edt = (qyl27TKr^) I* dt = {qyj^TTKr^) 

Jo Jo 


* Phil. Mag. vol. xxii, p. 381 (1911); Papers, vol. vi, p. 51. 

t See Carslaw’s Fourier Series and Integrals, p. 346 (1906). The direction of the doublet is 
that of the axis of y. The doublet is supposed to be “located” at the origin. 
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This solution may be used to find a solution of (A) which takes the 
value F (x) when y = 0 and is zero when y = oo and when f = 0. If 0 is 

do dO 

to be such that 0, ^ and -g— are continuous for y > 0, an appropriate 


expression for 6 is 

1 


ydx' 

(x - x')^ + y^ 


F (x') e 


1 

= - da F {x-\- y tan a) e 

^ J TT 


y^sec^a 


.( 0 ) 


The first integral evidently satisfies (A) if > 0, and the second integral 
tends to F (x) SiS y 0 ii F (x) is a continuous function of x. 

In the special case when F (x) = 1 the expression for 6 takes the form 


0 


TT 

= - [% 
•V J „ 


y* sec* a 


and can be expressed in the well-known form* 

27T“i [ e"®' dv, (P) 

Ju 

where = y^j^Kt and u > 0, 

If the boundary y = 0 is maintained at the temperature F (x, t) the 
solution which is zero when y — oo and when ^ = 0 is given by the formula 

(x -a;')* + y® 

(Q) 


0 = dx 

4:TrK J _oo 


' dt' 

Jo 


{x-x'Y + (y + 


dV dx' dy\ 


{t - t’Y 

There is a similar formula for a space of three dimensions. 

If 0 = jF (x, y, t) when z = 0 and 0=0 when z = oo and when f = 0, 
the appropriate solution is 

_ z f< f” f” F {x', y', t') 

8(7rK)«joJ_ooJ-oo 

(R) 

In this case an element of the integrand corresponds to an instantaneous 
doublet whose direction is that of the axis of z. 

Let us next consider a case of steady heat conduction in a fluid moving 
vertically with constant velocity w. The fundamental equation is 

00 _ /020 

dz~ '"\dx^^ dy^~' dz^} 
where k is the diffusivity. Writing 0 = ©e*®*/** the equation satisfied by © is 

V2© = A*©, 




.(S) 


* The transformation from one integral to the other can be made by successive differen- 
tiation and integration with respect to w of the firf t integral. 



344 Equations in Three Variables 

where A = wI2k. A fundamental solution of this equation is given by 

0 = 

where R‘^ ^ {x — -f (y — 'riY -h (z ~ (^, r], ^ constant). 

In particular, if | = 77 = ^ = 0 , we have the solution 0 = Ar~^e~^^, 
where r is the distance from the origin, and this corresponds to the solution 

0= Ar-^e^<^-^K (T) 

This solution has been used by H. A. Wilson* and H. Machef to account 
for the following phenomenon. 

If a bead of easily fusible glass (0) be placed a few millimetres above 
the tip of the inner cone (K) of the flame of a Bunsen burner, a sharply 
defined yellow space {SS') of luminous sodium vapour is formed in the 

current of gas which is ascending vertically 
with considerable velocity. This space envelops 
the bead and broadens out in the higher part 
of the flame, as shown in Fig. 27. Provided 
the gas-pressure is not too high, the critical 
velocity of Osborne Reynolds, at which 
turbulence sets in, will not be exceeded even 
in these parts of the flame, so that the flow 
remains laminar, and the sodium vapour de- 
veloped from the bead is driven into the hot 
gas solely under the influence of diffusion. 

The fact that the vapour extends beneath 
the bead in the direction OA is proof of the 
high values of the coefficient of diffusion 
assumed at high temperatures, and at this 
point diffusion must be able to more than 
counteract the upward flow. Since an iso- 
thermal surface corresponds in the theory of diffusion to a surface of equal 
partial pressure, it is supposed that for suitable constant values of A and 
6 the equation (T) represents the surface enclosing the sodium vapour 
developed from the glass bead. When k is small and w large, this surface 
approximates to the form of a paraboloid of revolution with the origin as 
focus. 

Mache obtains the solution by integrating the effect of an instantaneous 
source which is successively at the different positions of a point moving 
relative to the medium with velocity w. In fact 




* Phil. Mag. (6), vol. xxiv, p. 118 (1912); Proc, Carrib. Phil, Soc. vol. xu, p. 406 (1904). 
I Phil. Mag. (6), vol. XLVii, p. 724 (1924). 
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A similar solution has been used by O. F. T. Roberts* to give the 
distribution of density in a smoke cloud when the smoke is produced 
continuously at one point, and at a constant rate. The case in which the 
smoke is produced continuously along a horizontal line at right angles to 
the direction of the wind is solved by integrating the solution for the 
previous case. 

§ 5*31. Two-dimensional motion of a viscous fluid. If {u, v) are the 
component velocities at the point (x, y) at time t, p the pressure at this 
point, the equations of motion, when the fluid is incompressible and of 
uniform density p, are 

du du du 1 dp 
dt 


+ u 

dx 


oy p dx 


dv dv dv \ dp 

dt dx dy p dy 

while the equation of continuity is 

du r. 

dx dy 

This last equation may be satisfied by writing 


difs 

dx^ 


u 


djs 

dy^ 


where if is the stream-function, and if 


. dv du ^ . 


is the vorticity at the point (x, y) at time t, we have 


H , a {>!>, 0 

9 (x, y) 


or 


dC _ dC dC 

di “ “ dx 


V 

dy 


li s = XV — yUy we have 


ds 



dv 

du 


ds 

0?; 

0?^ 


dx 

— 

X 

dx 

y dx + '• 


dy 

= 

dy 


U, 

0^5 



02?; 

dhi 

dv 

d^s 

02?; 

02?^ 

du 

0^2 


X 

0a;2 


^ix’ 

dy^ 




Hence 

as 

dt 

+ 

05 

^dx 

ds 

dy~ 

-l(x 
p \ 

dp 


J^V25 — 

‘ivi. 


If -f 2/2 = ^2 ^0 write 


05 dv , 

05 05 

^ 5“+ ^ ^ = 
dx dy 


05 

dy 


du 


u, 


( dv du\ 


du\ 


' dr '' dr ) 

* Proc, Roy, Soc. London, vol. oiv, p. 640 (192S). 
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If the flow is of such a nature that p depends only on r and vju is 
independent of r, we have 


dt 


= V (V% - 21). 


Since s = r » we have 
dr 


ds d^ , 1 av 

dr~ ^ dr^'^ dr ^ r dO^' 

Hence in the special case when ^ depends only on r, and the velocity 
is everywhere perpendicular to the radius from the origin, we have the 
d. "^erential equation 


ds 

dt 




d^s 1 d^ 
r dr^ 


This indicates that the velocity V = sjr satisfies the equation 


d_V_ 

dt 


Vd^V 1 dV 
— ^ H ^ — 


V 


L dr^ r dr 

which is of the same form as the equation of the conduction of heat when 
the temperature 0 is of the form Q = V cos 6. 

In the present case i/r and ^ are related since they both depend on r 
and so the equation for ^ is 


dt 

The equation satisfied by ifj is 

3j/f 




dt 




where / (t) is an arbitrary function of t. 

In the particular case when 

we have s = — (r^j2vt^) F = — (rl2vt^) 

The total angular momentum is in this case 



and is constant. The kinetic energy is on the other hand 


TTp [ V^rdr — Trpl2t'^, 

Jo 

This type of vortex motion has been discussed by G. I. Taylor* in 
connection with the decay of eddies. The corresponding type of vortex 
motion in which ^ ^ e-r»/4v<^ 

ias been discussed by Oseenf, TerazawaJ and Levy§. 

■** Technical Report, Advisory Committee for Aeronautics, vol. I, 1918-19, p. 73. 
t C. W. Oseen, Arkiv f Mat, Astr. o. Fye, Bd. vn (1911). 
t K. Terazawa, Report Aer, Res, Inst, Tokyo Imp. Univ. (1922). 

§ H. Levy, Phil Mag, (7), vol. n, p. 844 (1926). 
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§ 5* 32. Solutions of the form — X {x,t) Y (j/, t). The condition to 


be satisfied is 

dx^dt"^ dy^dt^ dx dy dx^ ^y^ ) 

Differentiating successively with respect to x and y we get 
d^X d^Y d^Y d^X 


dx^ dy* dy^ dx* 

We can satisfy this equation either by writing 


d^X 


= 0, 


0a;2 

X ~ xa* (t) + b (t), 


^1=0. 


dy^ 


or by writing 


d*x 

dz* 

The supposition 

d*_x 

dx* 


[/^ (<)]' 


d^x 


dx^ ’ dy‘ 


Y = yA' (t) + B {t), 
d*Y d^Y 


d*Y 

-[A 


leads to 


d*X 

dx* 


= 0 , 


dx^' ~ dy^ 

?4 = o. 

dy^ 


.(A) 

■(B) 

..(C) 

.(D) 


These equations follow from (C) if we put p (t) = 0. 

Solving equations (C) for X and Y we get 

X = a{t) + b (t) + xc (t) -h d(t), 

Y A (t) 4- B (t) 4- yC (t) -h D (t). 

Substituting in the original equation and assuming that a (t), b (t), 
A (t), B (t) are not zero, we find that /a (t) must be a constant p and that 
the functions a, b, c, A, B, C must satisfy the equations 

= vay*, y^b' 4 - Cby^ = vby*, 
y^A' 4 - cAy^ — vAy*, y^B' — cBy^ = vBy*, 

primes denoting differentiations with respect to t. 

If the functions c (t) and C (t) are chosen arbitrarily, a (t), b {t), A (t) 
and B (t) may be determined by means of these equations when their 
initial values are given. In particular, if a = ^4 = 0, c == 0 == 0, we can have 

b = B = Qe^^^\ 

ifj = 'P^v^uH-^x 

u = v= — /xPe*'^* 

This represents a growing disturbance in which each velocity com- 
ponent is propagated like a plane wave. The pressure is given by the 
equation 


V Jr [— = C + <»+»>. 

J P 
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The fluid may be supposed to occupy the region a; > 0, y > 0. If so, 
fluid enters this region across the plane a; = 0 (Q > 0) and leaves it at the 
plane ^ = 0 (P > 0). The amount entering the region is equal to the amount 
leaving the region if P = Q, the density p being assumed constant. 

If y == 0 and is the pressure at infinity (a; = oo, i/ = oo), we have 

P - pa, ^ p^2p2g2^2,,<_^(x+i,) 

The pressure is generally greater than jpoo and is propagated like a 
plane wave with velocity 

c = uv a/ 2 == v — ^ — . 

^ U ~ V 

a/2 


Thus the velocity of a plane pressure wave in an incompressible fluid 
IS equal to v times the ratio of the vorticity and the transverse component 
of velocity. 

When the motion is steady the equation to be satisfied is 

{vp -f C) 4- {vp — C) + Aef^^ (vp — c) + {vp 4- c) = 0, 
and we have four typical solutions : 

0 ~ 4- ca; 4~ qyA + ^2/ + 

ijj = vpy 4- 4- cx + d, 

0 (a; 4- 2/) + Aef^v 4- 4- dy 

i/j -- Aef^y 4- ppx -h Cy -h D. 

Returning to the first case we note that when ^ equations 

(B) do not give all possible solutions, for if 

X = xa' {t) -f- b {t)y 


d^Y 


V ^ 


the original equation becomes 

dy^dt + ® ^ ’ dy^ 

Writing U = 

dt'^ dy ~~ V ’ 


dy* ' 

we have the simpler equation 


which possesses a solution of type 


^ = C7 - cos A [y - a (t)] a> (A) dX, 

Jo 

where a> (A) is a suitable arbitrary function. For the corresponding motion 


f CD 

^ = xa' (t) + yc (i) + 6 (<) + J cos ^[y- a (<)] a> (A) , 

roo 

u = c{t) — sin X[y — a (t)] co (A) 

Jo ^ 

V a' (t). 
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This solution may be used to study laminar motion. The corresponding 
solution for the case in which the motion is steady is 

if) Kx Pe^ + Qy^ + % + >S, 

where P, Q, P, S, K are arbitrary constants, li K 0 while the coefficients 
P, Q, P, S become infinite in a suitable manner, a limiting form of the 
solution gives the well-known solution 

ijj = Ay^ + Qy^ + Ry + S. 

It may be mentioned here that an attempt to find a stream-function if/ 
depending on a parameter s but not on t, and such that 

r 

^ “ 0s’ 


led to the equation 


dx^ 


y) 


0V 


0^2 J y ^ dxdy’ 

The conditions for the compatibility of this equation and 

djj 
ds 


VV 


seem to require / (x, y) to be a constant. By a suitable choice of axes the 
former equation may then be reduced to the form 

d^if) 


and so 


dx dy 

X {x, s) + Y (y, s). 


EXAMPLES 

1. In the case when there is a radial velocity U and a transverse velocity F, both of 
which depend only on r and t and when the pressure p depends only on r and t, the ecpiations 
for U and V are 



Hence show that V satisfies the equation 

dt \ dr r J \dr r ) 

where X is a constant. If a — X/2v, prove that there is a solution of type 

y „ ^ 2 ( 7+1 i-<T-z 

and verify that the total angular momentum about the origin remains constant. 

2. Prove that the equation for F is satisfied by a series of type 

F = Ii - — ^ (r'^lvt) 

^ ^ I (1 +71-2(7) (w + 3) 

^ (I +77 -2a) (3 + 71 -2a) (71 + 3) (71 + 5) ^ ^ 
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and verify that when n = 1, m = 2, 

-(i MW) + j 

^ |l + ^ {ryivt) + i + ... j . 

This is a particular case of Kummer’s identity ^’(a; y; x)e~'^ = F (y — a; y\ — a;), where 
jP (a; y; a:) is the confluent hypergeometric function (Ch. ix). 


3. Prove that there is a type of two-dimensional flow in which 
and 0 is consequently of the form 

F {Xj y), 

where F {x, y) satisfies the differential equation 


d^F d'^F ^ 

^ ^ 


Discuss the cases in which 


F = cos ax cos py, p- = 

F — cos bx, = k^. 

Prove that in the latter case if > 6^ there is a growing disturbance which is propagated 
with velocity vk'^ja, and show that 

vk^ _ _ ? 

a u 
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POLAR CO-ORDINATES 


§ 6 - 11 . The elementary solutions. If we make the transformation 
X — r sin 0 cos <f>, y — r sin 6 sin <f>, z = r cos 0, 
the wave-equation becomes 


dw 2dw 1 d / . dW\ I dw i dw 

dr^ r dr ^ sin 0 30 \ 30 J^r^ sin^ 0 3<f>^ 


3t^ 


= 0. 


■( 1 ) 


if 


This is satisfied by a product of type 

W^R(r)&(0)(i>(cf>)T(t), 
d^T 
dt^ 
d^ 
d4>^ 

sin^ ^ 
df^ 

where i, m and n are constants. 

The first equation is satisfied by 

T = a cos (kct) + b sin (kct)y 

where a and b are arbitrary constants ; the second equation is satisfied by 

^ = A cos mcf) + B sin mcf), 

where A and B are arbitrary constants. The third equation is reduced by 
the substitution cos 0 — fi to the form 

j + (n + 1) - ^ 


A- k^c^T = 0, 

-f = 0, 






0 = 0 . 


.(II) 


Its solution can be expressed in terms of the associated Legendre 
functions (/x) and (/x) which will be defined presently. 

When i = 0 the fourth equation has the two independent solutions r” 
and except in the special case when = — (n -f 1), i.e. when 

71 = — Making the substitution w — R in this case we obtain the 
equation 

dho 1 ^ 

^ r dr ' 

which is satisfied by w ^ C D log r, where C and D are arbitrary 
constants. 
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Polar Co-ordinates 


The fact that and are solutions of the equation for R furnishes 
us with an illustration of Kelvin's theorem that if / (x, y, z) is a solution 
of Laplace’s equation, then * 


1 f(^ t 

r rV 


is also a solution. The transformation in fact transforms ©O into 00 ; 

it also transforms r-i ((7 + log r) 0O into (G — D log r) 0O. 

When m = 0 and n = 0 the differential equation for 0 is satisfied by 


0 = 1 and 0 == 


dfx 




, log 


1 li,' 


Thus, in addition to the potential functions 1 and we have the 
potential functions 


It 


1 , r + z 

2 '“i' - - z 


and 2“ log 


should be noticed that 

a 

dz 


1 , r + z' 

2 


) = 


L~^ ^ 

r — z* 

1 

r ’ 


In fact we have 


|log(r + «).i. 


? log (r - ») = - -J, 

and it is easily verified that log (r + z) and log (r — z) are solutions of 
Laplace’s equation. These formulae are all illustrations of the theorem that 
if W is a solution of Laplace’s equation (or of the wave-equation), then 


dz 

is also a solution of Laplace’s equation (or of the wave-equation). 


§ 6*12. In the case of the wave-equation the solution corresponding to 
1/r is and there are associated wave-functions 

-^cos k {r — ct), ^ sin k (r — ct), 

which are, of course, particular cases of the wave-function 


in which /(t) is an arbitrary function which is continuous (D, 2). 


§ 6-13. In the case of the conduction of heat the fundamental equation 
possesses solutions of the form (I) where R, 0, O satisfy the same 
differential equations as before but T is of type 

a exp (— k%H)y 
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where a is a constant and is the diffusivity. Thus there are solutions 
of type 

- cos kr . , - sin kr . 

r r 

which depend only on r and t. The second of these is the one suitable for 
the solution of problems relating to a sohd sphere. If, in particular, there 
is heat generated at a uniform rate in the interior of the sphere the 
differential equation for the temperature 9 is 

If = + b\ 

Cl 


where 6 is a constant. There is now a particular integral — which 

dO 

must be added to a solution of -^7 = h^V^9. 

ot 


If initially 9 ^ Oq throughout the sphere, 9q being a constant, and the 
boundary r == a is suddenly maintained at temperature 9i from the time 
^ = 0 to a sufficiently great time T, the condition at the surface is satisfied 
by writing 


m^v^hH 

while the initial condition is satisfied by writing* 

2aS6* , 2 a ( 61 - 60 )' 


D =(-)rr^\^^+' 


miT 


As t 


00 , 9 tends to the value 9i + 


(a^ — r^) 
6A2 


and 


dr 


to the value 


6V 

^2 


, so that the flow of heat across the surface is, per second, 


— 4:7Ta^K 



4 rrbWK 
3 


0 K 

Writing ~ where p is the density and o the specific 

heat of the substance, we have the result that the rate of flow of heat 
across the surface is a result to be anticipated. 

b^ icb^ 7*2) 

If, on the other hand, the initial temperature is 9-^ -( ~Q}j 2 — 

the surface of the sphere radiates heat to a surrounding medium at 
temperature 9^ at a rate E (9^ — ^ 2 ) square centimetre, where 9^ is the 
(variable) surface temperature of the surface of the sphere, the solution is 

52^2 I 

9 = B — sin nr, 

6/^2 r 


* The constant is obtained by Fourier’s rule from the expansion of Oq- 0^- (a* - r*) 

in a sine series. 


B 


23 
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The surface condition is satisfied by writing 

an = (f>jn , 

where (f>jn is the mth root of the transcendental equation 

Kcf> 


tan ^ : 

The initial condition gives 


K - Ea‘ 


where 


-Pr = S sin nr, 

m— 1 

p = -ft - 


and the extended form of Fourier’s rule gives 




2F + (Ea - K)^ 


- A)2 r« 

Jo 


u 4- Ea (Ea 

2a^EF + (Ea - K)^]^ 


sin 


a 


dr 


[cl,JK^hEa(Ea-~K)] 

These results have been used by J. H. Awbery* in a discussion of the 
cooling of apples when in cold storage. 

§ 6*21. Legendre functions. The method of differentiation will now be 
used to derive new solutions of Laplace’s equation from the fundamental 

solutions - and ^ log ^ . 

r 2r ^ r — z 

After differentiating n times with respect to z the new functions are of 
form consequently we write 

I ^ . (-r /L 




1 

+1 


^ , (-)” 0" / 1 , r + z\ 

n\ 02" (ir r - J ’ 


and we shall adopt these equations as definitions of the functions (f^) 
and (/a) for the case when is a positive integer and 0 is a real angle. 
The first equation indicates that there is an expansion of type 

(r2 - 2ar^ + a^)-* = S ^+1 (/a), | a | < | r | 

?i=0 

and this equation maybe used to obtain various expansions for (/x). Thus 

1.3 ... (2n~ 1) 


Pn (/x) 


1.2 ... n 


n (n — 1) 


' + “p 


n (n ~ 1) (n — 2) (n — 3) 


2.4 (2n- 1)(271~ 3) 




F 


(-n,n+l; 1; ^ F (- %, n + 1; 1; 


♦ Phil. Mag. (7), vol. iv, p. 629 (1927). 
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where F {a, b', c; x) denotes the hypergeometric series 


1 + 


a.b , a (a + 1) 6 (6 + 1) 


§ 6-22. Hobson’s theorem. The first expansion for (fx) is a particular 
case of a general expansion given by E. W. Hobson*. If / (x, y, z) is a 
homogeneous polynomial of the nth degree in x, y, z, 


r, ' HV* 1,, 

^ 2 {2?i - ij 2.4"(2n - 1) {2 m - 3) 

When / (x, y, z) — z" this becomes 


0n 

0Z" 


= (-)"r-2«-i.l.3 ... (2m - 1) 



n{n-l) n{n^){n - 2)jn-J) 

2(2m-1) 2.4 (2m - 1) (2m - 3) 



which is equivalent to the expansion for n ! (fx). 

Assuming that the theorem is true for f {x,y, z) ~ z"^ it is easy to see 
that the theorem must also be true for / (a;, y, z) = {^x rjy ^zy\ where 
ix + rjy f ^z is derived from 2 : by a transformation of rectangular axes, for 


such a transformation transforms 
unaltered. 


dz 


into 





1 / ^ 

dy dz 


and leaves 


To prove that the theorem is true in general it is only necessary to 
show that / (a;, y, z) can be expressed in the form 

k 

/ {x, y,z)= 2 A, ($,x 4- 7]sy 4- 

where the coefficients Ag are constants. 

To determine such a relation we choose k points such that they do not 
all lie on a curve of degree n and such that a curve of degree n can be drawn 
through the remaining k — I points when any one of the group of k x)oints 
is omitted. Let rjs, be proportional to the homogeneous co-ordinates 
of the ,sth point and let i/jg {x,y,z) == 0 be the equation of the curve of 
degree n which passes through the remaining k — \ points. 

Assuming that a relation of the desired type exists we operate on both 

( d d d \ 

The result is 

(^’ ay 

Giving s the values 1, 2, ... A; all the coefficients are determined. Since 
a curve of the nth degree can be drawn through |n (n 4- 3) arbitrary points, 
* Proc, Lond, Math. Soc. (1), vol. xxiv, p. 55 (1892-3). 

23-2 
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the number k should be taken to be | + 1) (n -f 2), which is exactly the 

number of terms in the. general homogeneous polynomial / (x, y, z) of 
degree n. The coefficients could, of course, be obtained by equating 
coefficients of the different products and solving the resulting linear 

equations, but it is not evident a 'priori that the determinant of this system 
of linear equations is different from zero. The foregoing argument shows 
that with our special choice of the quantities the determinant is 

indeed different from zero because with a special choice of /, say 

f= I, B, (f,a; + 7],y + i,zY, 


the equations can be solved. 

The solution is, moreover, unique because if there were an identical 
relation 

0 = Z Cj 

the foregoing argument would give 

0 =■' 71 ! Ogtfjg i^s) Vsj 

Hobson’s theorem has been generalised so as to be applicable to 
Laplace’s equation for a Euclidean space of m dimensions. Writing 

V 2 3= J .4. .. 

^ - 30 :^ 2 ^ 00 : 22 ^ ^ 0X,,2’ 

7*2 === X2^ -i- ... -b o:„,2, 

and using / {x ^ , 0 : 2 , ... Xj^) to denote a homogeneous polynomial of degree n, 
the. general relation is 


^ \ f)x. ’ 


dxi ’ 3 o :2 ’ * * ’ dx^ 
2 


^-2 


fl-m ^ ( — )” (t/I — 2) (w) ... (m + 27^ — 4).7'2-m-2n 
7-4y 4 


{m + 2n — 4:) ^ 2 A{m 2n ~ 4) {7n +271—6) 


f { xi , x ^, ...0:,,,). 


§ 6*23. Potential functions of degree zero. When 77 = 0 the differential 
equation satisfied by the product U = 0<I) may be written in the form 


d^U 02f7 
052 d4>^ 


0 , 


where 


r da f dO . 6 


It follows that there are solutions of type 


L == / (5 + = jF ^tan 


9 


ei^ 


where / is an arbitrary function and / (u) = F (e^). 
This solution may be written in the form 

77 iy\ - 
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where F is an arbitrary function. The general solution of Laplace’s equation 
of degree zero may thus be written in the form 


U^F 



where F and 0 are arbitrary functions*. The general solution of degree — 1 
may be obtained from this by inversion and is 


F = 






Solutions of degree — (»+!) may be obtained from the last solution 
by differentiation. In particular, there is a potential function of type 

a- 


V = 


02" 


.(■ 


X 4- ly 
z -j- r 


which is of the form (0) The function must consequently be 

expressible in terms of Legendre functions. When m is a positive integer 
equal to or less than n we have in fact the formula of Hobson 

[f (tTT )”*] """*• 

When m is a positive integer greater than or equal to n we have the 
expansion 


02 " 


r (2 + 


= (-)" 


1.3. ..(2a- 1) , 1.3...(2n- 3) 2a- 1 

/.m I ».\m— n+1 1 \Ul 


Lr^"+i (2 -[■ ry 


(2 + r) 


m— n+l 


n) 


+ 


1.3 


... (2w- 5) (2a- 2)(2w- 3) 

(2 + ^1.2 


{m — n){m — n+ 1) + ... 


- + - ^ + 1 ) - - 1 ) > 

which may be used to define the function x (^) in ti^is case. In particiilar, 
we have the relation 


02 " 


( ,. 1 . 3 . .. ( 2 .- 1 ) 

V / |.2n+l 


[r (z + r)”J 

When this is used to transform the expression for {fi) 

we find tliatt 




1 T. , , , V 1.3 ... (2to - 1) . „ . 0"-”* / 1 \ 

-»n-i (a — m) ! \r2™+V ■ 


* W. F. Donkin, FM. Tran«. (1857). 

t This formula is given substantially by E. W. Hobson, Proc. London Math, Soc. (1), vol. xxn, 
p. 442 (1891). Some other expressions for the Legendre functions are given by Hobson in the 
article on “Spherical Harmonics” in the Encyclopcedia Britannicay 11th edition. 
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EXAMPLE 

Prove that if m is a positive integer 

im prr e^^da 1 /a; -f iy\^ 

277 y 0 z + ix cos a + sin a r\z + rj ’ 

O I ^^8 (2 4- ix cos a + fy sin a) da == ( — -- — ) , 

277 Jo Tit \ z -f- T / 

277 jo V 2 J ■- 2m 4- 1 Vz + r j 


§ 6-24. Upper and lower bounds for the function P„ (/x). We shall now 
show that when — 1 < /x < 1 the function (/x) lies between — 1 and 4 - 1 . 
This may be proved with the aid of the expansion 

1 • - D cos nd + ' ^ -.I- ( 2 ^. 

2A...2n ' 2 '2.4 ... (2n - 2) 

1.3 ... (2n - 5 ) 


Pn (/a) == 2 


+ 


1.3 

2.4'2.4 ... (2n - 4) 


COS {n — 2) 6 
cos (n — 4) 0 -f ... 


which is obtained by writing 

(1 — 2.r cos 9 -f = (1 — xe^^)~'^ (1 — xe''^^)~^, 
and expanding each factor in ascending powers of x by the binomial 
theorem, assuming that \ x \ < 1. 

It should be observed that each coefficient in the expansion is positive, 
consequently (/x) has its greatest value when 9=0 and fx = 1, for then 
each cosine is unity. 

If, on the other hand, we replace each cosine by — 1, we obtain a 
quantity which is certainly not greater than P„ (/x). Hence we have the 

inequality - I < P. („t - 1 < ^ < 1, 


When n is an odd integer P„ (p) takes all values between — 1 and + 1, 
but when 7i is an even integer (p) has a minimum value which is not 
equal to — 1 . This minimum value is ~ ^ for P 2 (p) and — f for P 4 (p). 


§ 6*25. Expressions for the Legendre polynomials as nth derivatives, 
Lagrange’s expansion theorem tells us that if 

z = p + acf) (z), 
dz 

the Taylor expansion of /’ ( 2 ) ^ powers of a is of type 

00 fju fin 

'''"‘”8 ( t ) - f /' ( t ) - 1 , 

dz 


az = 1 — ( 1 — 2fxa + a® 


dfj. 


(1 — 2jLia + a®)~i; 



Formulae of Rodrigues and Conway 

a comparison of coefficients in this expansion and the expansion 

00 

(1 — 2/xa -f a2)"i = S (/t) 

0 

gives us the formula of Rodrigues, 

If, on the other hand, we write 

(z) = 2 (Vz -- t), 

we have z = /x + 2a (Vz — t), 

z — 2a Vz + == a'^ — 2at + y, 

Vz — a ± Va- — 2at ^ /x, 
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ikdi- '>'J- 


1 dz 


n + 1 


VI a;; - ^ (vs) ' 


Hence 


n + l 

"T" 


or 


{ L\-'- 5" ( V'm - <)" 

" vV/xj *~w! dfx’^ Vi^ 

1 P ^ 

>+1 "Vrj 


n \ {rdrY 


This formula is due to A. W. Conway, the previous one to E. Laguerre. 
Replacing ^ by 2 ; we have the following expression for a zonal harmonic 

i. P ( \ =1 

^n+i w yi I r ’ 

2 : and r being regarded as independent. 

§6*26. The associated Legendre functions. The differential equation (II) 

m 

of § 6 ‘ 11 is transformed by the substitution 0 = (1 — P to the form 

dP 

(l-/x2)~- 2(m+ l)p^ + [ri(«+ l)-m(m+ 1)]P=0, 

d^v 

but this equation is satisfied by P = , where v is a solution of Legendre’s 

equation 

particular solutions of which are P„ (fi) and Q„ (p). 
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Hence we adopt as our definitions of the functions (p) and Qn”‘ (p) 
for positive integral values of n and m 

d”' 

m 

— 1 ^ p ^ 1 . 

With the aid of these equations we may obtain the difference equations 
satisfied by P„”* (p.) and Qn™ (p) : 

(w - m 4 1) P"*„+i - (2w 4 1) pP„” + (w 4- m) P”*„_i = 0, 

Vl — /x^P„'"+’' = 2m/iP„”* — (w. + w?.) (w — m 4- 1) Vl — p* Pn”‘~^, 

„ (n - m 4- 1) Vi - 

P^n+l -= + (« + »») Vr^^p^ 

Vr — — {n + m 4 1) pP„’" — (n — m + 1) P’"„+i, 

and the following expressions for the derivative 

(1 - P„'« (p) =. (71 + 1) /aP„- (^) _ (« - m 4- 1) P“„.i (/.) 

- (a 4 77i) P'%-1 (jii) - npP^”- (;x). 

Similar expressions hold for the derivative of Q„'" (p). 

Expressions for the Legendre functions of different order and degree 7i 
are easily obtained from the difference equations or from the original 
definitions. In particular 
Po” = L 

Pi® = cos 6, Pi‘ = sin 6. 

P^® 1(3 cos2 0 - 1), Pji = 3 sin 0 cos 0, P^^^Zsin^O. 

PgO = I (5 COS® 0—3 cos 0), Pj® = I sin 0 (15 cos® 0 — 3), 

Pj® = 15 sin® 0 COS 0, P3® = 15 sin® 0. 

P4® = J (35 cos^ 0 — 30 cos® 0 4- 3), P^^ = J sin 0 (35 cos® 0—15 cos 0), 

P4® = I sin® 0 (105 cos® 0 - 15), P4® = 105 sin® 0 cos 0, P^* = 105 sin* 0. 

P5O ^ j (63 cos® 0-70 cos® 0+15 cos 0), 

P5® - I sin 0 (315 cos* 0 - 210 cos® 0 4 15), 

Pg® = I sin® 0 (315 cos® 0 - 105 cos 0), 

P5® = I sin® 0 (945 cos® 0 - 105), 

Pj4 = 945 sin* 0 cos 0, Ps® = 945 sin® 0. 
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<1 


EXAMPLES 

1. Prove that if m and n are positive integers 

(i -‘I)' [f (^n 

(s -'IT [‘ "]-<”+"•)' ■"-' p.- (c) 

2. Prove that 

(£ * dy) (/.) ef «•+») ^ 

(g^ - i ^ [r” P„“ (/*) ^(n + m){n + m- 1) r"-i (/*) e<‘ 

Gl ^ * dy) ■^'‘+ 

(§x ~ * = {» - OT + 1) {» - m + 2) /-’-2 Pn+i^-i 

§ 6*27. Extensions of the formulae of Rodrigues and Conway, By 
differentiating the formula of Rodrigues m times with respect to fx we 
obtain the formula 

m 

n — n^2 dn+m 

Pn”' (p) = 2”.»! dfjtF^ ~ 

We shall use a similar definition for negative integral values of to and 
shall write 


{fJL + {fl - l)» 


p -m _ (1 /fl) ? ” * („2 — 1)" 

Expanding by Leibnitz’s theorem we obtain 

d"+’" ()a + 1)" (/a - 1)” 
d/x"+"» 

• (n + to) ! « ! w I 

~ s„0 (to + 5) ! (» — S) ! (» — TO — 5) ! 5 ! 
rfn-m l)n _ l)n 

_ ”y”* . ixn-, _ n 

Comparing the two series, we obtain the relation of Rodrigues 


•(B) 


m-\-s 


•(C) 
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This may be derived also from the equations of Schende 

m 

m 

= 2mS)! (!-^>)' $ t'" - <" + •'•"”1- 

which may likewise be proved with the aid of Leibnitz's theorem. We 
have in fact 


-[(/X- ir— (;x+ ir+-] 


n\ (n — m)\ {n-\- m)\ 


{fJL- 1)'”^ 


5 ! (w — <9) ! (ti — m — 5) ! (m + 5) ! ^ 

By differentiating Conway’s formula m times with respect to t and 

m 

multiplying by (r^ — ^ 2)2 obtain the formula 


(«) = (^4)" tzJ)-- . „ , 0. 


Making use of the formula (C) we may also write 


A . p-m (A = _ ns 2 1 / A V (Lr rn > 0 

yn +1 ^ \^J (n -h ^)! \rdrj r ’ 

Changing the sign of m we have 


This formula also holds for m > 0. 


{n — m) \ ( d (r — 


m < 0. 


§ 6*28. Integral relations. The Legendre functions satisfy some interesting 
integral relations which may be found as follows : 

Writing down the differential equations satisfied by (/x) and (/x) 




' mT 
i. + 
a J 


»(»+ 1)- - = 




let us first put k ^ m and multiply these equations respectively by Pj* 
and P„^ and subtract, we then find that 

^ d^, Jj 

+ {n - 1) {n + I + 1) P„’«Pj»» = 0. 
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Integrating between — 1 and + 1 the first term vanishes on account of 
the factor 1 — and so we find that if Z # m 

(/Lt) Pr (<x) d/x = 0. 

Next, if we put I ^ n and multiply by respectively and 

subtract we find in a similar way that if # k‘^ 

(* P„™(;a)P/ = 0. 

j — 1 ^ r' 

To find the values of the integrals in the cases I = n, k = in we may 
proceed as follows : 

If we multiply the first difference equation by P^n+i (m) integrate 

between — 1 and + 1 we obtain the relation 

{n - m + 1) j ^[P”*„.n (n)]~ d/x = (2a + 1) j ^i^P'^n+iPn' d/x, 

while if we multiply it by P^'^n~\ il^) integrate we obtain the relation 

(n + m) (/^)?d/x= {2n + 1) |_^/xP„'"P"‘„_i dju.. 

Changing n into n — 1 in the previous relation we find that 

(2» + 1) (n - m) j [Pn” {fJ-)fdiM = (2a - 1) (a + m) j [P'"„_i (ju.)pd/x. 
But 

m m 

2 2 

p»™ M = (1 - -^-,;.Pm {p) -= 1.3.. .(2m - 1) (1 - iP) . 

Therefore 

|'^[P„- (fx)Pd/x= P.3‘^ ... (2m - 1)2 (2m)!, 


and so j [Pn”‘ d/x. = 


(ii + ?n ) ! 
2n + 1 {n — m)\' 

Let us next multiply the difference equations 

(IP. 


(1 - 1 ^ 2 ) 


dfji 


= (a + m) P”‘„_i - a/xP„”*, 


dP^ 

(1 - = 22 ./xP'«„_, - (a - m) P„™ 

by (1 — /x2)-iP"*„_i and (1 — /x2)-ip„”' respectively and add. 
Integrating between — 1 and + 1 we obtain the relation 

(a + m) (' [P-„_,]2 - 4S - (» - «^) f \-Prrfrz ~.2 

= 4 [P„'"P"‘„-i] d/x = 0 if m > 0. 

J_l afM 
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P.32...(2m-1)2 f 

}-i i — j -I 


= 2. {2m - 1)!. 

Therefore j‘ _ [P,- ^ ■ Jj ^ ^ r 

These relations are of great importance in the theory of expansions in 
series of Legendre functions. See Appendix, Note m. 


§ 6’ 29. Properties of the Legendre coefficients. If the function / (a:) is 
integrable in the interval — 1 < a; < 1, which we shall denote by the 
symbol /, the quantities 

(n+ J) ^ J (x) P„ (x) dx (I) 

are called the Legendre constants. If these constants are known for all 
the above specified values of n and certain restrictions are laid on the 
function / (x) this function is determined uniquely by its constants. An 
important case in which the function is unique is that in which the function 
(1 — x^)if(x) is* continuous throughout I. To prove this we shall show 
that if ^ (a;) = (1 ~ (x), where tp (x) is continuous in /, then the 

equations 

j (x) P„ (x) rfx = 0 (» = 0, 1, 2, ...) (II) 

imply that (f> {x) = 0. 

The first step is to deduce from the relations (II) that 

[ (f> (a:) a:”da; = 0 (n = 0, 1, 2, ...). 

.'-1 

This step is simple because x^ can be represented as a linear com- 
bination of the polynomials Pq (a;), P^ (x), - Pn (^)- 

The theorem to be proved is now very similar to one first proved by 
Lerch*. The following proof is due to M. H. Stonef. 

If (f) (x) ^ 0 for a value a; ^ in / we may, without loss of generality^ 
assume that f> (^) > 0, and we may determine a neighbourhood of ^ 
throughout which (x) > m > 0. Now if ^ > 0 the polynomial 

p(x) '^A -iA 

is not negative in I and has a single maximum at a; == ^. We choose the 
constant A so that in the above-mentioned neighbourhood of* f there are 

* Acta Math. vol. xxvii (1903). 
t Annals of Math. vol. xxvii, p. 315 (1926). 
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two distinct roots of the equation p (a:) = 1 which we denote by Xi, X 2 , the 
latter root being the greater. We thus have the inequalities 
6 < < 1 > — l< X < Xx, 

X2< X < 1, 

p (o;) >1, <!> {x)> m, Xx< X < X 2 , 

ip (x) > — M, — I < X < I, 

where ilf is a positive quantity such that — M is Sb lower bound for the 
continuous function ip (x). 

Writing p^ {x) = [p (a;)]", we have 

I (p (x) Pn (x) dx ^ Oy n = I, 2. (A) 

On the other hand 



Pn 

f ^ (^) Pn 

Jx, 


(a:) dx > 
{x) dx > 
(a:) dx > 



I <f> (^) Pn (^) d.x> m I pn{x)dx — M ^ (1 — x’^) i dx 

fa** 

> m\ Pn (a?) dx — ttM, 

rxt 

Since Pn {x) dx co as n 00 we can choose a number N such 

Jxi 

that the right-hand side is positive for n> N, This contradicts (A) and so 
we must conclude that (p (x) = 0 throughout I . 

Lerch’s theorem is that if tp (a;) is a real continuous function and 

f x^ \p {x) da; = 0 for n = 0, 1, 2, ... to 00 , then \p (x) = 0. 

Jo 


By Weierstrass’s theorem the function ip (x) may be approximated 
uniformly throughout the interval (0, 1) by a polynomial 0 (x). In other 
words, a polynomial G (x) can be chosen so that ip (x) == G (x) -f 80 (x), 
where | 0 (x) | < 1, and 8 is any small positive number chosen in advance. 
Now if ip (x) is not zero throughout the interval (0, 1) we can choose our 
number 8 so that 

0 < 8 ( \ip (x) \ dx< \ [ip (x)Y dx. (B) 

Jo Jo 

But, since G (x) is a polynomial, we have 

f G (x)ip (x) dx = 0. 

Jo 
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Therefore f 0 (x) [i// (x) — S0 (a:)] dx = C 

Jo 


or 


f [0 (^)]“ — 8 [ d (:r) ifj (a:) dx 

Jo Jo " 

<8(' 

Jo 


0 {x)\\ifj{x)\dx<8\ \^{x)\ dx, 

h 

This contradicts (B) and so we must have i/j (x) = 0. Putting x — 

cf) (t) dt-= 0 ior z> 0, and (/> (t) is continuous for 


we deduce that if 

Jo 

t > 0, then (f) (t) ~ 0. 


EXAMPLES 


1. Wlien /// and n have positive real paits 


A 


Qm (z) Qn {z) (iz = -f 1) - -h 1) |(/^ - T) sin {\m -f jw) jr 

- {H -h (') ^in (^m — -i/OTrl, 


where ^(z) = 


d 

dz 


I<>K r {z), 


A 

H 


(m ~ n) {tn ri -f 1) 

IHin A L -f- 1) 


li{\nL P L In 1) 


and li(' - 


1 


[S. (' Dharand \ (1 Slialxhs linll CnlcuUn Math Soc. v. 24, 177-186 (1932). j 


Show also that vMth the same notation 

* 00 

A Q,n (z) Q„ iz) dz - 4. On -f 1) - ^ (w -f 1) 

j 1 

((Janesh Prasad, I*roc lienares Math. Soc. v 12, pp. 33-42, 19.] 


2. Show by means of the relation 

that when w is a positive integer the equation (ft) == 0 has n distinct roots which all lie 
in the interval — 1< /i< 1. 


3. Prove that when m and n are positive integers 

r (l+2)^«Hip ( 2 ) P (z)d^^ [(m-f7i)!p 

(,„!n!)2(2m + 2M + 1)!' 

[E. C. Titchmarsh. 

An elementary proof of this formula is given by R. G. Cooke, Proc, London Math. Soc. (2), 
vol. XXIII (1925); Records of Proceedings, p. xix. 
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§ 6*31. Potential function with assigned values on a spherical surface S. 
Let P, P' be two inverse points with respect to a sphere of radius a. 
If 0 is the centre of the sphere we have then 

OP. OP' - 

and 0, P, P' lie on a line. The point 0 is sometimes called the centre of 
inversion. 


If P lies inside the sphere, P' lies outside ; if P is outside the sphere, P' is 
inside. If P is on the sphere, P' coin- 
cides with P. If P describes a curve 
or surface P' will describe the inverse 
curve or surface and it is clear that 
a curve or surface will intersect the 
sphere at points where it meets its 
inverse. If a curve or surface inverts 
into itself it must intersect the sphere 
8 orthogonally at the points where it 
meets it because at these points two 
coi secutive inverse points lie on the 
surface and on a line through 0. This line is then a tangent to the surface 
and a normal to 8 at the j?ame point. If is any point on 8 the triangles 
0PM s, OMsP' are similar, and we have 



OP _ OM, 

pm~p'm; 

If charges proportional to OP and ~ OM^ are placed at P and P' 
respectively, the sum of their potentials at any point on 8 will be zero. 
Writing OP ~ r, PM R, P' M ^ P', where M is any point, we see that 
the function 


GpM — 


1 

R 


a 1 

7*P' 


is zero when M is on 8 and is infinite like \ at the point P. Wc shall call 

this function the Green' s function for the sphere. Gpyj is easily seen to be 
a symmetric function of the co-ordinates of P and 31, i r if M' is the 
inverse of M we have 

031 OP 
P'31 ~P3F' 

The point P' is called the electrical image of P and Gp^i represents the 
potential at M when the sphere 8, regarded as a conducting surface at 
zero potential, is influenced by a unit charge at P. When a becomes 
infinite and 0 recedes to infinity the sphere becomes a plane, P' is then the 
optical image of P in this plane, and the virtual charge at P' is equal and 
opposite to that at P. 
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Now let OM = r' and POM = co, then 




r2 -f r'2 


2rr' cos a>, 


^'2 -f — 2r' - cos CO, 


/a(?\ Y^- 


2ar cos co)^* 

Let (r, 6, (f>), (r, 0\ cf)') be the spherical polar co-ordinates of the point 
P and a point M^ on the surface of S, then the theorem of § 2*32 tells us 
that if a potential function V is known to have the value F (6\ <f)') at a 
point Mg on S then an expression for V suitable for the space outside S is 

r2- a{r^-a^)F(e\<f>')&ind' 


<ld' r d4>' 

Jo Jo 


-f — 2ar cos co)^ 
while a corresponding expression suitable for the space inside /S is* 


a (a^ 

t' — ' 


ii^(0',^')sin e' 


V(r,d,4,)=--~r.(ld' I ” (14' . ,# ■ 

^ 477 Jo Jo ^ (a^ + — 2ar cos to)* 

When the sphere becomes a plane the corresponding expression is 
T/t A 7 ' r / ' ±/(^'.2/') 


[(x~x')^-\- (y-y' 




the upper or lower sign being taken according as 2 : ^ 6. In this case 
/ (x\ y') V (x'y y\ 0) is the value of V on the plane 2 : = 0. 


§ 6*32. Derivation of Poisson s formula from Gatiss's mean value theorem, 
Poisson’s formula may also be obtained by inversion, using the method of 
Bocher. 

Let us take P' as centre of inversion and invert the sphere 8 into itself. 


The radius of inversion is then c == ~ (a^ — r^)^, where c is the 

length of the tangent from P' to the sphere, it is real when P' is outside 
the sphere and imaginary when P' is within the sphere. (In Fig. 28 
OP'=-r,.) 

Let Q, Q' be two corresponding points on 8, then the relation between 
corresponding elements of area is 

d8~\P'Q) ~'\PQ) ~\^UPQ) • 

Writing d8' = aHQ,' , d8 = aHQ., where dO! and dO. are elementary 
sohd angles, we have 

( cr \ ^ 

a Pq) ^ -f — 2ar cos ct>)-2 dii, 

where oj is the angle between OQ and OP, 

♦ This is generally called “Poisson’s integral,” both formulae having been proved by S.D. 
Poisson, Journ. tcole Polyt, vol. xix (1823). The formula for the interior of the sphere had, how- 
ever, been given previously by J. L. Lagrange, ibid, vol. xv (1809). 
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Now if V'q. is a potential function when expressed in terms of the 
co-ordinates of Q', the function 


c 

WQ 


V'o- 


cr 


Vo' 


Vq, say, 


is a potential function when expressed in terms of the co-ordinates of Q, 
consequently the mean value theorem 

4,7 Fo' = 


gives 


47rFo' = - (a^ — r2)2 {vQdQ, _ 2ar cos co]^, 

CT j 


and since c. Fq' = P'P. Fp, we have crFo' = (a^ ^ r^) Fp, and our formula 
is the same as that derived from the theory of the Green’s function. 

This method is easily extended to the case of hyperspheres in a space 
of n dimensions. The relation between the contents of corresponding 
elements of the hyperspheres is now 



while the relation between corresponding potentials is 


Writing the mean value theorem in the form 


Fo' I d-S' = j V'Q,d8', 

the generalised formula of Poisson is 

j ^ (o')” 1 ~ 

n 

or Fp j dS' == ± (a^ — r^) j Vq dS [r^ + — 2ar cos co] 


§ 6*33. Some applications of Gauss's mean value theorem. The mean value 
theorem may be used to obtain some interesting properties of potential 
functions. 

In the first place, if a function F is harmonic in a region R it can have 
neither a maximum nor a minimum in R. 

If the contrary were true and F did have a maximum or minimum 
value at a point P of P the mean value of F over a small sphere with 
centre at P would not be equal to the value at P. If now the sphere is made 
so small that it lies entirely within P, Gauss’s theorem may be applied 


B 


24 
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and we arrive at a contradiction. Since a function which is continuous 
over a region consisting of a closed set of points has finite upper and lower 
bounds which are actually attained, we have the theorem : 

// a Junctioji is harmonic in a region R vnth boundary B and is con- 
tinuous in the domain R I- the greatest and least values of V in the domain 
R f B are attained on the boundary B. 

One immediate consequence of the last theorem is that if the function 
V is harmonic in R, continuous in R B and constant on B it is constant 
on R 4 B. This theorem is important in electrostatics because it tells us 
that the potential is constant throughout the interior of a closed hollow 
conductor if it is known to be constant on the interior surface of the 
conductor. Another interesting consequence of the theorem is that if the 
function V is harmonic in R, continuous in R \ B and positive on B it is 
positive in R 4 - B. For if it were zero or negative at some point of R the 
least value of V in R would not be attained on the boundary*. 

This theorem may be restated as follows: 

If \\ and F 2 be functions harmonic in R and continuous in i? 4- 7^, 
and if is greater than (equal to or less than) \\ at every point of B, 
then l \ is greatcT than (equal to or less than) Fg ^xt every point of R B. 

A converse of Gauss's theorem, due to Koebe, is given in Kellogg’s 
Foundations of Potential Idieory^ p. 224. 


§ 6*34. The expansion of a jyoteyitial function in a series of spherical 
harmonics. If V {x, y, z) is a potential function which is continuous 
throughout the interior of a sphere S and on its boundary, and whose 

first d(Tivatives are likewise continuous and the second 

cx cy dz 

derivatives finite and integrable (for simplicity we shall suppose them to 
be continuous) then V admits of a representation by means of Poisson’s 
formula and it will be shown that V can be expanded in a convergent 
power sei ics in the co-ordinates x, y, z relative to the centre of S. Writing 


cos oj = cos 6 cos 9' 4 ^ sin 9 sin 9' cos ((f> — (f>') p, 

we have 


a (r^ - a4) 

{a- 4 r- — 2ar cos cd)^ 
a {a- — r^) 

(a- 4 r- — 2a r cosco)^ 


^(2n -1.1)4 P„(/x) |r|>o. 

n-0 V / 

^ (2n + l) rx P„ if^) |r|<a. 

7l~0 


Substituting in the expressions for V we may integrate term by terrr. 
because the series are absolutely and uniformly convergent on account ot 
the inequality | (p) \ < 1. 


* See a paper by G. E. Raynor, Annalif of Math. (2), vol. xxiii, p. 183 (1923). 
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We thus obtain the expansions 

F = S (2ft + 1) S„ (0, <(.) I r 1 > a, 

F = S (2ft + 1) cn" S„ (9,cf>) I r I < a, 

n-0 va/ 

where in each case 

s„ (6, <i>) = 2 , 1 ' 12 ^’ (O', F) Pn ( m ) sin e'cW'dF. 

The function (^, is called a spherical harmonic or solid harmonic 
of degree n, it is a polynomial of the nth degree in x, y, z and is a solution 
of Laplace’s equation because (/x) is a solution. 

The function S,, (0, is called a surface harmonic, it may be expressed 
in terms of elementary products of type P,/" (cos 9) by expanding 
P„ (/x) in a Fourier series of tyjje 

P^ (/x) = 2 P/« (0, 0') 

?/l— — 7 i 

By expanding r^P^ (/x) in a series of this form and substituting in 
Laplace’s equation (in polar co-ordinates) we get a series of type 
each term of which must be separately zero, consequently each term in our 
expansion of r^‘P^ (/n) is a solution of Laplace’s equation and is a poly- 
nomial of degree n in x, y and z. Similarly, if r', 9\ 0' are regarded as 
polar co-ordinates of a point {x\ y\ z'), (fx) is a solution of Laplace’s 
equation relative to the co-ordinates of this point. We infer then that 

{0, 9') - (cos 9) P^-'^ (cos 9'), 

where is a constant to be determined. 

We thus have the result that 

Sn (0, 9?*) = 2 (cos 9) 

m=>—n 

where == f f P (9\ <})') Pn~^ (cos 9') sin 9'd9'd(f>' . 

477 Jo Jo 

To determine the constant A^"^ we consider the particular case when 

V = r^Pn^ (cos 9) 

F (9\ cf)') = a^P^^ (cos 9') 

then (2i/ 4- 1) (9, <f>) = a^P^^ (cos 9) v ^ n 

= 0 V 

and consequently 

2?? — I— 1 I* ■JT j* 2 n" 

1 = -T^ - Pn'" (COS 6') P„-”‘ (cos 6') sin e'de'dF 

47r Jo Jo 

or 


24-2 
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Hence we have the expansion 

S (cos0) Pn-™ (cos 0') 

§ 6*35. Legendre's expansion. Transforming the last equation with the 
aid of the relation of Rodrigues, 

” W I ) (71 + m)!” 
we obtain Legendre’s expansion* 

W (^ - (f>') 

+ P„ (cos 0) P„ (cos 0'), 

and the expression for P„”* may be written in the alternative form 

• = 4n St TO) ! lo r 

One simple deduction from the expansion for 8^ (0, (f>) is that a simple 
expression can be obtained for the mean value of 8^ (0, (/>) round a circle 
on the sphere. Let the circle in fact be 0 = a, then the mean value in 
question is obtained by integrating our series for 8n (0, </>) between 0=0 
and 0 = 277 and afterwards dividing by 27r. The result is that 

8, (0, 0) = (cos a). 

Now when 0=0, (cos 0) = 0 except when m = 0, and then the 
value is unity, hence 

8 ,, (0, 0) = 

and so ~8,^ (0, 0) = 8^ (0, 0) P„ (cos a), 
where the coefficient 8^ (0, 0) is the value of 8n (0, 0) at the pole of the 
circle. This theorem may be extended so as to give the mean value of a 
function / (0, 0), which can be expanded in a series of type 

f(0,cf>)=^ic,8^ ( 0 , 0 ). 

The result is 

fWT) = S C„P„ (cos a) S„ (0, <f>). 

n~0 

If the analytical form of the function /is not given, but various graphs 
are available, the present result may sometimes be used to find the 
coefficients in the expansion 

/(0, 0)= S C'„P„(cos0)+ S 2 P„^ (cos 0) cosm0 + P^j’^sin m0]. 

n=0 n=l m=0 

To use the method in practice it is convenient to have a series of curves 
in which / is plotted against 0 for dijfferent values of 0 and a series of 
curves in which / is plotted against 0 for different values of 0. The two 
* Legendre, Hist. Acad. Sci. Paris, t. ii, p. 432 (1789). 
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meridians </> = /3 and = jS + tt may be regarded as one great circle with 

apoIe0=|,9i = /3 + ~. 

Mean values round ‘‘parallels of latitude” for which d has various 
constant values will give linear equations involving only the coefficients . 

Since P„ (0) = 0 when n is odd and (0) = 0 when n is even and 
m is odd, the mean values round meridian circles will give equations 
involving only the coefficients and in which both m and n are 
even, but terms of type will also occur. To illustrate the method we 
shall suppose that the function / (0, (f>) is of such a nature that spherical 
harmonics of odd order or degree do not occur in the expansion and that 
a good approximation to the function may be obtained by taking terms 
of orders and degrees up ion = 4t and m = 4. We have then to determine 
the nine coefficients Cq, G^, A^^, B^^. Three of these 

may be determined from the mean values of / round parallels of latitude. 


say 0 = 0 0 Two equations connecting A^^, .d/, A^^ may be 

o u 

obtained from the mean values of / round the meridians cf) = 0, n and 

7T StT 

^ , while two equations involving B^^, B^, A^^ may be obtained 

from the mean values round the circles <56=^? ^ ^ ^ ^ • 


Further equations may be obtained from the mean values round the circles 


, TT Trr , 7 T 

^ “ 0’ "6 ’ ^ 3’ 


4:7T I ZtT 


Stt , Stt II77 

^ 6 ’ "y* 


Having found Gq, G^, G^ from the first three equations and having 
expressed A^^, A^, B 2 ?, B^^ in terms of A^^ with the aid of the next four, 
two of the last set of equations can be transformed into equations for 
A^^ and B^^, 

When the two sets of curves have been drawn the mean values of / 
round the different circles may be found with the aid of a planimeter. 


§ 6*36. Expansion of a polynomial in a series of surface harmonics. 
When r”P (0, is a polynomial of the ni\\ degree in x, y, z the expansion 
of P (0, in a series of surface harmonics may be obtained in an elementary 
wa^ by using the operator V^. Let us write r^F (9, cf)) = f^ (x, y, z). The 
first step is to determine a polynomial /,i_2 (x, y, z) such that 

fn y, 2:) - r2/n_2 (OJ, 1/, z) 

is a solution of Laplace’s equation of type r^S^ {9, (fy). The equation 

^ Hfn - r %_,]=0 

gives just enough equations to determine the coefficients in/^.g. To show 
that the determinant of this system of linear equations does not vanish 
we must show that ^2 2] # ^ 
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If, however, were a spherical harmonic of degree n we should have 

\ir%- 2 )fn- ^dS = 0 when integrated over the spherical surface, because 

can be expressed in terms of surface harmonics {6, </>) of degree less 
than n. But this equation is impossible unless fn-2 vanishes identically. 

Having found /„_2 repeat the process with /„_2 in place of /„ and 
so on. We thus obtain a series of equations 

fn - = r^s„, 

fn-2 - = r^S„_2, 

from which we find that 

fn = r- [S, + .S ,_2 + •••] - r-F ( 9 , ct>). 

When n = 2m, where ni is an integer and /„ = /, the spherical harmonics 
are determined by the system f)f equations* 

(2m, 2) (2m 4- 1, 3) /S^o, 

V 2 m- 2 j_ (2m, 4) (2m + 1, 5) 4 - (2m - 2, 2) (2m 4 - 3, 7) 

V 2 m-y _ (^2m, 6) (2m 4-1,7) -h (2m - 2, 4) (2m 4- 3, 9) 

4- (2m — 4, 2) (2m 4 5, 11) 


where (a, 6) = a (a — 2) (a — 4) ... 6. 

Solving these linear equations we find that*!* 

T^^S 2 k (2m — 2 Aj, 2) 4 2/^ 4 1, 4“ 3) 

1 . 4- 4 \r/ 2 m- 2 kf y 

2 (4A; - 1) 2.4(4A: - 1) (4^ - 3) 

r^k+\ / 0 0 3 \ 1 

"" (4F~ i; 1 )™c^^. 0j^-, 

where i/> 2 * (x, y, z) = (x, y, z). 

The equivalence of the two expressions for S is a consequence of 
Hobson’s theorem (§ 6*22). 

There is a corres})onding theorem for a space of n dimensions. The 
fundamental formula for the effect of the operator 
y 2 02 02 02 

is V,j 2 (r2^>^7^) 2p (2p 4 2r/ 4- n — 2) 4 

where r2 = 0:^2 4 x./ 4 xj, (x^,, x^, x„). 

* If (a:, y, z) is a rational integral homogeneous function of degree m, we have 
V 2 ^ 2p i2p + 2q + 1) + r^P V\. 

Hence if = 0 the effect of successive operations with is easily determined, 
t G. Prasad, Math. Ann. vol. Lxxii, p. 435 (1912), 
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The equations are now 

= (2m, 2) {2m + n- 2,n)S^, 
y^ 2 m- 2 j _ (2m, 4) (2m + n — 2,n + 2)r^S(, + (2m — 2, 2) (2m + n, w + ‘i)r^82, 


r'^^S^ic (2m — 2k, 2) (2m + 2k n — 2, Ak n) 



2 (4jt + w - 4) ' 2.4 (4A; +n - 4) (4F+ w - 6) 


1 


y 2rn— 2fcJ' 


= j, ( .L] r^-n 

{4:k — 4: -j- n, n — 2) VOxi’ 9^2 ’ ’** dx^J ’ 

where 02^ (:ri , , . . . - V,,2m-2fcj (^^1,3:2,... :r J, 

and / is a homogeneous polynomial of degree 2 ?/^. 


§ 6*41. Legendre functions and associated functions. It should be 
observed that Laplace’s equation possesses solutions of type 

(fx) {fx) 

when n and 7n are any numbers. It is useful, therefore, to have definitions 
of the functions (fx) and (fx) which will be applicable in such cases 
and also when jx is not restricted to the real interval — 1 < < 1 . 

The need for such definitions will appear later, but one reason why 
they are needed may be mentioned here. 

In an attempt to generalise the method of inversion for transforming 
solutions of Laplace’s equation* it was found that if 


X 


r" - a^ 
2(x- iy) ’ 


7- 


+ a“ 2 __ az 
2 {x ~ iy) ’ X — iy^ 


(I) 


an(J if / (X, 7, Z) is a solution of Laplace’s (equation in the co-ordinates 
X, Y, Z, then j ( Y, Y, Z) 


is a solution of Laplace’s equation in the variables x, y, z. Introducing 
polar co-ordinates, we find that 

R = iae''^, r ^ iae^’^ , vsin 0 == cosec 6. 

The standard simple solutions of Laplace’s equation give rise, then, to 
new simple solutions of type 

(sin e)-i PrT {i cot 6) 

and we are led to infer the existence of reciprocal relations between 
associated Legendre functions with real and imaginary arguments and of 
more general relations when the arguments are complex quantities or real 
quantities not restricted to the interval — 1 < 2 : < 1 . 

Definitions of the associated Legendre functions {z) for all values 


Proc, London Math. Soc. (2), vol. vii, p. 70 (1908). 
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of 71, m and z have been given by E. W. Hobson* and by E. W. Barnesf. 
The definitions adopted by Barnes are as follows : 


Let 


then, if 


y (r», n, 8) 


2 = a; + ly, = log - — , 
z — 1 

__ i 2* r ( 1 Tti 5 ) 

2 r (5 — n ) r (71 + 1 + 5) r 5) 
I arg (z - 1) I < TT, 


Pn^ {^) == — sin 7777 J y (777, 71^ S) (z — 1)* ds, 

where the integral is taken along a path parallel to the imaginary axis with 
loops if necessary to ensure that positive sequences of poles of the integrand 
lie to the right of the contour, and negative sequences to the left. Also 

On”* (2^) = 2^ j y 5) (— 2 — ly ds Im , 


where I^ — tt cosec utt.P^ (z), and the upper or lower sign is taken in the 
exponential factor multiplying according as y ^ 0. 

The functions (z), (z) are not generally one-valued. To render 

their values unique a barrier is introduced from — oo to 1. When ' 777 is 
not a positive integer and z is not on the cross-cut, Pn'^ (z) is expressible 
in the form 


PrT {z) = f (F- m) -n,n+l;l-m;|(l - z)}, 

where F (a, b; c; x) denotes the hypergeometric function or its analytical 
continuation. This formula, which gives a convergent series when 
I 1 — z I < 2, shows that z — 1 is a singular point in the neighbourhood of 
which (z) has the form 

(2_ l)-i™((7,+ C'F2- 1)+ ...}. 

Under like conditions 

— (z) . sin wtt. r (— m — n) 

+ \ e'i™"’ F {-n,n+ + - z)}, 

r (1 + n — m) 

where, as before, . 

z — 1 

The definition of (z) given by Barnes differs from that given by 
Hobson, the relation between the two definitions being given by the 
formula 

sin 7777 (z)]b = sin (77 + m) (z)]^. 

♦ Phil. Trans. A, vol. clxxxvii, p. 443 (1896). 

+ 1 MtoMn irz-kl 'VVVTV « 07 / 1 OOQ \ 
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It follows from the definitions that 


{- 2) = (2) - 2 Q„”' (2), 

77 

(- 2) = - Q„’» ( 2 ).e±”-', 

P^-n-l (2) = Pn" (2), 

( 2 ) = Q„”* ( 2 ) - TT cot nTT.P„”' (z), 

r (1 - m + 71) r (1 + TW + «) ^ ^ ' 

Qn"" ( 2 ) r (tW - 7l) = Qn”* (z) F (- OT - W). 

When m == 0, or when m is an integer, (z) has no singularity at 
2 = 1 . This is evident from the expression for (z) in terms of the 
hypergeometric function in the cases when m is negative or zero and may 
be derived from the formula 


sin mTT sin nn 


( 2 ) = ( 2 ) 


r (I — m -f- n) 


+ m + 

in the case when m is positive. We add some theorems without proofs. 

1°. The nature of the singularity of P^'^ ( 2 ) at 2 = — 1 may be in- 
ferred from the formula 


P{— + m;d} 


P{1 — m-f^, — m — n;l — m;0}, 


P„"'(2)= (2^- 1)1” 


p.- (.) e-1- - 9) 

+ r (- »Vrir+ S) J’d 1 - fi), 

where d = | (1 z). When m is a positive integer, 

P (z) = (z^ — l)i"* V {m n 1) 

W i2 1 ; 2^r(l + 7^-m)r(m+ 1) 

X F {m — n,m -\- n l;m + 1;|(1 — 2 )} (A) 

2°. When in addition n is an integer there are three cases: 

(1) Q < n< m. In this case Py^^ ( 2 ) = 0 but P (1 + n — m) P„^ ( 2 ) is a 
solution of the differential equation. 

(2) n> m. In this case the formula (A) is valid. 

(3) n< 0. In this case, if — 1 ? > m, 

P- ( 2 ) = ( 2 ^- 1 )!'” 

X F {m — n, m n l;m + 1; ^1 — 2 :)}- 

3°. If — n < m, Pn^ ( 2 ) = 0, but P (— m — n) P„"* ( 2 ) is a solution of 
the differential equation. 


P^m _ ^^2 _ l)iv 
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4°. When m = 0 and n is not an integer and is not zero, 


(7rcosec7i77)2P„(2)= - ~J{r(-5)}2r(- w + s) r(a+ l + «)6>''d5 

- r (< - n) r (n + 1 + t) 

^ 

X {log 6 -- 2ils (\ -\- t) ^ xj) {t — n) ^ iff {n -V \ ^ <)}, 
where 0 = J (1 4- 2 ) and ijj {u) = log F (i^). 

Hence (z) has a logarithmic singularity at x — — I, at which it 
becomes infinite like 

7 r~^ sin rnr . F {— n, 71 1 ; 1 ; 0} log 0 -|- a power series in 0. 

5*^. Wlien m 0, we have seen that (;:) has a cross-cut from — 00 
to — 1 ; when, however, is not an integer and not zero, ( 2 :) has a 
cross-cut from — 00 to 1, and is therefore not defined by the preceding 
formulae when — I < 2 ; < 1. It is convenient to have a single value of the 
function in this interval, and one which is real when m and 71 are real. 
It is therefore assumed that as e -> 0 and — I < x < 1, 


P„“ (.t) - lim + ei) = hm 


1 


1 -h x\im 


F (1 — 7n) \1 — 

(x) - I lim {Q,r (x + €1) + Q„”‘ (X - ei)} 

7 T COS \7n7T 


F {- n,n + \ - 7n; | - lx}, 


where 


+» + ,) 


[0<™> (x) + O*-™* (x)J, 

( I -f- 

^ F (- n,n + 1; I ~ m; I - lx). 


2 sin riTT F (— m — 71) 
F (m) /I 4 - x\i 


6°. The function (^r) has a cross-cut between — 1 and 1. For values 
of 2 : for which | 2 1 > 1 the function can be expanded in a convergent power 
series in I/ 2 . If | arg (2 ± 1) | < tt and {z^ - =- (2 - 1)^"“ (2 + I)**", 

n m ( 2 \ = + "'■) ^ '1-1)1'' (I) - 1)^"‘ 

*^"1' 8inw77 2"-iir(n+|) 2n+™+i 

X F(ln+ lm+ l,|n + \m-\- J;rH-|;2-2). 

The values for cases in which | 2 ; | < 1 may be deduced by analytical 
continuation of the hypergeometric function and use of the foregoing 
definition when z is real. 
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§ 6- 42. Reciprocal relations'^, Barnes has shown that the power series 
in IJz can, under the foregoing conditions, be expressed in the form 


0.- (^)=o 


X 1^ (71 + w 4- 1), i “ m + 1); n -f f; 
sin {n m) TT T {n yn -h 1) F (^) 


2^+1 r {n + I) ' 


where C 

sin niT 

Putting z ~ i cot 6, we have 
(i cot 6) ■= sin^^^ 6 

X F {\{n m 'i- \)y \ [n — ni 1) ; n + | ; sin^ 6). 

Now 

F {J {n -f m 4- 1), \ {n — m ^ 1); n -f f ; sin- 9} 

— F {n m I, n — ni 1; n 1; sin^ ^9} 

= (cos F [m — sin^ |0]. 

Therefore 

Q,™ {i cot (?) - cr"'* 2" *i (sin 0)i (cot 

X F [yn 4 J m ; 71 4- 1 ; sin \9\ 

But 

(cos 6) = 3 - (cot F {m + | - w ; n + f ; sin^ ^9}. 

Therefore 

4. „ , 

(J sin 6)^ PZ’^~_\ (cos 6). 


Q„"‘ (i cot 9) = 




sin utt. r (— m — 7i) 


Writing — m — ^ in place of n and ~~ n — \ m place of m, the formula 
becomes 


7T^i^-h 


{\ sin 0)4 (cos 9). 


Q ^ \ {i cot 9) = , 

-m-i ^ / (JOS 7/177. 1 (fU 4- 71 4 1) 

Again, Barnes has shown that when | 1 ~ | > 1, 

^ 1 _ (12, -4. -f 1); I -f 72 .; ..A, 


4 C 2 (2“ - 1)4^ U (m - n)y ^ rn - n) ; ^ - n; 


1 - ^2 ’ 


where 


C'l 


Tri r (— m — n) 




2«rj^/7^4 I) 

7t 4 F (77 — 7ri 4 1 ) ' 


* Judging from a conversation with Dr Barnes in 1908 he had at that time noted at least one 
explicit reciprocal relation between the functions P^(z) and 
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consequently, using again the transformations of the hypergeometric 
series, we find that 

(i cot 0) = (277 cosec Oyi (tan \dT^ 

y. F{^ + m,\ — m-, » + f ; sin® ^0} 

+ + sin® 

o 

= - sin (m 4- J) TT . r (m + ^ + 1) (277 cosec 0)“i lim (cos 0 — ie), 

7T 0 * 

and so 


P ^ \ cot 0) = — — sin 7177 . r (— m — ?i) (277 cosec 0) ^ lim (cos 0 — ie) 

77 e->0 

2 sin 7177 /^v 1 T ^ n « . V 

= — — — ---- -- — -(277 cosec 0) i hm (cos 0 — 76). 

r(l 4-7/1 -f 77) sm (777 + 77 ) 77 ' ' e->0 

This is very similar to the reciprocal formula obtained by F. J. W. 
Whipple*, which may be written in the form 

sin W77 ^ _ ttF (1 + w_+ n) 

sin(»Tm)77^'‘ (2^8inha)i «)• 


EXAMPLES 


1. Provo that when w is a positive integer 


, Pn M = 2 "ii (I.)" i 


2. Prove that if 2a: = -f t K 


[A. E. JoUifie, Mess, of Math. vol. xlix, p. 126 (1019).] 


P-i(x)^F[hh 1; 


= <i E (i, i, 1. 1 - t) 

= ?ei[(21og2-ilog«)E(i,J;l;0 

(fc!)’ (3-^) “ ny —••}]■ 


Prove also that 


P'-i(a:) = -JF(^ii,i;2;L-*^ 

= -JliP(S4;3;l-<) 

= - Jti[(4iog2-4-iogOP(e.ii;i;0-4{(§)®(j-i)< 

+ H(?)* - (S« (J + J - i - i) + ...}]. 

[H. V. Lowiy, PhU. Mag. (7), vol. n, p. 1184 (1926).] 


• Proc. London Maih. Soe. (2), vol. xvi, p. 301 (1917). 
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3. If £ is the quarter period of eUiptio functions with modulus k and complementary 
modulus fc' »= (1 — k*)^, prove that 

K^lFihhUk-^) 


2A;' Hi - W 


“2{l-fc)^ (I + fc)*) 

- ^ (m))" {*•*- ■- ItI} 

The last series is recommended by Lowry for the calculation of K when k is nearly 1. 

4. Prove that if n is a positive integer the equation Pn~i ( 2 ) = 0 has no root which lies 
in the range 1 < z < 3. 

6. Prove that if 2n + 1 0 

1 D /I 0-2 • 2 m • ^ sin (271 + 1)^ 

i P„(l-28m»asm*fl)smada = ^2«-iysSb- 

6. Prove that if n is a positive integer 

Pn ( 1 — 2 sin* a sin* 0) = [P„ (cos 0)]* + 22 ^ j [Py^"* (cos 0)]* cos 2ma 

and deduce that for 0 < ^ < tt 

fP (cog 6in(2w+l) g 

*• " ' '■* (2m + 1) sin® 

Hence show that the roots of the equation P„ (cos ^) = 0 can only lie within certain 
intervals in which sin (2n +1) ^ is negative. 


§ 6*43. Potential functions of degree n \ where n is an integer. If we 
apply the imaginary transformation (I) to the potential functions of 
degree zero and — 1 we find that if and F { ), G { ) are 

arbitrary functions of their arguments, the functions 

V={x- *>)-! (p -iz) + 0 (^")] , 

F = (a: + iy)-i {p - iz) + G (^-^)] 

are solutions of Laplace’s equation. In particular, 

(x — iy)’~i {p — iz)^+^ 


is a homogeneous solution of degree n + Differentiating this h times 
with respect to x we obtain a solution which may be written in the form 


k 

2 

«»»0 
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The typical term of this series is a constant multiple of 

3^- 




dx^~ 


(p — 


and when the derivative in this expression is expanded in powers of x, the 
coefficient of is 

/I d 

[yipj 

Now a: = Ip 4 - 

consequently the term involving x^~^ gives rise to a term in our series with 
the exponential factor and a number of terms with exponential 

factors of lower order. Taking all the terms with the exponential factor 
we must get a solution of Laplace’s equation and this solution is 
represented by the series 

V = et<«.+i)* s (p _ 

k ! (2.9) ! 

2A:4a _7)1- 

We may conclude that if /(a) is an arbitrary function with a suitable 
number of continuous derivatives, the series 

V = et(t+i)* I ® - iz) 

s-0 \P <^p/ 

is a solution of Laplace’s equation. 

§ 6-44. Conical harmonics^. When V is independent of </> a set of 
solutions suitable for the treatment of problems relating to a cone may be 
obtained by writing r = ce\ V = (cr)'i u. The equation for u is then 


wher 


re 


Cs-{-Y 


d 

dp. 


(1 


du) . d^u 
ds^ 




- iu-= 0, 


and there are solutions of type u = cos (ks) (p), where {p) is a 
solution of the differential equation 

d 

dpY^ ^ ^ dp^ 


(l- 


Mehler writes 


{p) = - cosh 


(kn) 


00 cos ka . da 


0 [2 (cosh a + ix)]i’ 


and remarks that (ja), (— /x) are two essentially diiferent solutions 

♦ F. G. Mehler, Math, Ann. Bel. xviii, S. 161 (1881); C. Neumann, ibid. S. 195; E. Heine, 
Kugdjunkhoneny Bd. ii, S. 217-250. 
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of the differential equation. The function (fx) can be expanded in a 
power series 




(ix) F ki,\ - ki) 


— 1 -f 


4P + P (\^ix\ (4^;^+ 1-) (4A,-^ f 3^) (\ - p 


22 




22.42 


V 2 




and its relation to the Legendre function becomes clear. 
There is also an expansion 

L 2M ^/tt 


if {fi) 




, , , + 1- „ (4t® + P) (4/:^ 4- .'>2) 

Where L = I + 5 -^-^ITs " 


/.L" 


if - u + ... + + J!) „> + 

■ 4.6 ' ' 4.1). 8. (10) * '■■■ 

Problems relating to a cone have also been treated with the aid of the 
ordinary Legendre functions*. 

If, for instance, there is a charge q on the axis of z at a distance a from 
the origin, and the cone 0 = a is at zero potential, the potential V is given 
by the series 

F = - 2 {qja) S (r/a)« 


= — 2 {qjr) S (a/r)” 


sin* a ( 

“Un apL 

Pn ( m ) 


sin^ a 


r <a 


r > Qy 


^SFndPn\ 

dn dfx Je^a 

where the summations extend over all the positive values of n which 
make P„ (cos a) = 0. 


EXAMPLES 

1. Prove that when 0 < 6 < 

R«> (CO. «) . r (! + 1 - l;,|n.») 

42 42 ^ g 2 

When ^TT < 6 < IT the series represents (— cos 9), 

2. Prove that 

2 [*• cosh (fl^) dp 
K (°os0)-^j^[2(co8^-cos0)]i’ 

3. Prove that 


(r^ + — 2rc cos 0) I — (rc) I ( (— cos 9) dk. 

Jo cosh (kn) 

* See, for instance, H. M. Macdonald^ Camh. Phil. Trana, vol xvm, p. 292 (1899). 
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4. Prove that when k is large and positive 

(cos 0) e^^(\ + S) {2‘Trk sin 

where S 0 as k -> co. The point 6 = n must be excluded, for K (cos 6) has no meaning 
for 0 = rr. 


5. Prove that 


cosh (kn) idx 


irik) t \ 

^ ^ . io 

(- a) f 

It J I V- II ’ 

f Jf (cosh u cosh V — sinh u sinh v cos «^) (cosh u) (cosh v), 

Jo 


/ (x) = (x) tanh (kn) k<t> {k) dk, 


show that under suitable conditions 


^(k) — j (^)fM dx. 


The results of examples 1-6 are all due to Mehler. 


§ 6*51. Solutions of the wave equation. These may be found with the 
aid of the Green’s substitution 

X ^ ssina sin cos <56, y = 5 sin a sin j8 sin (f>, 
z ^ s sina cos )8, ict = s cos a, 

dx^ + dy^ 4- dz^ — c^dt^ = ds^ + s^da^ + sin^ a d^^ + sin^ a sin^ p . dcf}^, 
d {x, y, z, t) = 8^ sin^ a sin j8 d (5, a, )3, (f>). 

The wave equation now becomes 
d'^u 3du 2 du 1 d^u 
ds^ 5 05 ^ da da^ 

^ s^ sin^ a sin^ /3 0j8 \ ^ ^ d^J sin^ a sin^ j8 d(f>^ ~ * 
and possesses elementary solutions of the form 


if 


u = s^A (a) B (j8) cos m {(f> — </>o) 




2 cot a 


+ \v (v -{■■ 1) 


-\-\n(n + 2) - 


sin^ jS 
V {v 1)’ 
sin^ a 


JS=0, 

^ = 0 . 


We may thus write 

B == CiP ^" (C08 (cos ^3), 

A ^ V cosec a [6iP' +* (cos a) + biQ'^+\ (cos a)], 

where c^, C2; fci, 62 ^re arbitrary constants. On account of the reciprocal 
relation between the Legendre functions we may also write 

A = cosec a [ciiPZ^ll (i cot a) + (i cot a)], 

where ai and Og are new arbitrary constants. 
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The analysis is easily extended to Laplace’s equation in n -f 2 variables. 
The appropriate substitution is 

a?! == r cos 01 , ajg = r sin 0i cos r sin 0i sin cos 0 ^ , 

^n+i = ^ sin 01 sin 02 ... sin 0„ cos ^ sin 0i sin 02 ... sin 0„ sin (f>, 

and Laplace’s equation becomes 

^ ^ ’ sin” 01 sin”-i 02 . . . sin 0„ sin” 0i sin”-i 02 . . . sin 0„ j 


dr 


+ sin”'-2 0 ^ sin”-i 02 ... sin 0„ + ... 

0 r 

+ I r”-! sin”-* 01 sin"-® 62 ... cosec 0„ 

Assuming that there is an elementary solution of type 

u== R{r) 01 (0i) ©2 {O2) ... 0„ (0„) cos (m<l> + e), 
we obtain the equations 

^ + cot d„ + [v„ («/„ + 1) - m* cosec* 0„] 0„ = 0, 


du 


d^Q, 


+ {n 5+1) cot dg + [vj (vj + «. — s + 1) 


- »'s+i {»'.+i + n- s) cosec* 0,] 0, = 0, 

d'^R n + \ dR (•'1 + **■) p _ a 
dr^ r dr r* ’ 

and so we may write 

0 „ = (cos 0„) + (cos 0„), 

0j = (cosec 0s)i<”-’> (cos 0,) + BgQ^/> (cos 0,)], 

R = Av'i + Br-^—i, 

where u), = v, + I (n — s), a, = v^+i + \[n — s). 

If in place of Laplace’s equation we consider the equation* 

ti+ 2 r/ 

S ^^+*27=0, 

s==l 

the analysis is the same as before except that now the equation for R is 


d^R n \ dR 


dr^ ^ r 


dr 


+ 


hi - ” 1 

* “ r* _ 


i? = 0. 


and the solution is ^ 

B = {!cr) + {kr)] . 

If vi = 5 — \n, where s is an integer, one of these Bessel functions must 
be replaced by Y, (kr), the second solution of Bessel’s equation. 

♦ E. W. Hobson, Proc, London Math, Soc. vol. xxv, p. 49 (1894). 


B 


25 
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It should be remarked that the elementary solid angle in the generalised 
space for which Xg, ... rectangular co-ordinates is 

rfeo sin"" 0^.sin”~i ft, ... sin 6^ d (6^, 0^, ... 

When this is integrated over all angular space the result is 


s[rm 



where s == + 2. See, for instance, P. H. Schoute, Mehrdiniensionale 

Oeometrie, Bd. ii, S. 289. 

For ordinary space n and the foregoing result tells us that the 
equation f Ic^V ----- 0 is satisfied by 

V = r’i {kr) (cos 6) cos mcj). 

In ])articular, when 6^ = 0 we have the solution 

V ^ r-kJK {kr) = {2lk7r)i 

and when 5 — I there is a corresponding solution 

r=-r-U_j (kr) -^ 

These may be combined so as to give the solution 



which arises naturally from the wave-function 

y ^ ^ ^ikict-r) 


suitable for the representation of waves diverging in three-dimensional 
space. This type of wave-function is fundamental in the theory of Hertzian 
waves and also in the theory of sound. The general function r~i (kr) 
can be expressed in the form 


C7 (a) ™ (2or)^ 



and is easily seen to be of the form 

P, (a) sin a + (ct) cos a, 
where P and Q are polynomials in a~^. 

For some purposes it is convenient to use the notation 

(^) = (*), 

X« (^) = (-)" J-n-l {X) = - {\ttX)^ {X), 

Vn (a:) = 4>n (^) - % (a;). 


In (X) = >pn (X) + iXn (x)- 
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These new functions are connected with Hankel’s cyhndrical 

functions by the relations 

(X) = (J77x)i (X), (X) = (X). 

When I a: I is large and | arg a: | < tt we have the asymptotic expansion* 

W ^ + 4” '"+ 

/ ^ \2 {n - 1 ) n {n -j- 1 ) (/i + 2) 1 


The series terminates when n is an integer and gives an exact repre- 
sentation of the function. In this case we may write 

y /7 X • ^1 1, fi i r. (n 1) ( i ^”(271!)" 


i Y {2n\) 
2kr; n\ ’ 


and when kr is real a series for | (At) may be obtained from the linear 
differential equation of the third order satisfied by (kr)Y, [xn and 

ipn {kr) Xn {kr). This series 

I C„ (kr) [2 = 1 + (n + 1 ) ^ 1 (,i _ 1) ^ + 1) („ + 2) 

1.3 ... (2a- 1) 1 
^ ■■■ ■ 2.4 ... 2n ^ ” (A:r)2«’ 

which contains only positive terms, shows that | {kr) | decreases as kr 
increases, hence, if a series of the form 

2 {kr)f^ (0, cf>) 

n==0 

converges absolutely for any value of kr greater than zero, it converges 
absolutely for all greater values of kr. 

For small values of | r | the function (At) is represented by the series 

X [!_ (kr)^ (kr)^ _ •] 

^ 1.3 ... (2m+ 1) L 2(2w+ 3)'*'2.4(2n 1 3)(2w+ 5) ■"] ’ 

which converges for all values of r. For large values of | r | we have 
approximately 

(kr) = ^ + (- 

This formula is exact when n = 0 and i/j^ {kr) = sin At, and when 
n — — I and {kr) = cos kr. In other cases it represents simply the first 
term of an expansion which terminates when n is an integer. It should be 
remarked that 

, , sin A^r 


4>i (kr) = 

'l >2 (kr) = ^ 


COS kr. 


— 1 sin kr — T- cos At. 


♦ Whittaker and Watson, Modern Analysis, p. 368. 


25-2 
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The functions (^) be calculated successively with the aid of the 
difference equation 

(2n + 1 ) (x) = X [^^^1 (x) +Vn+i (^)l 

while their derivatives may be calculated with the aid of the relation 

(2w + 1) = (»+!) (x) - (x). 

Similar relations may be used to calculate the functions and their 
derivatives. 

These functions are particularly useful for the solution of problems 
relating to the diffraction of waves by a sphere*. 


EXAMPLES 

1. Prove that if z = r/i 

slwr 

and deduce that 

■%/ 2kr ^ j [Bauer.] 

2. Show by means of the result of Example 1, that 



*^n+* (^) ^ w 4= n 


2n + 1 


3. Prove that 
sin k V 


= Jo vra ^ ('*>• 


[Clebsch.] 

4. If + a* — 2ra/x and n = prove that 

” ^ 

where /„ (kr) = (ka) ili„ (kr) or (kr) ili„ (ka) according as r is less than or greater than a. 

[Macdonald.] 

6. Prove that (ka) {„' (ka) - (A^a) (A») «= - i. 


6. Prove that if = r® + a® -- 2or/i 

, n sin (A;i?) , sin (At) sin (ka) 

W' 

, COS (kR) , sin (At) cos (A») 

r<« 

COS (At) sin (A:a) ^ 

= — I — — 1 r> a. 


[Rayleigh.] 


* See for instance. Lamb’s Hydrodynamics, 6th ed. p. 495; H. M. Macdonald, Proc, Roy, 8oc, A, 
vol. xc, p. 60 (1914); G. N. Watson, ibid. vol. xcv, p. 83 (1918); Lord Rayleigh, PhU, Trans, A, 
vol. ccm, p. 87 (1904); Papers, vol. v, p. 149; A. E. H. Love, Proc, London Math, Soc. vol. xxx, 
p. 308 (1899). 
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§ 6*52. There is a second method of 'deahng with the homogeneous 
wave-functions which is due to Stieltjes*. 

If we write 

X = u cos (f>, y — u sin z = v cos x, w v sin x, 
the equation UW — 0 becomes 


d^W d^W Id^W 

du^ u du~^ d<f>^ dv^ v dv 3x^ 

This equation possesses solutions of type 

W = f {u, v) 

ay 2m + 1 0/ ay 2/: + ia/_ . 
du^ u du'^ dv^ V dv 


(A) 


This equation belongs to the class of “harmonic equations” studied by 

Euler and Poisson, it retains the harmonic form in which the variables are 

separated when the variables u and v are subjected to a number of 

transformations of type . ^ . 

u + tv == F ^7]), 


The general theory of these transformations has been discussed in 
Ch. IV. At present we are interested only in the particular substitution 

u iv = 

which transforms the equation into 
dw sm Id^ 1 ^ 1 dW 

ds^ ^8 ds ”^5^ dd^ 8^ cos^ 0 d(f)^ ^ sin^ 0 3x^ 


cot 0 — tan 0 SW _ ^ 

+ p dj ~ 


Putting coa 20 = /x we find that there are elementary aolutiona of 
the form ^ ^ 


where 0 satisfies the differential equation 


d 

dfj, 


(1 - f-i*) ^11 + 0 ^ (« + 1) 




2(1 + ^) 2(l-jx) 


^-.4 = 0. 


•(B) 


This equation is satisfied by 

m k ^ 

0 = (1 + fJif (1 - fJif F (n + I ^ p,p - n\ k -f- 1; — 


where 2p = m k and F as usual denotes the hypergeometric series. If 
71 — 2 ) is a positive integer the series terminates, and if n is also a positive 
integer we obtain a solution in the form of a polynomial. 


* Comptes Rendust t. xov, p. 901 (1882). 
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p we have a solution of equation (A) which may be 


Writing v == n 
written in the equivalent forms 
/ = (u^ + v‘^Y F {v m k 1, — Ijt") 

/ \ / O 9\ ^ “f" 1 ) r {k “f" 1) 771 / 7 


1, 


- i';m+ 1; 1 -r) 


F 


m 


v:k + 1 : 


\ 

u^/ 


l^(p + m+ l)r(A;+ 1) 


^ r(y+ A:+ l)r(m+ 1)^ V 


p, — k — i^; m -h 1; 


u^\ 

vC’ 


where 


1 - T = 


To express a given wave-function in a series of elementary wave- 
functions of the present type we need an expansion theorem relating to 
series of hypergeometric functions. A formula for the coefficients in such 
a series was given long ago by Jacobi and is derived in § 6*53. The con- 
ditions under which the series represents the function were investigated 
by Darboux and have been studied more recently by other writers. 
Corresponding studies have been made of other series of hypergeometric 
functions. Some references to the literature are given in Note III, Appendix. 

An interesting reciprocal relation between solutions may be obtained 
by making use of the fact that if 




— rtr,2 


7 = 


2(x-iy)’ 2{x-iy)’ 

and if / (Z, 7, Z, fF) is a solution of 


X 


ly 


aw 

X — iy 


W = — ~ 


dw d'W ^ 9^^ _ n 

dx^ + 0 72 + 922 + adf 2 - 


then 

is a solution of 


V = (x~ r, Z, W) 

0, 


d‘^v d‘h d-v d^v 
I "b ~b 


' dif ' 

when considered as a function of x, y, z, tv. Now, if 
X ^ s cos 9 cos (f), y s cos 9 sin 0, s sin 9 cos x, 


w = s sin 9 sin x, 

S cos 0 sin O, Z^ S sin 0 cos X, TF = /S sin 0 sin X, 


a V'*', cos 0 = sec 9, X = x> 


X=^ S cos 0 cos 0,7 = 
we have the relations 

and so a solution 

gn QQQm 0 gjjjfc Q(,i{m^rkX) Q (jqq 0) 

corresponds to a solution of type 

— {S cos 0e~*^)~^.sec”^ 9 {i tan 9Y .{sjia)'^ G (n, m, k, sec 9) (ia)” 
i.e. (cos (sin 9Y G (n, m, k, sec 9). 
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EXAMPLES 

1. Prove that if 

(w, m, k) = cos^ B sin^ F (:^n + 1 -f + \k, \m \k — \n\ ifc -f- 1; sin* 6 ) 


r (^n H" ^k -h 1) 


then 


r(A:4-l)r(in-im-p+l)’ 

( 9 * * ay) ^■) = 2 (» - 1, m + 1, k), 

( d d \ 

— i (n, m, k) = l(n + m — k) (71 + m 4 k) (n — I, m — I, k), 

^dz k) ~ (k — n ~ m) {n — 1, m, k + 1), 

( d 3 ^ 

dz“~ ^ dw) '^y k) ~ (n + m 4 k) {n — 1, m, A: — 1). 

2. Prove that \i u = y ~ z, v = z — x, 70 ^ x — 7jy the differential equation 

, .d^v , , , a-p ,ap , ,ap , ,,ap 

dydz aTfe ■'■ dxdy ^ ax + <>' - “> ay + a^ 

possesses a solution of type 


14 2a— ^ — y — m 24y4a — 2/8 — 2m ?;n 

3 ~ ^ " 3“' ~ wj' 

When this solution is a homogeneous polynomial of degree m in :r, y and z it can be 
expressed in six different ways in terms of the hypergeometric function, the arguments 
being respectively 

V 7V w u u V 
u* V* tv* w' 

3. If u iv ~ a cosh (a 4 iP) 

and X = u cos y — u sin <t>, z — v cos y, id ~ v sin y, 

the wave-equation becomes 

a*ip a*ip a IP aip a*ip 

~aa* ^ ~d^ ^ ^ a + 2 cot 2j3 4 (cosech^a 4 cosec* P) 

dHV 

4 (sech* a -- sec* p) = 0. 

0<p^ 

Hence show that there are simple solutions of type 
IP == (cosh 2a) 0 (cos 2p) 

where A*, m and A are arbitrary constants and 0 {y) satisfies the differential equation (B). 


P - u^F 


? - 


rriy 


4. Prove that the differential equation 

a^p a^p a^p 

dx^ ^ a?/* ^ dz^ 

possesses simple solutions of the types 


1 a^p 

c* dt^ 


4 hW = 0 


P = 5-V2„+i(/w)0(At)e*^+*H 
P = (hu cos a) Jjc (hv sin a) 


and deduce the expansion of the second solution in a series of solutions of the first type. 
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§ 6'63. Jacobi’s polynomial. The function 

(r) = F {n + m + h — n \ 1c + 1 ; t) 
may be called Jacobi’s polynomial*. It may be expressed in the form 


{k +!)(* + 2) ... (A: + n) (1 - r)- (t) = [t*+» (1 - . 

(C) 

With the aid of this formula and integration by parts it is easily seen 


that 


[^H^{T)H^.{T)T^{l-T)^dT==0 

Jo 

, _ r (ti + 1) [r {k + 1)]^ r (m 4 - ^ + i) 

~ m + A; 4 2n + \ 1) F (A: 4 ^ 4 IK 

vf — A: > — 1, m> — \, n'~n> — \. 

When m 4 A; == m — A; = 2g where p and q are positive integers, the 

polynomial can be expressed in terms of the Legendre polynomial with the 
aid of the formula 



2^{p-q)\n\ [n , P 

(n + 2p)\ dp4 



p>q. 

Many interesting expansions may be obtained by expanding special 
solutions of the equation (A) in series of Jacobi polynomials. A few of 
these will now be mentioned. 

In the first place we have the two associated expansions 

(1 - ^ (Vh 

H, {$) H, {r,)= i B,{1- $- r,y H, ( ), 

where 

A„ = {m + k + 2n + 1) 

r (ra + )!; + 1 ) r (jo + \)V (p + m + 1 ) F (w + m + k + 1 ) 

^ r (?i + m + 1 ) r (p - 71 -Ti) r (n + l) r (A; + 1)T (p + n + m + k + 2 ) ’ 

r (g + 1 ) r (tti + ^ + g + p + 1 ) r (5 + 777 + 1 ) r (i; + 1 ) 

(p + 1 ) r (s — p + 1 ) r (s 4 - 771 + + i) r (p + 777 + i) r (« + A; + i)* 

A proof of these relations may be based upon the fact that if we make 
the transformation 

77 * = (1 - ^) (1 - 


* C. G. J. Jacobi, CreUe’a Journa\ Bd, vn, S. 156 (1859); Iferfce, Bd. vi, S. 191. 
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and take ^ and aa new independent variables the equation becomes 

^ (1 - ^) 1^2 - [(»« + 1) ^ + (A + 1) (^ - 1)] I 

= “ ’J) + 1 ) ■>?+(*+ 1 ) (’J - 1 )] 

and is consequently satisfied by/= -//g (^) (17), 

To determine the coefficients jB^, in the expansion of this solution in 
terms of the solutions already found it is sufficient to put r) — 0 and to use 
the expansion a 

S B,(l- 

p=0 

which is already known. To find the coefficients we put 7; = 0 in the 
other expansion; we have then to find the coefficients in the expansion 


( 1 - 2 
n— 0 

This may be done by evaluating the integral 


1 


rjk+i) 

r (A: + n + 1) 


[^^*:+n(l_^)m+P^^ 

A; Jo 


r(A:+ i)r(p+ 1) 


r {k n + 1) r + 
rjk + j. ) r {p +1 ) r (m + y + 1) 

^ T (p — n 1 ) r {m k + n + p + 2 )' 

In the particular case when m = A; = 0 we obtain an expansion which 
may be written in the form 




H- 

l)r(n- 5 + l)r(n + s+2) 


When ja' = 1 this gives the well-known expansion 
+ , ,V [r(n-f-l)? 


i\n n 

‘) = S { 2 s+ 1) = 
/ 8-0 ^ 


{n — s + 1) r (n -f- s 2) 


Ps (h-) P» (P’')' 


p, (P')- 


The second expansion gives 


P‘ ^ [r {n + 1)P f (s I + 1) 

If we write 

1 + fj-fi' 




2x= IX, + fi', y = 


11+ IX. 
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the quantities /x and /x' are the roots of the equation 

02 - 29x -j- 2xy - I 0. 

In particular, if y = 1, we have /x' = 1, /x ^ 2a; — 1. 


§ 6*54. Some further interesting results may be deduced from the fact 
that if V (x, y, z) is a solution of Laplace’s equation, then 

W {x iy)'^ V {Vx^ 4- 2 ;, ict) 

is a solution of the equation. 

In particular, if we take the solid harmonic 
V = (cos 0') 

m 

where P ”^1 a) - H — C ™ (a) 

" (/X) 2-‘l' (ni [ 1) l’(ri- m-1 ]) ^ 

(/x) --- P fw I « 4 I, m - n; ?« + 1 4 , 


we obtain the wave-function 

IF - {u^ 4- v^Y 


u 


W nr 4- ^;2 


Comparing this with the type of wave-function already obtained we 
find that 

(mr^ n \ m ~ n \ 

cy y — 9 ; w + 1 ; 1 ~ ja2 1 n — m even, 


V 


C/- (p) - F 


' 7)1 4- 71 ( 2 ni — n I 
2 ’ 2 


1 ; 1 - fx^) n- 


7n odd, 


the conditions under which the series terminates being given on the right. 

The expression (C) for Jacobi’s polynomial now gives the interesting 
formulae* 


Pi, M - J r f* 

where ^ = 1 — [P. 

Writing 

$= I - fi-, -)} = 1 - ^2, = 1 - 4^ 

f -f TJ - 1 




-f 1^2 


r 


* Given explicitly by A. Wangerin, Jakreshericht deutsch. Math. Vercin, Bel. xxii, S. 385 (1914). 
The formulae are both included in the general formula given on p. 122 of the author’s paper, 
Proc. London Math. Soc. (2), vol. tii, p. Ill (1905). 
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the two expansion theorems give 

+ i) r r ^ 

(^2 + ^2_ 

' (p - 6 ‘ + 1) r (p + s + 1) 

-P2n (^i) An (»') 

,+p T(n + p+ 1) 
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'(P + 5+ I) 


= (2s + f ) A...i (m) A^+i (>'), 


3\ As (M') As ('^)> 


r(p + i)r(p+ i)r(n-p+ 1) 

An+l ip) An+l (*') 

= S (— )"+J» r (ra + p + 

j)-o r* (p + i) r (p + 1 ) r (w — p + i ) 






EXAMPLES 

1. Prove that the differential equation 

d^y 
dx^ 

is satisfied by 

tj — sin’” X cos’ 


[_ sm^ X cos* X J 

^ ^ /m -h n -i- k m -{■ n — k , • ^ \ 

\”xF( 2 - 2— + *)• 


Show also that 

is satisfied by 
2. Prove that 


2 ’ 2 

[G. Darboux, Theorie des SurfaceSy t. n, p. 199 (1889).] 


d^y 

dx^ 




y =. e’‘^ F^- n,n + l;\ - Tc-,^ 


( 1 i „\m 

n + m 4- 1; m + 1; J (1 + ft)] 

[r(m + l)f r (w 4 - m + 1) (25 -f 1) Pgip) 


(-)”2 


r(5 — w4- I)r(5 4-m4-w4-2)r(m4-ri4' 1—5)’ 


(cos B) P„ (sin 6) = 


[r (2n4- l)T 

22” [r (W4-1)P 


j^cos” 0 sin” i 


n^Jn - 1)2 
2 (2n ^lY(2n ~ 3) 


1 4- /X I < 2, 

*COS”""2 Q sin”~2 Q 


n^0,-l)Hn-2)An~3f _ cos-* 5 sin-^ 0 

^ 2.4 (2n - 1)2 (271 - 3)2 {2n - 5) (2?i - 7) 




3. li u - x~^ prove that 


1 d^ 

X^”‘+*P2n.W = ^^^[2:(l-An 

1 fim 

(*) = ^ , [2^ (1 - 2:^)™]- 
[L. Koschmieder, Eev. Mat, Hispano-Amer. (1924).] 


§ 6*61. Definite integrals for the Legendre functions. Some useful definite 
integrals for the representation of Legendre functions may be obtained by 
deriving Newtonian potentials from four-dimensional potentials by inte- 
gration with respect to one parameter. 
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Starting with thp four-dimensional potential 
W = f {x iy,z + iw), 

we derive a second potential W from it by inversion. 

If we have 

w - ^ fP + ^ 

and a Newtonian potential is derived from this by integrating with respect 
to w either between — 00 and 00 or round a closed contour in the complex 
w-plane. In particular, we may obtain in this way a Newtonian potential 

„ _ 1 (x-l- iy)™ (z -f iw)”-™dw 

^ ^ J_oo (x^ + y^ + z^ + ’ 

which may be expected to be a constant multiple of (cos 6) 

We thus obtain the formula 


Pn”' (/X) 


2- r(n^ 1) [- (/it 

77 r (n ~ m + 1) J^oo (1 + 


n> m, 


which is certainly valid when n and m are positive integers as a simple 
expansion shows. The corresponding formula for (/i) is 


Pn (ix) = - J _ 


(/X -f it)^dt 

(1 + ^2)n+l 


n > — 1, 


and the formula for (fi) may be derived from this by differentiation. 

The last result may be obtained directly by expanding both sides of 
the equation 

[x y {z a) ] - ^2 _|_ ( 2 ; ~ a)2 (w — ia^ 

in ascending powers of a and equating coefficients. The general formula 
may likewise be obtained for positive integral values of m and n by 
expanding the two sides of the equation 
. [{x — 6)2 + ( 2 / ~ i6)2 + (2 — a)2]~i 

1 dw 

~ 77 J _oo (a; - 6)2 -f- (2/-i6)2+ (2- a)2-f (1/;- ia)^ 
in ascending powers of a and 6. We thus obtain the expansion 


, 00 n 1 fjn—mhm 

[(X - 6)2 +(y- iby +{z- a)2]-i = S 1. -- (y) 

n«0 7n«0^I ^ ^ 

which is easily obtained from the Taylor expansion 

n hm 

Pn (cos 0 + A: sin 0) = S — : P^^ (cos 6), 

m-O ^ • 

by writing i 
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A formula for (/a) due to Heine* may be derived from the fact that 
if t^ = -i- w^, the function 

W = t-^f(z 4 - it) 

is a four-dimensional potential function. 

Writing w == p sinh u, where p^ = + y^, the integral 


takes the form 


1 

F = - Wdw 

J-oo 

1 r°° 

V = ~ \ + ip cosh u) du. 

“TT J ^00 


With suitable restrictions on the function / this integral represents a 
solution of Laplace’s equation. 

In particular, if x, y and 2 are not all real quantities 

j = 1 1 ( 2 ; ip cosh du 


or (^) = ^ j [5 4 - {s'^ — 1)^ cosh du. 

J — cx) 

This equation may be deduced from the well-known formula 
Qn (S) = ~ 

with the aid of the substitution! 

^ ^ e“ (s + l)i - {s- l)i 
~ e“ (s + l)i + (5 - 1)*‘ 

When X, y and z are real the corresponding formula is 

foo 

{z 4- ip cosh du = (p) — |i7rr-”-ip„ (/x), 

Jo 

where z = pr, 

EXAMPLE 


Prove that, if a > 0 and \2z\ <1, 

(I - 2z + it)-^ dt 27rr(a) 

J -00 (1 + ity-^ (1 - " 2« r (c) r (a 4- 1 


’F(a,h;c;z). 


Show also that in the analytical continuation of the integral the line 2z = 1 is generally 
a barrier. 


* Kugelfunktionen, p. 147. 

t Whittaker and Watson, Modern Anulyaia, p. 319. 
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§ 7*11. The diffusion equation in two dimensions. When cylindrical co- 
ordinates p, z are used we have 

X ^ p cos ^ sin 2 = 2, 
and the equation of the conduction of heat becomes 
dv \ dv I d‘^v 

di ^ p dp'^ 07 ^] • 

Let us first consider solutions which are independent of z. Writing 

V = (p) (I) 


the equation for R is 


ind is satisfied by 


d^R 1 dR 

dp ^ ^ p dp ^ 


R 




R 


^mJm i^P) + 


= 0, 
(Ap), 


where (Ap) and (Ap) are the standard solutions of Bessel’s equation, 
the definitions of which are given in § 7-21. In particular, when v is in- 
dependent of (f) the solution is of type 


B,Y, (Ap)], 

if A ^ 0, but when A = 0 the solution is of type 

V ^ A -i- B log p, 

where A and B are arbitrary constants. 

In the case of diffusion from a cylindrical rod r = 6 to a coaxial cyhnder 
which collects the diffusing substance we may use boundary conditions 
such as 

— 0 when p = a, ^ when p = b. 

If Q is constant there is a steady state given by 

Qb , a , 

V = — log - b < p <a. 

K p 

If there is no rod inside the cylinder but an initial distribution of 
concentration, say v = f (p) when ^ = 0, we may try to satisfy the conditions 
by a series of type 

v=- I. c„e-'’^n^* Jf, {ps„), 

where the quantities s^, Sg , ... are the different values of s for which 

J 0 i^n) ~ fi* 



Diffusion from Cylindrical Rod 399 

The solution of this problem is facilitated by means of the formula 

I rJ^ (rsj Jo (^^n) dr ^0 ^ , 

Jo 

Sm = «n- 

The solution (I) may be generalised by making A and B functions 
of A and integrating with respect to A between 0 and oo. Many interesting 
solutions of the equation may be expressed by means of definite integrals 
in this way as the following examples will show. 

\ 


EXAMPLES 

1. Prove that if -Sf = 

|%-«^^‘Jo{Ap)AdA = 2*^ e-s, 

/ cos (Ap) (Ap)-i Ai d\ = ( 

J 0 

These are particular cases of Sonine’s general formula (Ex. 9, § 7*31). 

2. Prove that 

r„ (Ap) A dX = 2^^^ [c + log S + I* («' - 1 ) <!«/*] . 
where C is Euler’s constant. 

3. Prove that / J„{Xp)dX = ^ e"**'’' h US), 

Jo 

Y„ (Ap) dX=-i {nKt)-i e-i« Ko ( JS). 

[O. Heaviside, Electromagnetic Theory, vol. iii, p. 271.] 

§ 7*12. Motion of an incompressible viscous fluid in an infinite right 
circular cylinder rotating about its axis. Let a> == cu (r, t) denote the angular 
velocity of the fluid about the axis of the cylinder at a distance r from 
this axis, then the equations of motion of a viscous fluid take the form 

2 

d^cj 3 doj 1 do) 
dr^ r dr v dt' 

If the boundary conditions are 

a> = jP (r) for ^ = 0, cu = (? (^) for r = a, 
the solution given by McLeod^ is 


= pr<u2, 


ro) - 1: 2aJi {Nr) [j (a^) Jj {Na^) d^ 

w=l Jo 

S 2vNJ^ (Nr) j (N) 0 (r) e^^^^dr, 

n-l Jo 


* A. R. McLeod, Phil. Mag, (6), vol. xuv, p. 1 (1922). Particular cases of the formula have 
been obtained by other writers to whom reference is made in McLeod’s paper. A paper by 
K. Aichi, Tokyo Math, Phys, Soc, (2), vol. iv, p. 2200 (1922) also deals with this problem. 
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where j (N) Jq (Na) = 1 and {Na) == 0, aN being the nth root of the 
Bessel function. When G {t) Q,= constant and F (r) = 0, we have the 

case in which the fluid is initially at rest and the cylinder suddenly starts 
to rotate with angular velocity O. 

When G (t) = 0 and F (r) ^ Q = constant we have the case in which 
the fluid is initially rotating with angular velocity and the cylinder is 
suddenly stopped. 

The case in which the cylinder is of finite height 2h may be treated 
with the aid of the equation 


0‘^a) 3 doj d^o) 
dr^ r 0r dz^ 


1 dco 
V dt ' 


This equation was solved by Meyer* by means of an infinite series of 
OJ = S Ji {Jcr}, 


where I, m, k are functions of n connected by the relation 

k'^ — — F. 


A. F. Crossleyt has given a solution of the case in which the boundary 
conditions are 

oj = Q (t) when z ^ 0 and co = Q (t) when r = a, 

Q (t) being an assigned function of t. This is the case of the semi-infinite 
cylinder. He has also considered the case when a constant couple of 
magnitude G per unit length acts on the cylinder. The corresponding 
problem for an infinite cylinder has been treated by Havelock J. 

Many years ago Meyer § apphed similar analysis to the problem of the 
damping of the vibrations of an oscillating disc and obtained the following 
relation between the coefficient of damping k and the coefficient of viscosity 


where / is the moment of inertia of the disc and 7i/2 is the frequency of 
oscillation. Kobayashi || has recently made a more exact calculation and 
has obtained a formula 


k== 


Tra^ 


(ip/zn) 


i , TrSa^p, 
21 




in which S is estimated by means of some approximations to be 2*11. 
Kobayashi’s formula, however, does not agree with experiments as well 
as that of Meyer, and the reason for the discrepancy is yet to be found. 
One possible explanation is that the component velocities u and w have 
been ignored. A fuller treatment of the problem has been commenced. 

♦ O. E. Meyer, Wied. Ann, Bd. xuii, S. 1 (1891). 
t Proc. Camb. Phil. Soc. vol. xxiv, pp. 234, 480 (1928), 
i Phil. Mag. vol. xui, p. 620 (1921). 

§ O. E. Meyer, Pogg. Ann. Bd. cxiii, S. 55 (1861); Wied. Ann. Bd. xxxii, S. 642 (1887). 
j| I. Kobayashi, Zeits. f. Phys. Bd. xui, S. 448 (1927). 
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EXAMPLES 

1. If w satisfies the differential equation 

d'^v \dv V dH _ „ 
dr^ r dr ' 

and the boundary conditions v = 0 for r = a, w = Vrja for z = v = 0 for z = — h, we have 



2. If t; = F for r — a, V = 0 for z = ± we have 

47 GO ^2m — 1) 7TZ Ii [(m — A) irr/K] 

® “ „1, 2m - 1 2A ir[(m - i) nalh]' 

[W. Hort.] 


§ 7-13. The vibration of a circular membrane. The equation of vibration 
in polar co-ordinates is 

dV^ ^ ^ [d7^ "^r 'dr'^'r^ > 

and is satisfied by 

w = {An cos kct -f Bn sin led) cos n {cf> af) Jn (^^)- 
The boundary condition w? = 0 for r = a is satisfied if {lea) — 0 . 
The roots of this equation may be calculated by means of the following 
formula given by McMahon* 

h ^ ^ Q _ I 4 (4n2 - I) (28^2 - 31) 

,a-p 3.WP •" 

where ^ (2n + 46* — 1), 

and k^a is the root corresponding to the suffix s in the series k^a, k^a, k^a, ... 
where the roots are arranged in ascending order of magnitude. 

For the fundamental mode of vibration (ti = 0) there is no nodal line. 
For the other modes there are nodal lines which may be concentric circles 
or diameters. The nodal lines for the simple cases are shown in Rayleigh’s 
Sound, vol. I, p. 331. 

The solution may be generalised by summation so as to be suitable for 
the representation of a solution which satisfies pfescribed initial conditions 

w Wq, _ = Wo for ^ = 0. 

ot 

For the determination of the coefficients in the series the following 
formulae are particularly useful. If k and k' are different roots of the 
equation {ka) == 0, 

[ dn (*»•) (Ic'r) rdr = 0 , 

Jo 

2 f"[^„ (kr)rrdr=a^J„' (ka)r.- 
Jo 

Annals of Malh. vol. ix, p. 23 (1894). See also Watson’s Bessel Functions, p. 605. 
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§ 7‘21. The simple solutions of the wave-equation. In cylindrical co- 
ordinates the wave-equation is 


d'^u I du 1 d'^u d-u 


dp' 


+ -V + 

p ^p 






1 d^u 
c^W’ 


+ = 0 , 
± l^Z = 0, 


R = 0, 


and possesses simple solutions of type 

u = B (p) Z (z) <I> (<^) say 

d^(i> 

d^Z 
dz^ 

k, I and m being arbitrary constants. The last equation is satisfied by 
R=^aJ,[p V(/c^^ T l^)] + bY^ \p V(P T m 
where a and b are arbitrary constants. When the lower sign is chosen it 
may be more advantageous to write the solution in the form 
B = Ip V(l^ - + /8A'„ [p - ^")]. 

where a and ^ are arbitrary constants. 

For convenience the definitions and a few properties of the Bessel 
functions are listed below; for a full development of the properties of the 
functions reference may be made to Whittaker and Watson’s Modern 
Analysis, to Watson’s Bessel Functions and to Gray and Mathews’ Bessel 
Functions, The notation used here is the same as that of Watson. 

The function (x) is defined by the infinite series 

i /^\-y (-)' {\xY+‘^^ 

s! r(m + s+ 1)’ 

which converges for all finite values of x. 

When m is an integer we have the relation 
’f-m (a;)= (^). 

and it is necessary to define a second solution of the differential equation, 
because in this case the two solutions *7,^ {x) and {x) are not linearly 
independent. 

The function Y„i (x) which gives the second solution is defined by the 
equation 

■ (X) 


r, (*) - lim ~ 


sin VTT 


1 


r 7T 


^-imn (jQg 


m+2s 


I (-F {¥) 

[3=0 s! (m + s)! 


2 log ilx) 


in +» 

-f- 2y — X 71-^ 
n=l 

where y is Euler’s constant. 


?l=l 




r (m — s) 
s ! 


]■ 
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When X is imaginary it is convenient to use the functions 

Im {x) = (ix), 

Fm (x) = {/_„ (x) - (x)} cosec rnn = A'_„ (x). 

When m is an integer (x) is defined by the equation 

(x) = lim K, (x). 

v-^m 

When I arg x \ < and R (m + J) > 0 the function (:z;) may be 
represented by the definite integrals 

Km " I coslima.da 

Jo 

'vm P /1\ fco 

eCO 

— {2x)^ 7T~^ r (m 4- I) (u^ 4- cos ii.dti, 

J 0 

In the first integral m is unrestricted. 

The functions (x) and Ym (^) satisfy the difference equations 

27}) 

Jm-1 (X) + Jm+l (•»;) = — Jm (a^), 

Jm{x) = (X) - J,n+1 (x) 

= Jm-l (a;) - ™ Jm (X), 

X-^'-^Jm.-s (X) = (-)" ^rn (a;)} . 


EXAMPLES 

1. Prove that 

{gi ^ * §yf 

Qx ~ ‘ dyj ('’> (P) 

2. Show that when m is a positive integer the relation ^ 

e»»i4 (ifcp) = 1.3 ... {2m - 1) 

may be deduced from Poisson’s relation 

j e~^ Jq (kp) dk = 1/r 

by differentiation. 

26-2 
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3. Prove that 

{k + * ki) (p) J„ (p) 

^ _ 2 \ 

^'^m+s— 1 (p) *^w+l (p) 2 2 *^m+s—2 (p) *^n+2 (p) + ••• (p) *^n4-s (p)]> 

(g^ - »■ ay)* •'n (p) «'’"+">•*] = [J„_, (p) J„ (p) 

+ (p) J„_, (p) + (p) J„_, (p) + ... (p) y„_, (p)]. 

4. Prove that 

( - f Qi + k)‘ “ lo (p) 

2"(^pri^„_i (2p) = 2 (p)-^„-m-i (p)- 

m=:0 ^ ' 


§ 7-22. The elementary solutions involving the function {Ip) are 
useful for the representation of potentials of distribution of charge located 
near the axis of z. In particular, for a point charge at the origin, we have 
the formula of Basset 

" v(?T75-) “ <'<’> ““ 

and from this we may deduce the potential of a line charge of density / {z) 


V K,{lp)dir cosl{z- i)fa)dC 

^-00 

In the neighbourhood of the axis p — 0, this function 
infinite like 

2 , 


loK P 


dl 


<;o.s I (z - C f (f) d^. 


V becomes 


If f (z) is a function which can be expressed by means of a Fourier 
double integral, the foregoing expression becomes 

- 2/ (z) log p 

at a place where / {z) is continuous and 

- [/(Z - 0) +/(Z + 0)]log/5 

at a place where / {z) has a finite discontinuity. This theorem relating to 
the behaviour of the potential of a line charge may be made more precise 
by means of modern results relating to Fourier integrals. The theorem has 
been generalised by Poincare*, Levi-Civitaf and TonoloJ so as to be 
applicable to a charge on a curved line. When the curve is plalie the 
quantity p in the foregoing formula is simply the normal distance of a point 


* Acta Math. vol. xxii, p. 89 (1899), 

t Rend. Lxmei (6), t. xvii (1908); Rend. Palermo, t. xxxiii, p. 354 (1912). 

X Math. Ann. vol. lxxii, p. 78 (1912); see also A. Viterbi, Rend. Loxnbardo (2), t. XLii (1908). 
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from the curve, but when the curve is twisted the expression for p is more 
complicated and the conditions for the vahdity of the formula harder to 
find. Levi-Civita attributes the asymptotic formula for V to Betti, 
Teofica delleforze Newtoniane (Pisa, Nistri, 1879). 


EXAMPLES 


1. The potential of a row of equal unit point charges with co-ordinates 
a: = i/ = 0, z = 27m (n = 0, zb 1, i 2, ...) 

can be expressed in a simple form by adding a compensating uniform line charge on the 
axis of z. The total potential is then 


-ii: 


Wdw, 


where 


W = 


1 r sinh u 
2u Lcosh u — cos z 


= - [e““ cos z -f cos 2z + ...], 
u 


and u — {p^ + w^)^. Prove also that 


V — - 2 Kq (nr) cos wz, 

^ M = l 

and obtain Appell’s formula (used in crystal theory by E. Madelung*) 

2 00 


F==(7-f- 




-f - 2 Xq (nr) cos nz, 

TT 


for the potential of the point charges, G being an infinite constant. This result is allied to 
the general theorem of Lerch [Ann, de Toulouse (1), t. iii (1889)], which states that if « > 0, 


'■ir(5+J) 2 [(x — mf + u^] ^ i = r(5)2^ -b 2 2 cos 27ma;, 


where 


. r 00 o 
An = / e " * z 

J 0 


^ dz. 


2. Prove that a particular solution of the equation 

dW , 2s-hldV 'dW 








F = p-» 2 K, [(p/o) - a^B)i] (" cos — (z - C)f{0 U. 

n=l Jo ® 

Examine the behaviour of this solution in the neighbourhood of the axis of z. 


§ 7-31. Laplace's expression for a potential function which is symmetrical 
about an axis and finite on the axis. Let us suppose that the potential 
function V is continuous (D, 2) within a sphere S whose centre is at a point 
0 on the axis of symmetry of the function, then by the theorem of § 6*34 
V can be expanded in a power series of ascending powers of the co-ordinates 
X, y, z oi a point relative to 0, The fact that V is symmetrical about thej 

1 

* Phys, Zeit, Bd. xix, S. 624 (1918). Another method of calculating the potentials of periodic 
distributions of charge is given by C. N. Wall, Phil. Mag. (7), vol. m, p. 660 (1927). 
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axis, which we take as axis of z, means that this power series can be 
expressed in terms of p and z and so is of the form 

F = 2 a„r«P„ (/x), 

where On the axis oi z, fx = ± I and (fx) = (± 1)”. 

Therefore V = S a„ (± == S 

If the value of V is known on the axis and V can be expanded in a 
series of this form, the coefficients are known and the function V is 
determined uniquely. Similarly, if we have on the axis 

F - S 

the expression for V is given uniquely by 

F==S6„r— ip, (/x). 

Let us suppose that V f (z) when p = 0. Writing 
V-=f(z) + p^f2{z)^p%iz)^„., 
we find, on substituting in V^F = 0, that 

iz)+f2n-2" ( 2 )= 0 ,- 

where primes denote differentiations with respect to z. The formal ex- 
pression for F is thus 

V-^fiz)- {z) + 2 ^, /'v (z) - (A) 


Since - f cos*" a. da— ^ f . 

ttJo 2*"\n/ 

1 

cos-^^^^ a,da = 0, 

TT Jo 

we find that when f {z h) can be expanded in a Taylor series which is 
absolutely and uniformly convergent for a> | 7^ | 


V = 


1 

/ (z + ip cos a) da 
Jo 


r< a. 


This is Laplace’s expression for the symmetrical potential function 
which reduces to / (2:) when p = 0. The formula may be deduced from 
Whittaker’s general formula for a solution of V^F = 0, namely 


1 r2Tr 

F = ^ f {z ix cos cu -f iy sin co, aj) du), 
ZTT Jq 

The series (A) may be written in the symbolical form 

V = Jo {pD)f{z), 

7) 

where D ^ 


.(B) 


a 

az' 


The foregoing method may be applied also to the wave-equation, and 
the formula thus obtained for a wave-function depending only on p, z and t, 
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and reducing to F (z, t) wlien p = 0, may be deduced at once from the 
generalisation of (B), namely 

1 


1 f 2 jr 

F = ^ f (z + ix cos w + iy sin a>, ct — ix sin oj + iy cos a>, cu) dco. 
Ztt Jo 

•mi 

f 


The appropriate formula is 
1 


z to cos a,t — ^ sin a 
c 

The following special cases of Laplace’s formula and the formula just 
given are of special interest : 

1 

(p-) “ (z 4- ip cos a)^ da, 

Jo 

1 

(p) = - {z.-\- ip cos da, 

Jo 

1 

(Ip) -= - e-j<2+vcos«) 

^ Jo 

1 

e-^^Jo [pVi^'^ + o HP cos a)-tAp sin a 

Ztt Jo 

the factor has been omitted from both sides of the last equation. 

The formula 

fjm 

which holds for both types of Bessel functions, indicates that if 11 is a 
wave-function independent of cf), then 

0 W 

is also a wave-function. The effect of this transformation in certain 
particular casps is indicated in the following table. 


Table I 


V 


[(i-af + p“] * 


3 ...( 2 to - 1 ) [(z - a )2 

Transforming the expansions of the first expression for U in series of 
Legendre functions and making use of the transformations of the Legendre 
functions indicated by the other two forms of U, we obtain the expansion 

. n+rn-f 1 


am+lptn 


1.3... (2»t 1) |-(2 _ ayi 4- n=o 0 

CO /r\^~ 

= ^ ( ) 
ri=2m 


n+7u 


(p) r> a 


ip) r<a. 
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On the other hand, if we calculate 
1 

“ (z + ip C08 a)" da, 

by performing an integration by parts after each differentiation we obtain 
the formula 

t - ! lo' 

The corresponding formula for (fx) is obtained from this by 

replacing nhy — n — 1 in the integral. 


EXAMPLES 

1. A solution of the equation 

da^ dr^ r dr * 

which reduces to/ (a) when r — 0, is given by the forn?nla 

V = ^ f f (s tr cos <^) (sin d<l>, 

7T I 0 

where the function / (z) is analytic in a rectangle a<a<Z>, |r|<c ;2 being equal to a 4- ir. 


2 . 


F = 


In the last example if /(a) — {a^ + we have 

1 Iw - 2 r* / w - 1, 1 _ a2\ 

a«-2’^2n- \ ’ 2 ’2’ rV 

4. hi (n- 2)n jr^ 
'^2A(n- l)(w 4- l)a'»+2 ^ 

4 " •••• 



w + 1 1 ^ a^X 


3. What problem in potential theory suggests the inversion formula 

1 p 

<f>(z} ~ - I f(z-hia cos w) dw, 

^ J 0 

4. If ^ = a^ 4- r = 2aa, the equation 

d^w _ d^w 2m dw 
dt^ dr^ r dr 

is transformed into 


di^w 2m dw _ d^w 2m dw 
da^ ^ a da dc^ <t da* 

5. Prove that the differential equation 


(1 - x^) 


dW 

9x2 


dV ..a^F 


is transformed by the substitution 


dV 

dy 


z^xy, r = ^(1 - (1 - 

a^F a^F n-iaF 

dz^ ^ r dr* 


into 



Integrals involving Bessel Functions 

Hence show that this equation possesses a particular solution of type 
F = f[xy -f cos — x^) (I — y^)] sin”"^ <l>d(l>. 

dW . d^W d^W dW 
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dx^ dy^ ^ dz^ dw^ ^ 


6. If the equation 

is transformed by the substitution 

X = uv cos y — uv sin z =« J 
it is satisfied by F = cos m<^.cos nw U (u, v) if 

d^U dW IdU IdU ,/l ^ 

dn^ + + udu+vdv-”^ (u^ + ,>) ™ 0- 

[P. Humbert, Comptes Rendua, t. CLXX, p. 564 (1920).] 

7. A solution of the equation 


is given by 


dw _ rd'^w w — 2 dvf] 
r dr \ 

F [r, 2u \/(^0] 


■/: 


where F (r, x) is an appropriate type of solution of the equation 

d^F __d'^F n~2dF 
dx^ dr^ ^ r dr' 


8. The solution of 


?!Z ?!f = o 

da^ ^ dr^ r dr 


which reduces to when r = 0, is given by 

F = 52^ _ 5P-2.2 . :p(p- l)(p-2) ( p- 3 ) __ 

2(n- r) 2.4(n - l)(n + 1) 

9. Prove that if n > -- 1 and ^ > 0 


/: 


(jtr) = (20-”-‘ r" exp {- r74«}. 

[H. Weber and N. Sonine.] 


§ 7-32. The use of definite integrals involving Bessel functions. The 
potential function represented by the definite integral 

v= r e-^^ Jo (Ip) F{l)dl, (A) 

Jo 

in which the function F (1) is supposed to be one which will ensure uniform 
convergence and make the limit of V as /? -> 0 equal to the result of 
making p -> 0 under the integral sign, will, when z> 0, take the value 

f(z)= re-^^^F(l)dl 
Jo 

on the axis of z, and may often be identified immediately from the form 
oif(z). If, for instance, / ( 2 :) = z-'^ the corresponding function V is and 
the analysis suggests that 

l={z^ + p^)-i=\ e-^‘Jo(lp)dl. 

^ Jo 
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This result is easily verified*. Again, if F (1) = J,, (al) where a is an 
arbitrary real constant, we have by the preceding result 

f iz) = + aT^. 


Now this / (z) is the potential on the axis of a unit charge distributed 
uniformly round the circle 4- == 2 ; -- 0. The function F in this case 

represents the potential of the ring at any point. It should be noticed that 
it is a symmetrical function of a and p. 

In the case of a thin disc of electricity of uniform surface density a on 
the circle + y'^ < a‘^, 2 : 0, the potential may be derived from that of 

a ring by integrating with respect to a between 0 and c. The function 
F (1) is consequently t 


F (1) 


2TTCa 


(cl) 

I 


For a circular disc with dipoles normal to its plane and of strength m 

per unit area, the function F is obtained by differentiating with respect 

to 2 . It is consequently , 

^ F (1) - ‘IttmcJi (cl). 


Similar formulae involving Bessel functions may be used for the 
representation of wave-functions. The natural generalisation of (A) is 

F — f [p \/(l^ + ^’“)] F (1) dl, 

J a 


where the lower limit a is at our disposal. Introducing a new variable 
6* = (/- 4 - k^)^ this becomes, with a suitable choice of a, 


V = I (sp)f(s).s(!s.(s'^ — 

Jo 

When / (. 9 ) ^ 1 the formula gives Sommerfeld’s representationj of the 

function ^ which has been used so much in studies relating to the 

propagation of Hertzian waves over the earth’s surface. The upper or 
lower sign is chosen according as 2 : ^ 0. 

A wave potential may often be expressed in the form of a definite 
integral involving Bessel functions by making use of Hankel’s inversion 


* See Watson’s Bessd Fiuiciions, p. 384. 

t This result is obtainetl in a direct manner by A. Gray, Phil. Mwj. (6), vol. xxxviii, p. 201 
(1919). 

J Ann. d. Phya. Bd. xxviii, S. 68.3 (1909). The formula was given, however, without proof 
in an examination question. Math. Tripos (190.3). Sec Whittaker and Watson’s Modern Analysis, 
Ewald, Ami. d. Phys. Bd. lxiv, S. 263 (1921). It was given by II Lamb in a study of earthquake 
waves. Roy. Soc. London, Trans, v. 203 A. pp 1 42 (1904). 
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formula which holds for an extensive class of functions*. For continuous 
functions satisfying certain other conditions the inversion formula is 

/ (^) == [ Jm {^t) g (t) tdt, g(t)^ [ Jm {^i)f (^) ^dx. 

Jo Jo 

The inversion formula seems to be applicable in the case of the function 
which occurs under the integral sign in Sommerfeld’s formula and gives 
the equation t 

I Jo (V) e^^^pdp/r - (A‘^ - ;^2 > 

•' 0 

== i{k^- 

which has been used by H. LambJ in some of his physical investigations. 


EXAMPLES 

/ oo 

^ Jm <3 (0 dl 

//it 1 roo 

and F (y) ~ 1 / 2 j e-y^ (x) dx^ 

m + l foo „ 

0 (y) = t/ 2 / g (a:) dx, 

prove that under suitable conditions 

E (2/) = 0(1/42/), 

so that the relation between the functions / and gr is a reciprocal one, 

2. Prove that if the real part of i/ f 1 is positive the equation 
/(^)= j'^JAxI) (xt)^f(t)dt 

is satisfied by / (x) = [S. Ramanujan.] 

3. When v is subject to the further restriction that its real part is less than 3/2 the 
equation of Ex. 2 possesses a second solution 

/(x) = xi-'^ M r c-i^" dL 

j 

[W. N. Bailey, Journ. London Math. Soc. vol. v, p. 92 (1930).] 

* Proofs of the formula are given in Nielsen’s Handbuch der Cylinder junktionen. Gray and 
Mathews’ Bessel Functions, and Watson’s Bessel Functions. New treatments of the relation have 
been given recently by E. C. Titchmarsh, Proc. Camb, Phil. Soc. vol. xxi, p. 463 (1923), and by 
M. Plancherel, Proc. London Math. Soc. (2), vol. xxiv, p. 62 (1926). An extension of the formula 
is given by G. H. Hardy, Proc. London Math. Soc. (2), vol. xxiii, p. Ixi (1925), (Records for June 12, 
1924). See also R. G. Cooke, ibid. vol. xxiv, p. 381 (1926). 

f For this equation see N. Soninc, Math. Ann. vol. xvi (1880). 

X Proc. London Math. Soc. (2), vol. vii, p. 140 (1909). 
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4. A potential which satisfies the conditions 


d^v dV 


dt^ 


2 =9 


dz 


for 2-0, 


V — 0 for 2 = 00 and for t = 0, 
dV 


dt 


— 9f(p) cos m<l> for < = 0, 2 = 0, 


VW = 0 , 

is given by the formula 

V ~ g cos / e”** t/^ (kp) sin (at) kF (k) dk/a, 

J 0 

fco 

where F (k) = i / (a) (ka) a da 

J 0 

and = gk. 

This result is useful for the study of waves caused by a local disturbance in deep sea 
water. [K. Terazawa.] 

5. If the normal pressure on the infinite plane surface of a semi-infinite elastic solid 
is f{p) when p <a and is zero when p > a the normal displacement w is given by the 
formula 


2 ijlw - — z j Jq (kp) F (k) dk — (I + 


r 

J 0 


Jo (h) J’ (^) dkjk, 


where v = A -}- /x and 


F (k) = k Jo (kp)f (p) p dp. 

If u and V are the lateral displacements 

2fi(ux-i-vg) = — pz j Ji(kp) F (k) dk -h (fipiv) j e'~^ Ji(kp) F (k)dklk. 

[H. Lamb, Proc. London Math. Soc. (1), vol. xxxiv, p. 276 (1902); K. Terazawa, Phil. 
Trans. A, vol. ccxvii, p. 35 (1916).] 


§ 7*33. Another useful formula 

27r/(r, 0) = j uduj j f (p, (f>) Jq{uR) pdpdcf), ~ p^— 2rpcos{0 — cf)) 

was first given by Neumann. It is proved by Watson* under the following 
conditions : 

(1) It is required that / (r, 6) should be a bounded function of the real 
variables r and 6 whenever — tt < 0 < tt and 0 < r. 

(2) The integral | | / (p, </►) p^ dpd(f> 

is supposed to exist and converge absolutely. 

(3) / (r, 6) considered as a function of r, is required to be of bounded 
variation in the interval (0, oo) for every value of 6 lying between ± tt, 
this variation being an integrable function of 0. 

* Bessel Functions, p. 470. Less stringent conditions have been discovered recently by Fox, 
Phil. Mag. (7), vol. vi, p. 994 (1928). 
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(4) The total variation F (r, 0) of the function / (r, d) in the interval 
(r, s) is required to tend uniformly to zero with respect to 0 as 5 r for all 
values of 6 in the interval (— tt, tt) save, perhaps, some exceptional values 
lying in intervals the sum of whose lengths is arbitrarily small. 

(5) When / (p, <^) is discontinuous at a point (r, 6) the / (r, 6) outside 
the integral is to be interpreted to mean the mean value 




r' cos = r cos 0 + a cos a, 
r' sin 0' = r sin 0 -I- a sin a, 


where a is small. This mean value is supposed to be finite as a -> 0. 
We have seen that if u (z) is a solution of the equation 



the definite integral 


f u{z)J^{lp) 
Jo 


dl 


is frequently a solution of Laplace’s equation. We shall now consider the 
result obtained by taking u to be the Green’s function for certain pre- 
scribed boundary conditions at the pianos z = ± c. If the conditions are 
u = 0 when z = ± c, the appropriate function is 

sinh I (c — z) .sinh i (c + z') 
sinh 2lc 


u^g{z,z')=-2 


= 2 


sinh 1(6— z '), sinh z) 


sinh 2lc 


2 <2 < c 
■ c < 2 < z', 


du 


and if the boundary conditions are g- = 0, when z == ± c, the appropriate 
function is 


„ cosh Z (c- 2 ). cosh Z(c + z') 

« = y ( 2 , 2)=2 

cosh l{c — z') . cosh l(c + z) 


= 2 


sinh 2lc 


2 <z< c 
■ c <z<z'. 


The resulting integrals have been discussed by Fox* with the aid of the 
identities gr ( 2 , z') = e-* I I + A (z, 2 ' ), 

y (z, 2 ') = e“‘ I *“*'! + k (z, 2 '), 

where sinh 2lc.h (z, z') = cosh Z (z — z') — cosh Z (z + 2 '), 

sinh 2lc.k ( 2 , 2 ') = cosh Z (z — z') + cosh Z (z + z'). 


Now the potentials 


Vi = \ h ( 2 , z') Jo (^P) dl and Wg = f A: ( 2 , 2 ') Jq (Zp) 
Jo Jo 


cZZ 


* jLoc. ciU 
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are such that and are continuous at the plane z = z\ while 

J J, (Ip) dl = [p^ f (z - zryi = ^ 


say, hence 


r/ - g {z, z') Jo (Ip) dl, 


[ y (z, z')Jo (Ip) dl 
Jo 


are solutions of Laplace’s equation which satisfy the boundary conditions* 


?7 ^ 0 for 2 : ± c, 


0 for z — ± c, 


and arc such that U — r“\ V — r-^ are regular potential functions in the 
neighbourhood of the point z z , x 0, y === 0. By shifting the axis of 
2 to a new position the singularity of U and V may be made an arbitrary 
point (x', y' , z') between the two planes, and U and V then become Green’s 
functions for the space between the planes z — ±c. 

Another expression for U may be obtained by the method of images 
and by the formula of summation given in Example 1, § 7*22. The result is 


I TTS 

cosh - — cos 
2c 


2c 

,^7r(2-2') 


cosh + cos ^ ^ ^ 

2c 2c 


(^2 ^ 

Putting 2 ' = 2 in both expressions for U we obtain the relation 


rco 

Jo (Ip) 
Jo ^ 


sinh 2/c 


(cosh 2lc — cosh 2lz) 


4c , 77-5 772 

cosh ^ + cos — 
2c c 


When 2 0 this becomes 


Jo (Ip) tanh Ic.dl 


1 p dor 

2cJ_oo • » 

s sinh 


' sinh cosh r 


* These results are given by Gray, Mathews and MacRobert in their treatise on Bessel 
Functions, and are proved by Fox, loc. cit. 
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Each integral is, of course, equal to the sum of the series 

?_+ ? ? + ... 

p (p2 + 4c2)i (pi^ + (p- + 36c‘')i 

obtained by the method of images. The .sc'cond expression for U is given by 
T. Boggio, Rend, Lombardo, (2) vol. xlii., pp. 611-624 (1900). 


1. Prove that when 8 is real 


EXAMPLES 


f 00 

cos, 52 .Xo (sp) — J I Fcos s^.d^y 
J -00 

f ^ 

sin sz . K q (sp) = i Vsins^.dCt 

J -oo 


where 

2. Prove that 




f rr dt 2 / " 

/ cos (sa cos 0) Kq (sa sin d) sin Odd —21 coss(. . + . / cos sH^.dH^y 

y (» y a 4 w 0 

and so obtain a verification of Gauss’s theorem relating to the mean value of a potential 
function over a sphere whose centre is at the origin. 

f ^ 2c 

3. Prove that / e~^ sin cA. Jy (Ap) A~^dX = sin“^ , 

y <» ^1 ^2 


3. Prove that 


+ (p + c)2, = 2^ 4- (p - 0)2. 


[A. B. Basset.J 


4. Prove that the integral in Example 3 can also be expressed in the form 

, , c 4- i? sin e 

tan**^ „ , 

z ~h R cos e 

where cos 20 — 2^ 4- p^ — E- sin 20 = 2c2. 

5. Prove that when /x > 0 and m and n are positive integers 

(fi) = ^ c-^'Vo (Ap) A" A 

'--P.- (.) - (V)a-*. 

[E. W. Hobson, Proc, London Math, Soc, vol. xxv, p. 49 (1894). The first formula was 
given by Callandreau (see Whittaker and Watson’s Modem Analysisy p. 364).] 

6. Prove that T <» ds r 1 ^ 

j — g 2 (z+ 18) = 27 rc Jq (^p) 2 > 0 

J — 00 2: “f" 18 

= 0‘ z<0. 

[N. Sonine, Math. Ann. vol. xvi, p. 25 (1880).] 

7. A conducting cylinder p = a is surrounded by a uniformly charged ring (x^ + ~ 

2 = 0). Prove that the potential outside the cylinder is given by 

V = I" e-Vo («p) •/» Wds-^ r cos sz.Ko (sp) ^ ds. 

Jo TT J 0 Aq (a^) 

8. Prove that J * e”^ (Xp) rfA = ^ ) • 


e-^ J„ (Xp) e•™■^ dX . 


m> — 1 . 


IH. HankeL] 
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§ 7*41. Potential of a thin circular ring. We have already obtained one 
expression for the potential of a thin circular ring, but a simpler expression 
may be obtained by the method of inversion. 

Consider first a point P in the plane of the ring. Let the origin be the 
centre of the ring, a the radius, and let OP = r. Let the mass (or charge) 
associated with a line element add of the ring be oadO, then the potential 
at P is 




oadd 

Jo T 


' adf> r Gad(f> 

0 cos {<!> ~ 6) Jo jK-frcos^’ 


where 0 is the angle POP and (f> the angle RPQy while R denotes the distance 
of the point R from P. 

Now R r cos (f> = RN where N is the foot of the perpendicular from 
0 on PR. We thus obtain the formula 


. 2 ^ 

F ==-- CT ad(f) (a^ — r^ sin^ i = 4caK (r/a), {r < a) 

Jo 

where X is the complete elliptic integral of the first kind to modulus rja. 

When f > a it is convenient to use another formula which will be 
obtained by inversion. This formula is included, however, in the general 
formula for the potential at an external point and this will now be obtained. 

Let C be an external point, A and B the points on the ring which are 
respectively at the greatest and least distances from C. The plane CAB is 
perpendicular to the plane of the ring and passes through 0. Let the circle 
CAB be drawn and let IJ be the diameter perpendicular to AB. Let Cl 
meet AB in P, then Cl bisects the angle ACB, and we have 

AC _AP 
BC~ PB' 

Hence, if AC r^, BC = rg, 

r - ^2 

a ri+r 2 * 

Since IB A == ICA — ICB, the triangles IPB, IBC are similar and so 

IP.IC^ I BK 

This means that C is the inverse of P with respect to a sphere of radius 
IB. The theory of inversion now indicates that the potential at C is 



Now the triangles ICB and ACP are similar. Therefore 
IB AP BP r^ -f rg 
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„ 2a ,, 


»'l + ^2 

4E 


K 


-Ll?\ 
W + rj ’ 


TT (rj, + r^) 

where E is the total mass (or charge) of the ring. 

For a point Q in the plane but outside the circle we have 

Fq = 2a I adili {a^ — r'^ sin^ = 4a (ajr') K (ajr'), 

where r' = OQ and r' sin a = a. The expression for the integral is easily 
verified with the aid of the substitution r' sin tp = a sin w. 

Another expression is obtained by integrating the four-dimensional 
potential of a circular ring. This is 

1"^"' aodd 


w 


H 


0 (x — a cos {y — a sin 6^ -f 

^TTCia 2,71(10 


[{x^ 4- 2/^ + 2:^ -h — 4a2 {x'^ 4- 
The corresponding Newtonian potential is thus 

dw 


1 foo roo 

F = - Wdw=^- 2aaA 

J — CO J —0 


,[(w^ + (w'^ -f ra'^)]^ 

Comparing with the previous result we obtain the equation 

[ [{w^ + (w^ + j-i dw=- A' (^^^4 • 

J —CO 'l“r'2 

Still another expression for the potential has been obtained in the form 
of a definite integral and so we have the formula 

.ttt/ 


EXAMPLES 

1. The stream-function for a thin circular ring is 

s = ^ / " e-'^* J, (Ip) Jo (la) dl. 

'^J 0 

2. A disc carries a uniform charge distribution of total amount m. Prove that at a poini 
in the plane of the disc the potential is 

V = [A (a/p) - (1 - aVp^) K (a/p)], 

where a is the radius of the disc. Show also that the electric field strength is 

F = ^-^,lJ{(a/p)-E(a/p)]. 

TTil 

where K (k), E (k) are the complete elliptic integrals to n ^dulus k. 


B 


27 
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§ 7*42. The mean value of a potential function round a circle. Let us 
first consider the four-dimensional potential 

W = [{x - -+ {y - Vi? + (2^ - 2:1)2 -f (^ - w^Y]--K 

The mean value round the circle x'^ + = a, z = 0, w = 0, is 

W = - - [ [(a;i — a cos 6Y + ( 2/1 “ ® sin dy H- 4- dd 

Ztt Jq 

[(.^i^ 4- yY -h zY + wY -I- a^Y ~ {x^ f- 

while the mean value round the circle 2 :^ 
r2 


if - 


= — a^, a:: ^ 0, 1 / = 0, is 

1 r2^ 

- [xY -f yY + ( 2:1 “ ici cos 0)2 4- — ia sin 0)2]~^ d0 

ZTT Jo 

[(xY 4- yY + 2:i2 4" wY — a^Y + 4^2 i^zY + tvY)T^- 
These two values are equal. 


Now write 




Wdn\ ^ 1 / 7 ^, 


where R- = {x - x^)'^ (y - ?/i)“ f (z ~ 2 : 1 ) 2 . 

The mean value of V round the first circle is 




Wdwy , 


Changing the order of integration and making use of the previous result 
we are led to surmise that 


V . 


1 f 


27r2 


div^ 

J — CD 


# 

)o 4 yY 4- ( 2:1 - ia cOs 0)^ 4- [wy — ia sin 0)^* 

Again changing the order of integration and performing the integration 
with respect to u\ we obtain 

,2n 


— If 

o •“ yi^ + (^1 ““ ^’c^cos 0)2]~i. 

Ztt- Jo 

The equation thus indicated, viz. 

f [(^1 “ ^ OY 4- (Vi ~ a sin 6Y 4- 2:i2]"'i dd 
Jo 


r2rr 

[xY -f yY 4- ( 2:1 — ia cos 0)2] 2 d0, 
Jo 


may in some cases be established directly by writing down Laplace’s 
integral (§7-31) for the potential of a uniform circular wire and recalling the 
fact already noticed in § 7*32 that this potential is symmetric in p and a. 
This equation tells us that if a potential function V (x, y, z) arises from 
a finite (and perhaps an infinite) number of poles, its mean value round 
a circle x'^ y^ ^ a, z ^ 0, which does not pass through any of the poles, is 

V ^ ^ \ V (0, 0, ia COS.0) d0 = ^ I V (0, 0, ia cos 0j dtp, 

^nJo 77 Jo 
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Equation of changing Type 


When the circle, round which the mean value of V is desired, lies on 
a given sphere of radius c, it is useful to consider the case in which V can 
be expanded in an absolutely and uniformly convergent series 


F = 2 {cjr)”-^'^S„ {6, <f>), r>c. 

n-0 

Using our theorem to find the mean value of V round the circle 




z = b = ~ a^), 


we notice that {0, <f>) is constant on the axis of z, while the integral 
of type 


M’( 

TT Jo V 


C + ^ 

h f- ia eosTi/j) 


is equal to (b/c) = (/i). Hence the mean value is 

F = i 

n-0 

where (Oq, ^o) is the value of (0, (j>) on the axis of the circle, and 
fx = cos a, where a is the angle which a radius of the circle subtends at the 
centre of the sphere. This agrees with the result of § 6*35. 

Since at points on the sphere 

V (6, </>), 

n-^O 

we have a means of finding the mean value of a function of the spherical 
polar co-ordinates 6, </> when this function can be expanded in an absolutely 
convergent series of spherical harmonics. 

§ 7-51. An equation which changes from the elliptic to the hyperbolic type. 
We shall find it interesting to discuss a simple boundary problem for an 
equation ^ j 

0|.2 j . ^^2 J 002 > 


which is elliptic when r < 1 and hyperbolic when r > 1. Writing x = r cos 0, 
y ^ r sin b we shall seek a solution which is such that V = f (6) when r ^ a, 

dV 


and shall suppose that F, 


dV 

and are to be finite and continuous for 
dr dd 


r < a, while the second derivatives 


a^F a^F 

■ar^’ d'e^ 


exist. 


If f (0) = cos nd and {na) ^ 0 there is a solution 

V = 'i"j^r)^nd (A) 

,/„ (na) 

which satisfies the foregoing requirements. Now if z = z<”^ is the smallest 
positive root of the equation J„ (z) = 0, it is known* that when n is a 
positive integer z^”^ > n and that as n -> oo 

-> 1 . 

♦ Watson’s Bessel Functions, p. 485. 


27-2 
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Hence if o < 1 we certainly have J„ {no) ^ 0 and there is a single 
solution of type (A), but if a > 1 there is no solution of type (A) if o happens 
to have a value for which {na) = 0. 

In the more general case, when 

f (6) = 2 (A„ cos nd + B„ sin nO), 

n-0 

a solution satisfying the condition F = / (9), when r = a, may be given 
uniquely by the formula 

F == S (An cos nO + sin nd), 

n-o Jn {na) ' ” 

when a < 1, but when a > 1 there is considerable doubt with regard to 
the convergence of the series and it cannot be asserted that there is a 
solution of the boundary problem in this case until the matter of conr 
vergence has been settled. 

In some cases the convergence may be discussed with the aid of the 
asymptotic expressions for the function (na) when n is large. The form 
of these is different according as a — 1 is positive or negative. 



CHAPTER VIII 


ELLIPSOIDAL CO-ORDINATES 


§ 8*11. Confocal co-ordinates. An important system of orthogonal co- 
ordinates is associated with a system of confocal quadrics in a space of 
n dimensions. Let ... x^ be rectangular co-ordinates relative to the 

principal axes of one of the quadrics, then the family of quadrics is 
represented by the equation 


n 2 
y ^ 1 


where r is a variable parameter, and -h r, + r, . . . -f r are the 
squares of the semi-axes of a typical quadric of the family. It is supposed 
that each quadric possesses a centre ; the case in which the quadrics are 
not central needs special treatment. 

Let US write „ „ p , > 

F = I - Y. 3 — = 

.= !«/+ T Q{ry 


we obtain the 


where P (t) = (t - ^j,) (t - ("t - 

• Q (r) = (t + ay) (t + ay) ... (t + a^). 

We shall suppose that 

ay > ay > ay > ... > ay. 

Forming the product Q (t) F,, and putting t 
equations - xyQ' {- ay) = P (- ay) (s = 1, 2, ... n) (A) 

which express the rectangular co-ordinates in terms of the ‘confocal’ or 
‘ elliptic ’ co-ordinates . 

The expression Q' (— a/), which is the value of the derivative Q' (r) 
for T = — is the product of n — 1 factors, thus 

Q (~ ^ 1 ^) — ~ (^ 3 ^ ^ 1 ^) ••• “ ® 1 ^)> 

each factor being in this case negative. In (— a^) there is one positive 
factor, namely — a^, in Q* (— two positive factors, and so on. 

Looking at the formula (A) we now see that (— )” P (— is positive 
or negative according as s is odd or even. Adso (— )" P (— oo) is positive, 
hence the roots of the equation P (r) = 0 may be arranged in order as 
follows : 






The last root is the parameter of that ellipsoidal quadric of the 
confocal family which passes through the point , ^ 2 , . . . x^). The equation 
P^ = 0 shows that n quadrics of the family pass through this point, and 
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the foregoing inequalities indicate that only one of these quadrics is 
ellipsoidal. 

When a small element of length ds is expressed in terms of , ^2 > • • • 
it is found that 


n n p f ^ 2\ r n 

m-1 m— 1 V V ) Lp-l®i 


di, 

u ■ 


Now 

Therefore 

Therefore 


i 


1 


Pdr,) 


=iQ'(~a^^)a^^+ Q(a 

1 


^ P (- 


= 0 . 

= 0, pjig. 


1 Q' k-aj) Q {aJ+U) 

\ P(-a„,^) 1 

U Q' {- a (a Q la- 

ds^ 


n P' If ) 


.(B) 


Laplace’s equation in the co-ordinates ^ 1 , ••• fn is thus 

<«' 

This theorem, which was partially known to Green, is generally 
associated with the names of Lame and Jacobi. The case of n variables 
is considered by Bocher* who gives an extension suitable for the family 
of confocal cyclides. 

Let us now denote by A. It is clear that Laplace’s equation possesses 
a solution which is a function of A only if 


, dV 

VQ(X)"^[==-C, 

where (7 is a constant. Hence we have the solution 


V =^C 



This is a particular case of a more 





general solution, namely 
dr 


VQiry ® 


To verify that this is a solution we notice that if /<• > 1 
9L ^ fP (r))* dr K 
W. ” j. mr)\ 17- 

I'Z = <rr 

lAQk'r)] 


Ueber die Reihenentwickelungen der Potentialtheorie, Ch. m, Leipzig (1894). 



Now 


Solutions of Laplace's Equation 

d Q (r) QP^ _ Qf 
dTP(T) P^ P’ 

^Q’ 

p=l P' iip) T - P’ 
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V Q (^p) 1 

P-1 P'(^p) (t - ip)^ 


^ Q'iU 1 


hence we have to show that when k> I 




dr =0, V 


that is, that 
and this is true. 

d^V dV . 

When AC < 1 we cannot differentiate directly to form 
the form 

3F . ^ ^ , dr ^ 

SA Jx ^ • (t - Jx 

Therefore 

= cv I” (t - A)'-! E' (t) dr 


(t — A)‘ E' (t) dr. 


0A2 


= (7/c [“ f-f {(t - A)"-! jS? (t)} - (« - 1) (t - A)«-2 ^ (t) 
J\ 


(ir 


+ (7 


i:i 


\P (t) 


dr 


Q ('7-)] VQ (t) 
; an ext] 

ri[: 


'<('<- 1) ^ f* J 


1 

dr 


P(r) 

Q ('r)l VQ (t) t - AJ 


02 F 


There is thus an extra term in we have to prove now that 

d rp^-i P’^ Qi^xj, ■ 

[Q<-i ~Q<~^iP^(X)(T^Xl 


dr — 0. 


This is true because 


Q (t) P' (A) (r - A) - P (t) Q (A) 

vanishes to the first order as r -> A. It has thus been proved that the 
function 

F=c|;(n)-4^. «>« (D) 

is a solution of Laplace’s equation. 

If we write Fr = cd we obtain an integral in which the limits for a> are 
0 and 1. Since these are constants and occur to an arbitrary power k in 
the integrand we may expect the integrand to be a solution of Laplace’s 
equation for all values of the parameter a>. This is indeed true and the 
result may be stated as follows : 

If T is defined by the equation 


+ T 


Cti, 
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wh^re o) is a constant parameter, the function 


W = 


dr 


(t) 2 


(«/ + 


is a solution of Laplace’s equation. 

The potential function (D) may be used to solve same interesting 
problems. It may be used, in particular, to solve the hydrodynamical 
problem of the steady irrotational motion of an incompressible fluid past 
a stationary ellipsoid. Green’s solution of this problem* was amplified by 
Clebschf and extended to a space of n dimensions by C. A. Bjerknes J who 
also considered some additional types of motion of the fluid and called 
attention to the work of Dirichlet and Schering on the problem. The 
analysis is really a development of the formulae of Rodrigues § for the 
gravitational potential of a solid homogeneous ellipsoid and of the early 
work of English and French writers on this subject. Historical references 
are given in Routh’s Analytical Statics, vol. ii (1902). 

Let us consider a potential V defined by the equations 

If K > 0 we have at the boundary of = 0 


while 


F„= F,, 
V^Fo 


dVo_^ 

'dX ~ dx ’ 

= 0 . 


If /c > 1 we have also 


V2F, = 4k 


a (FuY 


du „ 

0 oU^/Q ^-ii) 


4k 


in 

Cl’2 • • • < 


Hence if the volume density p be defined by the equation 

V^Vi 4:7rphn = 0, 
where the constant has the value 

[r 



which is readily deducible from the solid angle determined in § 6*51, we 

* Edin. Trans, (1833); Paper s, p. 315. 
t Crelle, Bd. lii, S. 103 (1856), Bd. Lin, S. 287 (1857). 

} Oott. Nachr. pp. 439, 448, 829 (1873), p. 285 (1874); Fork, Christiania, p. 386 (1875). 

§ Correspondance s^ir VJScole Polytechnique, t. in (1815). See also G. Green, Camb, Trans, 
(1835); Papers, p. 187. He considered problems in a space of s dimensions for various dis- 
tributions of density and different laws of attraction. 
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may regard F as the potential corresponding to a distribution of generalised 
matter (or electricity) of density 

^ TTCi^a^ ... 

In particular, if /c = 1 we have the potential of a homogeneous ellipsoid. 
The Newtonian potential of a solid homogeneous ellipsoid is thus 

du 

v" Q («)! 

where a, 6, c are the semi-axes, and 

Q {u) = (a^ + u) {h^ + u) (c^ + u). 


V 


TTpabc J 


1 


a?' ^ n 6^ _j_ ^ 


u 


The component forces are represented by expressions of type 


dV 

X = — = 27 Tpabcx J 


du 

{a2 u)^Q {u) ’ 


and it may be concluded that these expressions represent solutions of 
Laplace’s equation. 

The quantity A is defined for external points by the equation 

x^ z'^ _ 

+ A 6'2'+ A c*" +“A "" 

and the inequality A > For internal points the lower limit is zero instead 
of A and we may write 

V = ip {D- Ax^ - By^ - Cz^}, 

where A, B, C, D are certain constants defined by the equations 


A = iirabc J 

C = irrabc I 


du 


0 (a2 + u) VQ~{u) ’ 
du 


B 

D 


rco 

Irrabc 


= iirabc I 


lo (c2 u)VQ (u)' 

The component forces at an internal point {x, y, z) are 

-ai = 


du 

Jo (b^^u)^/^y 
du 

0 wr’ 


X = 


v_ R 7 n 

Y - - pBy, Z - - pCz. 


§ 8-12. Maclaurin' s theorem. The potential at an external point (x, y, z) 
may be written in the form 


^ = TTpabc I 
= TTpabc I 


dv 


1 - 


x^ 




oVQ(A-f-i;)( a^ + A + i; c^ + A-fv 


dv 


1-- 




-\-v -f V -f 2; 


)o V (ai^ 4. 1;) (b^ (^2 ^ 

where »! , 61 , q are the semi-axes of the conf ocal ellipsoid through the point 
(x, y, z). It is thus seen that the potentials at an external point of two 
homogeneous solid confocal ellipsoids are proportional to their masses. 
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§ 8-21. Hyper sphere. When the quadric in 8^ is a hypersphere 

-f + ... Xn^ = 


we have 


1 


a2 + r’ 

and the potential corresponding to a density 
Ck 


Ck / _ 

^ 7ra»/t„ V ay ’ 


IS 


V = c 


I 

. cl 


^ dr / 
2 


A (a^ f r) 

’ dr / 

(a^ Crfl^ V 


-}- 


r^ > 


1 


+ T, 


.)■ 

y, 


where C is a constant and A — a-. 

In particular, if /c = 1, we have when n > 2, 

An eyn on 

V^- r2~n (j-2 > ^2>i y ^ 2~n „ (r^ a^). 

n (n — 2) ' n — 2 n ^ ' 


The total mass associated with the hypersphere is in this case 

and so the volume of the hypersphere is 

47Ta^di^ 
n {n — 2)' 

Comparing this with the value 

tmt’ 

already found, we find that 


4(7 


n {n —[2) 


K 


rr (1)]"-^ 
'’(1-*)' 


The case in which p = f (r) can be solved quite generally with the aid 
of the formulae 

In particular, if / (s) = s” 

, ,, 477^,, 

(«. - 2) F = ^„- 2 , r>a 


m ^ n r'^ 
^ttIi 


^m+2 ^rn + 2 ^m + 2* 

+ 


m n m -f 2 


r <a. 




§ 8*31. Potential of a homoeoid and of an ellipsoidal conductor. Many of 
the formulae relating to the attraction of ellipsoids and ellipsoidal shells 
may be obtained geometrically. The theorems will be proved for the 
ellipsoid in n dimensions and an extension will be made of the meaning 
of the word homoeoid introduced by Lord Kelvin and P. G. Tait in their 
Natural Philosophy. The analysis is an extension of that given by Poisson*. 

A homoeoid is a shell bounded by two loci which are similar and 
similarly situated with regard to each other. If one locus is an n-dimensional 
ellipsoid and the centre of similitude is the centre of this locus, the second 
locus is an ellipsoid with the same principal axes. 

Let aj, a 2 , ... be the semi-axes of the internal boundary of the shell, 
-f da ^ , ^2 + ^ 2 , . • • «n + Corresponding semi-axes of the external 

boundary. Let OPQ be a line through the centre of the ellipsoids cutting 
them in P and Q respectively, and let OP = r, OQ = r -f dr. 

Let p and p + dp be the distances of 0 from the tangent hyperplanes 
at P and Q which are, of course, parallel. Then dp is the thickness of the 
shell at P, and we have 

da^ _ ^2 _ ^ 

Oj ” tta ~ o„ “ 2 ? “ r “ 

* Mdmoires de Vlnatitut de France ( 1835 ). 
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Since the volume of a solid ellipsoid with semi-axes Ui, a 2 , ... «n is 


n {71 — 2) 


n 


(f-') 


the volume of the shell is approximately 

' UjUg ... a^.de. 




© 


Let IIS now imagine the shell to be filled with attracting matter of 
uniform density p, then the total mass of the shell is 


M - 


27r^ 


(I) 


pa^ 0-2 


, a^.de. 


The importance of the ellipsoidal homoeoid in potential theory arises 
from the fact that the attraction of a thin uniform shell of this type is 
zero at any internal point. This is a simple extension of the theorem 
estai)lished by Newton for spherical and spheroidal shells. It is important 
in electrostatics because it indicates at once the distribution over the 
surface of an ellipsoidal conductor of electricity which is in equilibrium. 

Through any point / of the region enclosed by the internal boundary 
of the homoeoid let lines be drawn so as to generate a double cone of small 
solid angle dco and to cut out from the elhpsoidal shell small pieces of 
contents dv, dv' respectively. Let a line sSITt completely enclosed by this 
cone meet the boundaries of the shell in the points ST, st respectively, 

and let ^ R + dR, IT = R', It = R' + dR'. 


Since parallel chords of the two boundaries of the shell are bisected by the 
same diametral hyperplane, we have dR = dR, Also, when dot) is very 
small, E^‘~^dRdaj, dv' = R^^^dRdco, hence 

pdv p dv' 

-1 = > 

and so the attractions at / of the two small pieces balance. When de is 
very small we may write dv^ dpdS, where dS is the area of a surface 
element; the mass of the element dv is thus ppdedS and so the surface 
density is o* = ppd€, thus 

n 

277 ^ ayO^.,, On 


a = 
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The potential of the homoeoid at an internal point is constant. When this 
constant value is known the potential at an external point may be found 
by means of Ivory’s theorem as in Routh’s Analytical Statics ^ vol. ii, 

p. 102. 


§ 8*32. Potential of a homogeneous elliptic cylinder. This potential may 
be found by direct integration*. Let us take the focus S of the cross-section 
as origin, then the polar equation of the section is 

r = , / (^)y say, 

where a and 6 are the semi-axes of the ellipse and 2k is the distance between 
the foci. If or is the density of the line charges from wliich the cylinder is 
supposed to be built up, the potential of all these line charges is 

cfM 

F = ~ 2(7j d^oj log ii.rodro, 
where — 2rro cos [d — 

the infinite constant in the potential of each line charge being omitted. 
Now if r > a -f- A; we may write 

log i? = log r - i i cos n{d- e^). 

^ j ’^ de^.log r 
J — It 


Therefore 


V==-ab* 


But 


j' 

J — TT 


(a + k cos do)^ 

' 00 ^2n-)-4 

^ n (71 4- 2) r” 


i:. 


ddo cos n (d — Og) 
(a + k cos 


d&o cos n {6 ~ 6 q) 
{a + k cos 




Therefore 
V — — 27Taab 


j^logr - I (-)" 


21-n 

» (» + 2) V 

r > a + k. 


(2n + l^^ (k 
n 


)(')"cosw0j 


§ 8*33. Elliptic co-ordinates. Potential problems relating to an elliptic 
cylinder may often be solved by using the elliptic co-ordinates of § 3*71. 
These are defined by the equations 

X iy = a cosh (| + ii)), x = a cosh ^ cos 
y = a sinh ^ sin rj. 

The same co-ordinates are also useful for the treatment of the vibrations 
of an elliptic membrane and the scattering of periodic electromagnetic 
waves by an obstacle having the form of either an elliptic or hyperbolic 

♦ N. R. Sen, Phil, Mag, (6), vol. xxxvni, p. 465 (1919); see also W. Burnside, Mess, of Math, 
vol. xvm, p. 84 (1889), 
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cylinder. A screen containing a straight cut of constant width can be 
regarded as a limiting case of an obstacle whose surface is a hyperbolic 
cylinder. In terms of the co-ordinates rj the equation 


027 027 


0 


027 027 

^ (cosh2 f - COS^ r]) = 0, 


becomes 

and there are solutions of type F = X (^) Y {r]) ii 


X (a^k^cosh^ i ~ A)== 0, 

~\- Y (A — a'^k^ cos^ rj) = 0. 

The equations to be solved are thus of type 

+ (« + 166 cos 2z) y ~ 0. (A) 


This is known as Mathieu’s equation or as the equation of the elliptic 
cylinder. The solutions of this equation have been studied by many writers. 
The best presentation of the results obtained is that in Whittaker and 
Watson’s Modern Analysis, Ch. xix. 

A discussion of the zeros of solutions of this equation is given in a 
paper by Hille*. He calls any solution of the equation a Mathieu function, 
while Whittaker reserves this name for the solutionsf with period 27r. 
Hille remarks that all solutions of the equation are entire functions of 2 of 
infinite genus. 

The form of the solution when 6 is very large has been discussed by 
Jeffreys J who also considers the effect of a variation of b on the positions 
of the zeros. 

Jeffreys has also discussed the equation for X, which he calls the 
'‘modified Mathieu’s equation.” The equations satisfied by X and Y are 
found to govern the free oscillations of water in an elliptic lake. 


§ 8*34. Mathieu functions. When 6 = 0 and a — n^ the differential 
equation (A) possesses two independent solutions cos nz, sin nz, which are 
periodic in z with period £77, where n is an integer. 


* E. Hille, Proc. London Math. Soc. (2), vol. xxin, p. 185 (1925). 

t E. L. Ince has shown that for no value of 6, except 6 = 0, does Mathieu’s equation possess 
two independent periodic solutions of period 27r. See Proc. Camb. Phil. Soc. vol. xxi, p. 117 (1922); 
Proc. London Math. Soc. (2), vol. xxm, p. 56 (1925). See also E. Hille, loc.cit.; J. H. McDonald, 
Trans. Amer. Math. Soc. vol. xxix, p. 647 (1927); i. Markovic, Proc. Camb. Phil. Soc. vol. xxiii, 
p. 203 (1926-7). A more general type of equation, duo to Hill, has been und by Ince to 
possess a similar property, ibid. p. 44. 

X H. Jeffreys, Proc. London Math. Soc. (2), vol. xxm, pp. 437, 455 (1925). 
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When 6 7 *^ 0 we can, for any fixed values of a and 6, define an even 
solution c (z) by the initial conditions c (0) = 1, c' (0) = 0 and an odd solu- 
tion s (z) by the initial' conditions s (0) = 0, s' (0) = 1. 

These two solutions of the equation form a fundamental system and 
are connected by the relation 

c (z) s' (z) — s (z) d ( 2 ) == 1. 

When 6 is given there are certain values of a for which c (z) is a periodic 
function of period 27r. These values are roots of a certain determinantal 
equation^ 

a — 1 + 86 86 0 

86 a- 9 86 ... (B) 

0 86 a - 25 ... 


There are also certain other values of a for which s (z) is a periodic 
function of period 27r. The equation determining these values is obtained 
from the last equation by writing a — 1 — 86 in place of a — 1 -f 86. These 
determinantal equations are obtained immediately by substituting Fourier 
series in the differential equation and writing down the conditions for the 
compatibility of the resulting difference equations. 

There is a corresponding determinantal equation for the determination 
of the values of a for which c {z) has a period tt and also one for the deter- 
mination of the values of a for which s {z) has the period tt. 

Whittaker writes ce^ ( 2 ) for the even periodic Mathieu function whose 
Fourier expansion has a unit coefficient for cos nz, and writes se^ (z) for 
the odd periodic Mathieu function whose Fourier expansion has a unit 
coefficient for sin nz. The functions with even suffix have the period tt, 
those with an odd suffix have the period 27r. 

The analysis relating to these periodic functions has been much im- 
proved recently by S. Goldsteinf who treats the difference equations by 
a method which has proved very successful in the theory of tides on a 
rotating globej. In the case of an even function with period 2tt 

00 

ccja+i ( 2 ) = 2 4a,+iCOs{2r+ 1)2, J 2.+1 = 1 (C) 

r=0 

The difference equation which leads to (B) is 

{a - (2r + 1)*} + 86 {A^r-I + ^ 2 r+ 3 } = 0. 

This shows that, as r oo, the ratio 

T/ •^2r-H3 

^ r— A 

-^2r+l 

* See, for instance, E. L. Ince, Proc, Carrib. Phil, Soc, vol. xxiii, p. 47 (1926-7); Proc. 
Edinburgh Math. Soc. vol. xli, p. 94 (1923); Ordinary Differential Equations, p. 177 (1927). 

t Proc. Gamb. Phil. Soc. vol. xxra, p. 223 (1928). Another method leading to useful results 
has been used by McDonald (l.c.). 

X See Lamb*8 Hydrodynamics, 5th ed. p. 313. 
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tends to either zero or oo. Now in order that the series (C) may converge 
the limit should be zero and not oo. 

To find the condition that this may be the case we write 

C',= (2r+ l)-^ 

y _ 86 C* * * § , 

l-aC,- 86(7,7/ 

0 as r 00 we have 


then 

and so when F, 

Vr-r 


86 C, 646'‘(7,(7,+i 646* (7,+i (7,^2 


1 — o C', — i — a (7,. 


1 — a(7, 


r+2 


Now the difference equation 


(a — 1 f- 86) 4- 86 ^3 = 0 


gives Vi 

Hence we have the equation 

l-i 


CL — 1 4" 86 

^ 86 ’ 


646^0, 6462 C7A 

^ l~aG^^ l-^aG^ + 


for the determination of a. 

For the asymptotic expansions of solutions of Mathieu^s equation 
reference may be made to papers by W. Marshall* and J. Dougallf. 


EXAMPLES 


L If 


a; = [{p — 1) {/X — 1) (v — l)]i, y — i (p/xy)i cos <f>, z = i (pyv)i sin <l>, t - 

d'^u d^u d^u d'^u 

the equation 
becomes 
2 


dx^ dy^ dz^ ■*' dfi 


0 


■4{p + - Ih 

(D) 




' (P - i)i 


3£/n 1 (p- ^)(^_v)(._p) a*(/ 


5pJ 4ppi’[(p- l)(^- l)(v- l)]i 9^“ 

and possesses simple solutions of type 

u — R (p) M (p) N (v) cos 
if i?, If, A satisfy equations of type 

p2 (p - 1) R" 4- (.4p2 - p) R' h (Jm2 + hp 4- V) = 0. 

The substitution J? (p) =■ pi”^ B (sin^ Q) reduces this equation to the equation 


0, 


for the associated Mathieu functions J. 


4z[h -{ k + \m {m ~ k cos^ S — 0, 


[P. Humbert§.] 


* Proc. Edinburgh Math, Soc. vol. XL, p. 2 (1921), 

t Ibid. vol. XLi, p. 26 (1923). 

t E. L. Ince, Proc. Roy. Soc. Edinburgh, vol. xlii, p. 47 (1922); Proc. Edinburgh Math. Soc, 
vol. XLI, p. 94 (1923). 

§ Proc. Roy. Soc. Edinbtirgh, vol. XLVi, p. 206 (1926); Proc. Edinburgh Math. Soc. vol. XL, 
p. 27 (1922); Fonciions de Lame et FoncUons de Mathieu, Gauthier-Villars, Paris (1926). 
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2. The substitution 

« = [(/)- 1) - 1) (v - l)]i, y = i (pfxv)i, 2 = - J (/) + /i + V ~ 1), 

transforms the equation (D) into 

5 r . j dul. 1 dhi (p ~ p)(j^- v) (v - p) ^ 

^[/iv(/x - l)(y- ^ 

and there are simple solutions of type 

u = R (p) M (p) N (v) 

if P (p - 1) /2" + (p - 4) i?' + (^ + i:p - iA2p2) i? = 0, 

d^R 

or ^^2 + (a -f cos 2P -f y cos 4P) i? = 0, 

where p = cos^ d. This is an extension of Mathieu’s equation considered by Whittaker* 
and Incef. 


§ 8*41. Prolate spheroid. When the ellipsoid has two equal axes the 
elliptic integrals of § 8-11 can be expressed in terms of circular functions f. 
In the case of the prolate spheroid 


f 




1 , 


the potential of the homoeoid is 

^ M du 

" 2 J, 


/X {a^ u) (c^ + u)^ ’ 


where 




A + c2 A 


== 1, A> 0 . 


The integral may be evaluated with the aid of the substitutions 


u 


and we find that 


tan^ j8, cos )S = 5, 


T/ ^ 1 ^ 7 / o 2\i 

Writing x = m cos y == w sin 

z + im ^ k cos 4- irj), 
we have z = k cosh r] cos | = A: 0 /x, say, 


w ^ k sinh 77 sin | [(d^ — 1) (1 

z^ 

k^ cosh^ rj ^ k^ sinh^ 7 ^ ~ 






* E. T. Whittaker, Proc. Edinburgh Math. Soc. vol. xxxiii, p. 75 (1914-16). 

•f E. L. Ince, Proc. London Math. Soc. vol. xxiii, p. 56 (1926). 

J The results are all well known. Reference may be made to Heine’s Kugelfunktionen, 
Bd. II, § 38; to Lamb’s Hydrodynamics, Ch. v; and to Byerly’s Fourier Series and Spherical 
Harmonics. 


B 


28 



4 Ellipsoidal Co-ordinates 

Comparing this with the equation 


we see that we must have 


c2 -f A’^a^ -f . 


cosh^ 7^ = 4- A, k^ sinh^ rj = 

>'-Slog!^^: = f'oge°‘hl. 


2k ® cosh T? — 1 k ° 2 

The potential may be expressed in another form by finding the distances 
B, R' of a point P from the real foci S, S' of the spheroid. Since 

OS = OS' = k, 

we have 

B^ = (z — k)^ + = k^ [(cosh ij cos $ — 1)* + sinh* t) sin* |] 

= k^ [cosh t) — cos ^]*, 

R = k (cosh -q — cos ^), R' = k (cosh q + cos ^), 

^ R + R' . R' - R 

cosh q = , COS ^ > 


^ ' 2k ’ ^ 2k ’ 

JH , .B + R' + 2k 
^ ^ ^^^^TfR''-~2k- 

It is clear from this expression that V is constant on a prolate spheroid 
with S and S' as foci. On the surface of the conductor i? + i?' = 2c, and V 
has the constant value Vq, where 

. , M . c k 

The capacity of the conductor is thus 

c = — . 

. c k 

The lines of force are given by ^ = constant, (f) = constant, and are 
confocal hyperbolas. 

These results remain valid in the limiting case when the spheroid 
reduces to a thin rod SS\ and in this case the potential must be capable 
of being expressed as an integral of the inverse distance along the rod. 
We have in fact ii/r ric 


2k}^k (z- 5)2]i* 

The line density is thus M/2k and is uniform. 

If we take as new co-ordinates the quantities 6, /x, where 6 = cosh 
= cos the square of the linear element ds is given by the equation 
ds^ = dx^ -f dy^ -f- dz^ = dz^ -f dw^ -|- m^d(f>^ 

— k^ [{cosh^ 7] — cos^ (d^^ H- drj^) 4- sinh^ rj sin^ 


= k^ 
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Along the normal to a surface 6 — constant, we have 

= de. 
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and so the potential gradient is 


dj_ 

dn 


1 / 0* - 1 Y 

le V02 - /xV 


i\ia 7 
~d0 


M 


[(02 - 1) (0* - p^)ri. 


At the vertex of the surface 0 = a the gradient is 

— ^ — l)-i = 

’ Psinh*i7’ 


while at the equator it is 
M 




M 


ak^ ' ' k^ sinh t] cosh rj ' 

The ratio of the two gradients is coth 17, which is the ratio of the semi- 
axes of the spheroid. On the spheroid A = 0, cosh 7 ] = cjk, the surface 
density of electricity is 

^ = itf 

iV dn 4jTa (c* - 

§ 8-42. Oblate spheroid. In the case of an oblate spheroid 


^ z 


4--2=1, c^<a\ 


c 

the potential of the spheroidal homoeoid is 

du 




M . 
— ; = cot' 

A (a^ + u) (c^ -f- u)i » 


-[|(A + e.)l]. 


where k^ ^ and A is defined by 


-I- 1/2 


4-- 


1, A>0. 


a2 4 - A ^ c2 -I- A 
Making the substitutions 

X = w cos <f>, y = w sin 
w iz ^ k cos -f- irj), 

z = k sinh 7) sin ^ = kdp, say, 
w ^ k cosh 7} cos ^ ^ k [{6^ + 1) (1 — 
a2 4- A == A;2 cosh2 tj = k^ (02 4- 
^ X=z ]c^ sinh2 rj = kW^, 


which give 


we find that 


M 

* F = ^cot-10. 
k 


At a point on the surface of the conductor A = 0, 0 = cjk, and the 
potential has the constant value 

T7 ^ 1 ^ 


28-2 
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The capacity of the spheroidal conductor is thus 

cot-1 ^ 
k 

2k 

As c 0 this approaches the value — . This represents the capacity of 

7T 

an infinitely thin circular disc of radius k. If 6, /i, </) are taken as new 
co-ordinates the square of the linear element ds is given by the equation 

" de‘^ d/x2 


ds^^ - k^ (02 + ^ 2 ) 




* 2(1 4 - 02 ) (1 _ ^ 2 ) ( 1^2 


[ 02^ 1 __ 

Along the normal to the surface 0 ^ constant, we have 

/02 - ix2\i 


Therefore 


dv 


dn-= ds ^ kdO ^ . 

1 /02 4- l\i dV 


k 


r -— ^ 


dd 


-p [(^^+ + 


Thus at points of an equipotential surface 0 constant, the gradient 
varies like a constant multiple of (02 + /x2)~i. The ratio of the potential 
gradients at the vertex and equator of this equipotential surface (which is 
likewise an oblate spheroid) is the ratio of the central radii which end at 
these places. 

The surface density of electricity at a point of the spheroidal con- 
ductor is 


1 dV M 


477 dn 47ra 
In the case of the disc this becomes simply 


(c2 4- k^fjL^) i. 


M 


M 


4:7rk^fl 477 * 


(*2 - 


§ 8-43. A conducting ellipsoidal coluynn projecting above aflat conducting 
plane. The electric potential for this case has been studied by Sir Joseph 
Larrnor and J. S. B. Larmor* in connection with the theory of lightning 
conductors, and by Benndorfl in relation to the measurement of atmo- 
spheric potential gradients. It is clear that the potential 

F = — 2 4- A2; j du [(a2 4- u) (62 4- u) (c2 4- uY]~i 


is zero over the plane 2=0, and also over the ellipsoid 

a2^62^c2 


♦ Proc. Boy. Soc. A, vol. xc, p. 312 (1914) 

t Wiener Berichte, Bd. cix, S. 923 (1900); Bd. cxv, S. 425 (1906). 
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if A is defined by the equation 

.00 

1 - ^ du [{a^ + u) (62 + u) (c2 + ufyK 
Jo 

and A by the equation 

CC^ 1/2 2 j 2 

a^A'^/72 -f A'^c^Ta"" 

At a great distance from the ellipsoid V is approximately equal to — 2 : 
and the field is uniform. 

When a and 6 are small compared with c so that the column is tall and 
slender, the Larmors remark that A is small and so the lateral effect of 
the column is on the whole small, though the gradient may be very high 
in the immediate neighbourhood of the vertex. When a == h the gradient 
at the vertex is given by the formula 

_ ^ 2 P 

a^c log - “ ^ — 2 a 2 fc 
c tc 

where ^ — a^. With a = 1, c = 25, k ^ 24, the value of this ratio is 

about 11*44, so that the gradient is more than eleven times the normal 
gradient. 

In the case of a hemispherical projection of radius a the potential is 
simply , 3 i > 

where r is the distance of the point (x, y, z) from the centre of the sphere. 
At points of the plane 2 = 0 we have 

_ iZ _ 1 _ 

02 " rV 

while at points on the axis of 2 

_ ^ 3a» 

02 “ ^ 23 23 • 

The potential gradient at the top of the mound has three times the 
normal value unity. At a point on the plane where r = 2a the gradient is 
7/8, while at a point on the axis where z = 2a the gradient is 5/4. The 
effect of the projection on the force thus dies off more rapidly in a vertical 
than in a horizontal direction, but is always more marked at a given vertical 
distance from the sphere than at a given horizontal distance from the 
sphere. 

§ 8 * 44 . Point charge above a hemispherical boss. Let the point charge 
be at P. Let Q be the image of P in the spherical surface of the boss, R the 
image of P in the plane, 8 the image of Q in the plane. 
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Let a be the radius of the sphere, h the distance OP, then the potential 

1 1 


at T is 


F = 


TP TR'^ 


h\TS TQ)’ 


for this expression is zero on the plane and also zero on the hemisphere. 

When OP is perpendicular to the plane the force on P due to the 
charges at the electrical images of P is 




When h= 2a this expression becomes 

1 r? L _ ?_i 131 - 

a* [9 ^ 16 25J ~ 36000* ' 

This is greater than - f ^^ 2 ) » consequently the image force is increased 

by the presence of the hemispherical boss, and an electron would tend to 

return to the boss when acted upon by an external electric field 

sufficiently large to just overcome the image force for a perfectly level 
surface. 


§ 8*46. Point charge in front of a plane conductor with a pit or projection 
facing the charge. By inverting a spheroid with respect to a sphere whose 
centre I is at one vertex, we obtain an idea of the charge induced on a 
plane conductor by a point charge when there is a pit or projection facing 
the charge. 

Let jB be the radius of inversion, PP', QQ' pairs of inverse points. Let 
P be on the surface of the spheroid and let e be the charge associated with 
a surface element containing the point P, then 

qp^^^Wp" 


We shall regard ^ /P' as the charge associated with the corresponding 

point P on the inverse surface 8. Denoting this charge by c', and making 
use of the relation IQ, IQ' = P^, we obtain 


or 


R y « _ y 

1Q"^QP~'^Q'P'’ 



where F' is the potential at Q' due to the charges c' on S'. 
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Placing a charge — jBFq at / the surface S' will be an equipotential for 
this charge and the charges e' oh S\ These charges e' are in fact the charges 
induced on S' by the charge at /. The force exerted on this charge at I by 
the charges e' on S' is 

■V D T/ ^ OOS CC ^ 6 COS Ct PovrD ^0 n/f 

2 R Fq jp^2~ ^ ^0 jp' ~ ^ ^^P cos (I — Me, 

where c is the distance of / from the centre of the charges e, which is in the 
present case the centre of the spheroid, and where M is the total charge 
on S. The force is thus t/ 


Except for the pit or projection facing the point I the surface S is very 

nearly plane. At infinity it can be regarded as identical with a plane whose 

distance from / is h, where ^ , 

R^ = 2ph, 

p being the radius of curvature of the spheroid at I. Since p = a^/c, where a 
and c are the semi-axes of the spheroid, we have 

2a% — cR^. 

If now the point charge — i? F were simply in front of a perfectly level 
conducting plane at distance h from it, the force exerted on the charge by 
the induced charges on the plane would be* equal to the force exerted by 
a charge rv at the optical image of I in the plane, and so would be 

Comparing this with the force on the charge when there is a pit or 
projection facing it, we find that the ratio of the two forces is v, where for 
the case of a pit 

The value of this ratio v is given for various values of the ratio ^ . The 

H 

table also includes corresponding values of the ratio ^ , where H is the 

distance of / from the bottom of the pit or the top of the projection as 
the case may be : 


3-14 9-67 


i 


1 


2 


4 


9 
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§ 8*51. Laplace's equation in spheroidal co-ordinates. The quantities 
0, fi, (f) are called spheroidal co-ordinates. In the case of the prolate 
spheroid, we have 

6 ^ cosh 7], fji = cos f , z = k cos ^ cosh rj, rn ^ k sin | sinh r], 
and Laplace’s equation is 


0 - (02 - JLi2) V^F S |(02 - 1) 


30) ’ 3/X 


(1 - 

+ 


3F' 


dn) 

02 _ ^2 32^ 
(02 - 1)‘(1“^2) 3^2 ’ 


while in the case of the oblate spheroid 

0 =• sinh Tj, fx — sin z k sin ^ sinh -q, vs — k cos ^ cosh tj, 
and Laplace’s equation is 


0- A;2 (02+ ^2) V2F 


3 ( 
30' 


|(02+1)^^L ^ -^(l — ia^)^^! 
I'V ^ ^30)^3+^ ^ 


+ 


02 


32F 


(02+ 1)(1 - p2) 3^2- 

Some very simple solutions may bo found by adopting as trial solutions 

V = / (0 ± fi) for the prolate spheroid, 

V = f (6 ± ifx) for the oblate spheroid. 

It is found in each case that / (u) = ^ satisfies requirements, and so 


we have the solutions 


F = 


02 




y — ^ 

2> 02-^2 


for the prolate spheroid, and 

V = 


0 


02 + p2 


V = 




+ p2 


for the oblate spheroid. 

§ 8-52. Lame products for spheroidal co-ordinates. The equation 

V2F + A2F = 0 

is satisfied by a Lam6 product of type 

F = ilf (p) 0 (0) «D {<f>) 
d^ 


if 

and 

d 

dp 

A 

dd 


df. 


2 + = 0, 


(02 T 1) 


dM 

dp 

dQ 

de 


m‘ 


(1 - p2) j. + (to + 1) _ ^ ^ 


— \n(n-\- 1) - 


m‘ 

r+ 


± h^k^ (1 - p2)| M = 0, 
- * 2*2 (02 + 1)1 0 = 0 , 


(A) 



Lame Prodiicts 


the upper or lower sign being taken according as the spheroidal co- 
ordinates fjL, 0, (f> are of the prolate or oblate type. When h = 0, we may 

M ^ (m) + DQ- (/x), 

0 = ( 0 ) + PQ/" ( 0 ) 

for the case of the prolate spheroid and similar expressions for 31 and O, 
but the following expression 

0 = {i0) I' (10) 

for the case of the oblate spheroid, A. B, G, P, P, F being arbitrary 
constants and P„^ (/x), (/x) associated Legendre functions*. It should be 

noticed that we now require a knowledge of the properties of the associated 
Legendre functions P^^ (u) and (n) for arguments u of types u = cosh rj 
and u ^ % sinh t]. 

When n and m are positive integers ai^propriate definitions are 

p,™ («) = (..“- 1)5'“ 


Q- (u) = {u^ - l)i* 


(P”Q„ (u) 


It has been found convenient to write (u) for (iu), and (n) 

for (m), then when n is zero or a positive integer we have the 

expansions 

/ X (2ri)! f n(n~\) 

Pn («) - 2» -(n \y |“" 2{2n - 1 ) “ 


\Z Jw" 4- lAI - ' u” 

2’»(w!)2f ^2(2w-l) 


S'™ («) 


_2"j»!)2 
(2 ji+ 1)! 


- 1) (» - 2) (w - 3) 
2.4(2w- l){2?i- 3) 

_ («+ l)(w+ 2) „_3 

2 {2n + 3) 


(rt^+ 1) {n + 2|(w f 3) (n + 4) _ \ 

2.4(2w+ 3)(2w+ 5) 

If 0 = cot it is found that 

go (0) -P, gi{0)-=i-p cot 

g^ W == iP cot^ -f 1) — f cot 

The coefficient of /3 in the expression for (0) is equal to (0). We 
also have the expressions 

Pn (6) = {-r~ (sin 
q„ (6) = 1 (sin 

which are readily verified with the aid of the differential equations satisfied 
by the functions Pn (0) and (0). 

♦ The fact that the Lam6 products depend on the associated Legendre functions seems to 
have been first noticed by E. Heine, Crelle, Bd. xxvi, S. 185 (1843). 
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The integral of Laplace’s type for the function (6) is 

P (0) == ^ — 7T f (cosh rj + sinh rj cos sin^"* a da. 

It shows that (cosh rj) is positive when t] is positive, for when the 
binomial in the integrand is expanded in powers of cos a and integrated 
term by term the odd powers of cos a do not contribute anything to the 
result, while the coefficients of the even powers are all positive. This 
process gives a finite series for (cpsh t]) with the property that each 
term increases with rj. Consequently, when r] is positive P„^ (cosh r]) 
increases with t]. When m 0 and 17 = 0 the value of the function is 
unity, hence we have the result that 

Pn (cosh >7) > 1, rj > 0. 


§ 8*53. Spheroidal wave-f unctions , When the spheroid 0 — constant is 
of the prolate type the equations satisfied by M and O are both of the type 
d 
dx 


(1 - x2) - 


dx 


ni- 

i — 


where A, a and 7n are constants and x = p when X 
X t). If A’^ = (1 — x^)^I^w, we have the equation 


X - 0, 

- M and x 0 when 


(1 


■ x^ 


d^w 
' dx^ 


2 (m + 1) a: + {X^x^ 


m (m + \)} w = 0. 


This equation has been discussed by several writers*. The present 
investigation follows closely that of A. H. Wilsonf. ^ 

Solutions are required which are finite for — I < x < I so as to represent 
quantities of type M, and solutions are also required which are finite for 
1 x< a, where a is some finite constant. These latter solutions are of 
interest for the representation of quantities of type 0, and for this purpose 
a knowledge is also required of the behaviour of solutions of the equation 
for large values of \ x \ . 

We commence with a study of a solution 

w 

represented by a series containing even positive integral powers of the 
variable x. The recurrence relation 

(s -f- 1) (<5 + 2) a, ^2 = (5 - 1) + 25 (m + 1) ~ a + m (m + 1)} — A^a^,^ 

gives the following equation for the ratio 

Ag = a g ^2! el's > ' 

(s -f m + 1) (5 -f m) — a 




(s 4- 1) (5 4 2) 


A2 

(s 4 1) (5 4 2)' x; 


.(B) 


♦ Niven, Phil. Trans. A, vol. clxxi, p. 231 (1892); R. C. Maclanrin, Trans. Camb. Phil. Soc. 
vol. xvn, p. 41 (1898); M. Abraham, Math. Ann. vol. Lii, p. 81 (1899); J. W. Nicholson, Proc. 
Roy. Soc, Lond. A, vol. cvn, p. 43 (1925); E. G. C. Poole, Qvart. Journ. vol. xlix, p. 309 (1921). 
t Proc. Roy. Soc. Lond. A, vol. cxmi, p. 617 (1928). 
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When iVg -> 1 as 5 -> 00 an approximate value of for large values 
of s is obtained by writing iV == 1 - 2 t/ 5 in (B); it is then found that 
T = 1 — m. Therefore for large values of s the coefficients a, approximate 
to those in the expansion of (1 — x^)~^ when m # 0, and of log (1 — 
when m = 0. In this case X (x) is infinite for x — ± 1. 

If is unbounded the series represents an integral function and is 
therefore finite in the range — 1 <,x< 1 . Also Ng and w {x) cosh Ax. 

The condition that lim Ag = 0 gives a transcendental equation between 

8 -> 00 

a and A*. When this condition is combined with the equation 

A2 


it is found that 
A2 


(s + m + 1) (s + wi) — CT — (5 + 2) (s + 1) N, 
3. 4. A* 5. 6. A* 


w 

“ (m + 3) (m + 2) — a - (m + 5) (m + 4) — 0- — (wt + 7) (»» + 6) — or — 
the continued fraction being convergent for all values of A and a. Also 
Na = a^ltto = {m (m + 1) — ct}/ 2, and so the equation for a becomes 

/ n_ = 3.4.A^ 

m(7n + a (jjj ^ 3) (jjj 2) — a — (m + 5) (m + 4) — CT 


A better form is 


— (w + l)(m+ &) — a- 


m (m + 1) — a = 


1.2.AV{(w-f 2) (m+ 3)} 


1 - 


{m + 2) {m + 3) 

3A.X^I{(m + 2) (m + 3) (m + 4) (m + 5)} 

1 _ 


(m + 4) (to + 5) 

This continued fraction gives an infinite number of values of a approxi- 
mate expressions for which may be readily obtained. When to = 0 the 
first value of a is given by the series 

= - i A* - tI-. rr + ... . 


which converges very rapidly. To find the second value of a it is ad- 
vantageous to write the relation between cr and in the form 

1.2.AV{(m+ 2) (m-f 3) } _ ^ a 

m (m + 1) ~ a (m + 2) (m + 3) 

3A.X^I{(m + 2) (m + 3) (m + 4) ( m + 5)} 

a ’** ’ 


1 - 


and it is readily found that 

. CTq = 6 


21 ^ ( 21 )* 


(to -f- 4) (to -f- 5) 
94 


A‘ + 



444 Ellipsoidal Co-ordinates 

If the series for w contains only odd powers of x it is found that the 
recurrence relation is 

{s -f 1) (5 -f 2) = {(s + m) (s m + 1) - g} Us - 

and (7 is given approximately by the continued fraction 

(m + 1) (m + 2) - » . 

1 ^ 

(m + 3) (m + 4) 

4.5.A7{(^ + 4- 5) (m + 6)} 

- 1 ^ - — 

(m + 5) (m -f 6) 

Priestley* has discussed the solutions of equations (A) by the methods 
of integral equations. If the associated Legendre functions are defined by 
the equations 


1 ; 


COS rriTT (/x) 


r(w-m+l) " 




Qn^ (/x) ^ limit ^TT cosec rmr 

m-> integer 

we have 

p n'^’" (— m) = COS [{m + n) n] P„”’ (/t) — (2/7 t) sin [{7n + n) tt] Qn’" (n), 
and so we can construct an even function (jj,) and an odd function 
ipn’" {(jl) by means of the relations 

•An” = (n, m) cos \{m + n) 7t.P„-”‘ {fi) + {2/tt) s.Qn'^ (/x), 

•An”* (^) = (n, m) sin ^ {m + n) tt.P„-”' (fi) + {2/tt) c.Q„”' (/x), 

where 


(n, m) 


r(7i + ^^+i) * 1 / \ 1 / \ 

f {n- 7n~V\)' C - cos |(m - n). 


Associated with these functions there is an even solution of the 
differential equationf 

<«;["- <” + >1 - (1 - - n . 

which may be derived by solving the integral equation 

<f>n^ if^) == (fx) - *2^2 gee ?n 7 r (/x, t) (t) dt, 

Jo 

and an odd solution of the differential equation which may be obtained 
by solving the integral equation 


(f^) = (m) - sec rriTT f "" (/a, t) (t) 

Jo 


dt. 


♦ H. J. Priestley, Proc. Lond, Math, Soc. vol. xx, p. 37 (1922). 
t This is the differential equation corresponding to the oblate spheroid. 
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In both of these integral equations the kernel (fi, t) is 

K. (M. «) - (1 < ) I ,,, ,,, 

The functions {fi) and Vn^ (fi) are infinite for /x = ± 1, but 
(1 - jj^m and (1 ~ (/x) 

are finite. This is not true when m = 0, the corresponding theorem is then 
that Un (i^)/log (1 — /x) and (M)/Iog (1 — fx) are finite for /x = d= 1. 
Solutions of the differential equation 




1 + 


( 6 ^+ 1)V 0 = 0, 


which approximate to sin (khd)j6 and cos {khd)l6 respectively, a,s 6 ->■ oo, 
are obtained as solutions of the integral equations 

(1 + e^)-i sin khe =&{$)- f* G„”' (6, t) 0 {t) dt, 

J 00 

(1 + 02)-icos khe = 0 (e)- o^”' (e, t) 0 (t) 

J 00 


dt 


respectively, where 

{&, <)=[«•(«'+!)- 1^772] + 7 ^’ 


sin [kh (6 — <)] 


EXAMPLES 


1. Prove that the integral 


</> = J dt sinh (kJifit) | 


cosh Ich (t + id) ^ cosh kh (t — id) 


t + id t — id J 

represents a spheroidal wave-function of oblate type. 

2. Prove also that if J' ( /i, is a solution of V^F + h^F = 0, the integral 

* = J* F(t,-iX)dXdtei’*^'>'^ii-*> 
represents a second solution. 

[J. W. Nicholson.] 

§ 8*54. A relation between spheroidal harmonics of different types. The 
four-dimensional potential of the spherical surface 

y‘^ ^ 2 == 0, 

when the surface density depends only on -f is 

W = a^{ f (cos d) sin 6dd f ~ , 

;o Jo ^ 

where 

= (w — a cos 0)2 + + {x — a sin d cos ^)2 -f (y — a sin 0 sin </>)2, 
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and / (/a) is a function giving the law of density. Integrating with respect 
to <f> and writing { = cos 0, we obtain 

•na 


w = -J u {X, Y, Z), 


where 


U 


L 


fiOdC 


[(i - zf + z* + 


z = 


WS^ 


2a (p 2 V w^y 


-f 72 + ^2 _ 


4aV^ 


4a2 (p^ -f w'^) ^ 

8^ a^, -i- 

Now when (X, Y, Z) are regarded as rectangular co-ordinates in a three- 
dimensional space /S, the function U is the Newtonian potential of a rod 
of varying density; we therefore introduce spheroidal co-ordinates rj 
defined by the equations 


cos i cosh 7^ = Z = 


ws^ 


2a (p^ H- w^) ’ 

. > . , /V2 , vaa p [s* - 4 :a^ {p^ w^)]i 

^ / V / 2a (p2 -f- 10^) 

and we find that 

w , 


cos I = 


cosh 77 = 


(p* + ■' 2a (p 2 + w^)i 

Corresponding to the standard potential function 
U = Q„ (cosh ri) P„ (cos i), 
we then have the four-dimensional potential 
ira ^1 s 




Q r ] p r ' 

^ ” L2a (p2 -f w^)^\ ” l(p^ + ’ 


(p2 -f- i^2)i 

and a corresponding Newtonian potential 

1 f® 

F = i Wdw, 

'TT J -00 

which reduces when p == 0 to the value 

-h a'^ -h 


dw ^ fz^ -h a’^ -h w^~ 


To evaluate this integral we use the expansion 
Tri r (n-h 1) 
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Now if m is zero or a positive integer, 

f®® dw / 2aw y+ 2 «+i 
J- oo w; \z^ -f a* -I- wy 


= 277 

= 0 , 


- g" 

+ a 


1.3 ... 
7 2.4. 

n = 2m -f 1. 


(2m +25—1) 
.. (2m + 25) * 


n = 2m 


Hence, when n = 2m, 

y 7r*r(2m+l) 1.3... (2m- 1) / o* y+i 

0 - 2»*»+i r (2m +■! j ^274 . . . 2m Vz* + o V 

x^’(m+i,m + J;2m + f; 

= 2^« 1-3... (2m- 1) 

^ 2.4... 2m 


Introducing the spheroidal co-ordinates 

2 = afivy p = a \/{(l — + 1)}> 


we can say at once that 


F = 27ra 


1.3... (2m- 1) 
2.4 ... 2m 


Pzm (f*') ?2m M 


is a potential function which takes the value F© when /x = 1 ; conse- 
quently we have the formula 


00 dw ^ r 5^ Ir^r^ 

-00 (p* + [2a~(p2 + [(p* + 


= 277 


1.3 .. . (2m- 1) 
2.4 ... 2m 


Pirn (f*) ?2m (v). 


Since this potential function is obtained by projection from the four- 
dimensional potential of a spherical surface it represents the potential of 
a circular disc whose density is a function of the distance from the centre. 
To find this function we notice that a density / {Q on the spherical surface 
corresponds to a density (2/^)/(5) on the disc, where p = a (1 — ^)i. 

If, in particular, we write / (^) == Pgm (0> we have 

U = 2 Q 2 m (Z) when X = 7=0. 

Hence the potential 

F — 277a '2 4 2m (^) 

is the potential of a disc of radius a whose surface density is 


(1-PT^P*™(V1-3>*), 
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ap being the distance from the centre. On the disc itself we have 6=0, 
and since 


(0) 


Itt. 


1^3 ... 

2.4 


(2m ~ 

...2m 


1 ) 


the value of V is Fq, where 

Fq = TT^a 


P. 32 ... (2m - 1)2 

22.427.“. ( 2 r^ 2 "“ 


Am (/^)- 


This method can be used to find the potential of a disc whose density 
is (2/^)/(^), where /(Oi^ even function which can be expanded in a 
series of Legendre functions in the interval — 1 < ^ < 1. Sufficient con- 
ditions for the uniform convergence of the expansion in the whole of this 
interval have been obtained in an elementary way by M. H. Stone, Annals 
of Math. vol. XXVII, p. 315 (1926). The requirements are that 

\[u"(x)fdx 

should exist and that the equation;’ 

/(^) / (-- 1) + j [ /" dv 

}-l J-1 


should be valid. The coefficients in the expansion are supposed to be 
derived from /(a;) by the usual rule."; 


For further applications of spheroidal co-ordinates reference may be 
made to the books of C. Neumann* * * § , E. Mathieuf, M. BrillouinJ and 
A. B. Basset§, and to papers by F. Ehrenhaft||, K. F. Herzfeld^j, J. W. 
Nicholson**, R. Jones|f and K. SezawaJJ. 

* Theorie der Elektricitats- und Wdrrne-V ertkeilung in einem RingCy Halle (1864). 

t Cours de Physique Mathdmatique, Gauthier- Villars, Faria (1873). 

X Propagation de V ^leciriciU, Hermann, Fans (1904), Ch. vi. 

§ Hydrodynamics y vol. ii, Cambridge (1888). 

11 Wiener Perichte, p. 273 (1904). 

Ibid. p. 1587 (1911). 

Phil. Mag. vol. xi, p. 703 (1900); Phil. Trans. A, vol. ccxxiv, pp. 49, 303 (1924). 
tt lin'd, vol. ccxxvT, p. 231 (1920). 

Jt Bull. Earthquake Research Inst. vol. ii, p. 29 (1927). 



CHAPTER IX 


PARABOLOIDAL CO-ORDINATES 
§ 9'11. Transformation oj the wave-equatim. If we write 

z ■+• i/o = (tto + oY = - a, 

so that the transformation is 

z = ~ a - p = 2{- 
the differential equation 

I dnv 


d^W 2m 1 1 01f dm 
“f~ ■ H A 


becomes 

dm 


dp^ 


p dp^ dz^ dt^ 


= 0 


aif 


dm 


dw 


+ {m + 1) ^ - (m + I) - (a - ^) 


and is satisfied by* 
fZM 


0)3 


0^ 


1 dm 

c* dt^ 


0 , 


if 


W = A{a)B ((8) ei'*''-', 




0 


(/t - ifc2)3) R = 0 


•(I) 


where h is arbitrary. 

When I; = 0 it is simpler to use the variables «(, and as independent 

variables, the differential equations for A and B are then 

d'^A 2m + 1 dA _ 

-f , + 4/^/1 = 0, 


daY ttfl 
d^B 2m -f 1 dB 


ihB = 0 . 


The inference is that there are simple solutions of Laplace’s equation 

of the types r /■> ^ t /^rt ^ , i i ^ 

Im (AOo) Jm (¥o) COS m {cj> - ^o), 

(Aao) -/„ (A^o) cos m (.^ - 

/„ (Aoo) (A)3o) cos m - 4>o), 

(Aa„) (Aj3„) cos m ((j> - <^o). 

where A and m are arbitrary constants. The expressions for p and z in terms 

of Oo and j3o are 202 o /? 

z=ao^-Yo\ p=2ao/3o, 

r = -f 

* H. J. 8harpe, Quarterly Journal, vol. xv, p. 1 (1878); Proc. Carnb. Phil, Soc, vol. x, 
p, 101 (1899); vol. xiii, p. 133 (1905); vol. xv, p. 190 (1909); H. Lamb, Proc. London Math. Soc. (2), 
vol. IV, p. 190 (1907). 

B 29 
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Many well-known potentials may be expressed in terms of these simple 
solutions in an interesting way. We shall give here an expression for the 
inverse distance 

= [(2 + yoY + pT* 

= [«0* + ^0* + Yo* - 2^0 Vo* + 2 yo*«o* + 2 ao*^o*]~*- 
Let us assume that 

== rKo (Aoo) Jo m) Jo (Ayo)/ (A) A 
Jo 

then when 0 we should have 

W + roT^ - f" Ko (Aoo) Jo (Ayo)/ (A) dX. 

Jo 

This indicates that perhaps 

= (oo^ -f ^ {"k, (Xoo) Jo f i^) dX, 

Jo 

and again, when Po = we should have 

«o"*= f ^0 (A«o)/{A) dA. 

Jo 

This equation is satisfied by / (A) = (7A, where (7 is a constant such that 

C \ Ko (t) Tdr = 1. 

Jo 

Now Ko (r) = f e-^coshu 

Jb 

roo I* 00 r CX 3 

and SO Ko(T}TdT== rdri du 

Jo Jo Jo 

= [ sech^ u,du 1 . 

Jo 

Hence (7=1, and so the analysis suggests the equation 

= f " Ko {Xao) Jo (AjSo) Jo (Ayo) A dA. 

Jo 

This equation may be checked in many ways. In particular, if we make 
use of the equation 

'rrJo (A^o) Jo (Ayo) = f Jo Wo^ + yo^ “ ^PoVo COS a>) doj 
Jo 

the relation may be deduced from the simpler relation 

(tto^ 4- == [ Ko (Aao) Jo (ASo) AdA, 

Jo 

which in turn may be checked by substituting the foregoing expression 
for Ko(t). The equation for is a particular case of one given by 
H. M. Macdonald*. A proof of the formula is given in Watson’s Bessel 


Proc. London Math. Soc. (2), vol. vii, p. 142 (1909). 
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F unctions y p. 412. Some analogous integrals have been evaluated by 
Watson* at Whittaker’s suggestion. 

The corresponding expression for where 

- yo^) + P^ 


is = (" Jo (Aao) ^0 (AiSo) ^0 (Ayo) AdA. 

Jo 

§ 9*21. Sonine's polynomials. Putting 2ikn — — ik {m 1) — A in the 
equations (I) we find that the differential equations are satisfied by 
A == (2ika)y B = (2ikp)y 

where F^^ ( 5 ) is a solution of the differential equation 


d^F , 

« + (m + 1 


s/l^nF=0. 


This is a slight modification of Weiler’s canonical formf for an equation 
of Laplace’s type. It is satisfied by a confluent hypergeometric series of 
type 


1 - 


n 


s + 


n {n — 1) 


1 (m -h 1) ' 1.2 (m + 1) (m + 2) 


which is usually denoted by the symbol F (— n; m -f- 1; 5 ), but in the 
British Association report for 1926 the symbol F {a; y;s) is replaced by 
M (a; y; s). 

When n is a positive integer a solution of the equation can be expressed 
in terms of Sonine’s polynomial^, (5), which may be defined by means 
of the expansion 

(1 + = Z r (m + n + 1 ) <" (s), (A) 

n -0 

where | < | < 1. Calculating the coefficients in the expansion of the function 
on the left-hand side of the equation we find that 

qTI qTI — 1 

IV n / o) 

^ r(m + 7i+l)ra! r (m + n) (n - 1)! 


^n~2 

r (mTir-Ty»-‘2T2!“ ■■■ 

"" F(m + 1) r (» + 1) 

— ( — \n _ (-p-s.^m+nT 

^ ' r (m + n+ l)r(«+ l)d5"^ J ^ ^ 

^ ^ r{m + n^ 1 )^” 

if we adopt the modern notation for the generalised Laguerre polynomial. 


♦ Joum. London Math. Soc. vol. iii, p. 22 (1928). 
t Crelle's Journal, vol. Li, p. 105 (1856). 

t Math. Ann. vol. xvi, p. 1 (1880). The T notation was probably adopted in honour 
of Tchebycheff who considered particular cases of the polynomial in 1859; Oeuvres, t. i, 
pp. 500-608 (1899). 


29-2 
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When wi + » is zero or a positive integer there is another formula* 

( \m+nps fjm+n 

Tm” («) = r‘(^+ i ) (E) 

which indicates that in this case the polynomial may also be defined by 
means of the expansion 

-= S (s). (F) 

U ! m=^ — n 

A comparison of the formulae (D) and (E) indicates also that in this 

(s) = (s). (G) 


With the aid of the last relation many formulae may be duplicated. 
Sonine’s polynomial satisfies a number of difference equations, most of 
which are given in the memoir of Gegenbauerl. 

7’m-i” (s) = (s + m) Tj' (s) - (m + n + 1) s (s), 

n (m n) (s) — {s — (to + 2n — 1)} («) i- («) = 0, 

7V-* (s) = (TO + w) (s) + {s), 

[n - 1) T„"-i (s) {s - (TO + n- 1)} (s) - (s), 

(n - 1) (s) --- {s - (to + 1)} (,s) - s (s), 

« 2s («)] = («) + («)> 

ftp 


rs’'‘7' " 

(to -h W + 1) I 


(.9)J == {s), 

(«)] = .V(«)-|j7’™"(«)]. 


From these equations we may deduce that 
[6— + (^)] 

_ [Tj^{s)Y^ [m {n^ \) (.s*)}^ 4 - {T,Y Y) ^(n-\~ 1) 7"^”+^ (5)}2]. 

When m (n i) is positive or zero (Ins (‘quation shows that 

(s)/T^- (s) 

increases with s except possibly at a place where both ( 5 ) and (s) 

are zero. The roots and poles of this function consequently occur alternately 
as s increases from — 00 to 00 , and so the roots of the equation ( 5 ) = 0 
separate those of the equation T,Y = 0- 

Gegenbauer showed that if m — 1 the roots of the equation (s) = 0, 
considered as an equation of the nth. degree in 9 , are all real, positive and 


* Deruyts, Litge mvrnotres (2), t. xiv, p. 9 (1888). 
t Wiener Bericfite, Bd. xcv, S. 274 (1887). 
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unequal. This is a generalisation of a result obtained by Laguerre* for the 
case m = 0. It is an immediate consequence of an orthogonal relation 
which will be obtained presently. A geometrical proof has been given by 
Bocherf for the case m^\. The distribution of the roots is of some 
physical interest because Lagrange % showed that the equation (s) = 0 
gives the possible periods of oscillation of a compound pendulum con- 
sisting of equal weights equally spaced on a light string. Tlie transition 
from the compound ' pendulum to a continuous heavy flexible chain has 
been discussed by Suzuki §. Properties of the roots are given by E. R. 
Neumann II . 


§ 9*22. Orthogonal 'properties of the polynomials. Let us consider the 
integral 


foo 

JO 


(as) (ds) ds, a> 0, b > 0. 


If I ^ I < 1 and I T I < 1 we may write^ 

S Sr(m-}-?i-fl)r(m-fj^+l) 

n ~0 i /=0 

= I e-^^s^ds.[{l -f (1 -f exp 

Jo 


ast hsT 


1 M 1 f tJ 

= r (m -f 1) [x (x — a) t -j- (x — b) r (x — a -- b) trY*^-'^ 

= S (-)- EJ™ r''[x-b+(x-a-b) tY 

t (V -f- 1; 

x\x (x — a) 

The coefficient of in this expansion is easily obtained, and we 
find that^ 

j (_)n+v p ^ {^x — a)^ (x — by 

r (n + 1) r (v + 1) r (m + rt + l) r (m -f v 4- l) ajm+n+i^+i 


X F 


(^- n, - v; 


m — n — v\ 


X (x — a — b) 


(x — a) (x — b) 
with the usual notation for the hypergeometric function. 
When X = a = b = 1 the double series has the sum 
r (m -f- 1) (1 - tr)-^-^ (m > - 1) 
and so we find that in this case 


)■ 


^n, V — ^ v) 

^ V (n +■ \ )T (n + m + 1 ) (”=»’)• 

* Bull. Soc. Math, de FrancCf t. vii, p. 72 (1879); Oeuvres de Laguerre, t. i, p. 428. 
t Proc. Amer. Acad, of Arts and Sciences, vol. XL, p. 469 (1904). 
t Miscellanea Taurinensia, t. iii (1762-1765); Oeuvres, t. i, p. 534. 

§ Proc. Phys. Math. Soc. Japan, vol. ii, p. 185 (1920). 

II Jahresbericht deutsch. Math. Verein. Bd. xxx, S. 15 (1921). See also a paper by A. Milne, 
Proc. Edin. Math. Soc. vol. xxxiii, p. 48 (1915). 

^ This is a simple generalisation of a formula given by P. S. Epstein, Proc. NcU. Acad, of Sci. 
vol. xn, p. 629 (1926). 
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This orthogonal property of the polynomials was discovered by Abel 
and Murphy for the case m = 0, and by Sonine for the general case. In the 
cases m = db J, Sonine’s polynomial can be expressed in terms of Hermite’s 
polynomial (a:), which may be defined by means of the equations 


u„{x)= (-)« (C-**). 


We have in fact 


a:Ti" (x^).^rr.{2n + 1)! = (a:). 

This polynomial possesses the orthogonal property 

foo 

e-^ (x) Un da: = 0 (m ^ n) 

J -00 

= 2^ (n !) (m = w), 

so that the functions f// (x), defined by the equation 

(r,* (x) = U, (x), 


form a normalised orthogonal set for the interval (— 00 , 00 ). It seems that 
these functions first occurred in Laplace’s Theorie Analytique des Pro- 
babilites. 

In papers on the new mechanics Hermite’s polynomial is usually 
denoted by instead of A useful bibliography on Hermitian 

polynomials and Hermitian series is given in a valuable paper by E. Hille, 
Annals of Math, vol, xxvii, p. 427 (1926). 


EXAMPLES 

1. Prove that n 1 (s) d3=^ (I - x)^ [N. Sonine.] 

2. Prove that 

r (m + (d) — j (3 CO8* ip) ip .diff (m> — J). 

3. Obtain also the more general formula 

r (p) (x) = (XV) y- (1 - y)i>-i dy 

{p>0, v>-l). [N. S. KoBhliakov*.] 

4. Prove that 

r (n + .- + 1) («) = r (n + 1) r ( 1 / + 1) J’(« - t)" (« - t) T/ (t) dt. 

5 . Prove that (*) = ^2^ -jy j . [B. M. Wilsonf.] 

6. Prove that e"* (» (2» V^) = 2 a:"r„" (*). [N. Sonine.] 

, n=o 

* Me$9. of Math. vol. Lv, p. 162 (1926). 

t Ibid., vol. uii, p. 169 (1924). 
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7. 


8 . 


Prove that, if m and n -f 1 are positive integers and « > 0, 
Prove that the equations « 


d^n 

dW 




-a;n)-(n+ 1) (a;„ - 


have a particular set of solutions of type 


where 


^nW=l 


a;„ = Xn(ti)cos (isju). 



[G. Sz^5.] 


[J. L. Lagrange.] 


9. Prove that 


_ 00 
c 5) 2 Ln(u)t 

n=0 


and that consequently Ln(u) is the so-called polynomial of Laguerre which possesses the 
property 


/: 


(i^) Ln {u) du 

=* 0 m ^ n 
= 1 m = n. 


[E. T. Whittaker.] 


§ 9*31. An expression for the product of two Sonine polynomials. The 
analysis of § 9*21 indicates the existence of wave-functions of type 

2 2 (2ika) {2ik ...(A) 

n^O 


where the coefficients A^^ are suitable constants. 

The convergence of a series of this type may be partially discussed 
with the aid of the equation* 


(- ix) = 


1 1 ^ Ti n (m n 

r 4- 1) r (m 4- 1)_ ^ 1 (m 4- 1)^ (m -f 2) 


n (71 — 1) (m 4- n 4- 1) 4- n 4- 2) 

1.2 (m 4- 1)2 (m 4- 2)^ (m 4- 3) (m 4- 4) 


in which the coefficients on the right are all positive. This equation, which 
will be established presently, shows that the modulus of {ix) increases 
with x^. Hence if the series (A) converges absolutely for any given value 
of I a I , it converges absolutely for all smaller values of | « | . 

This equation may be established by first expressing a typical term in 
the expansion for i2 as* a definite integral of type 

r 2ir 

/[^ — ix cos (X) — iy sin oi, a; sin co + 7/ cos ca, cu] dcu. 

Jo 

Taking 

f = — ix cos o) — iy sin a>], 


♦ An analogous equation for the confluent hypergeometric function F{a; y; 8) wets ob- 
tained by S. Ramanujan and extended to the generalised hypergeometrio function by 
C. T. Preece, Proc. London Math. Soc. (2), vol. xxii, p. 370 (1924). The present equation was 
given in the author’s Electrical and Optical Wave Motion, p. 101 (1916). 
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we may write the integral in the form 

f Qir 

^e^y-imy F [z — ip COS y] dy 

Jo 

by making the substitution y = co — Our aim now is to choose the 
function F, so that 

(i:p)^ {2ika) T,/ (2ikp) = F (z - ip cosy) dy, 

Jo 

We shall verify that a suitable function F is given by 


.(B) 


To do this we multiply both sides of our equation by where ^ is 
an arbitrary positive quantity greater than p, and we then integrate 
between 0 and oo. Since each side of our equation is a polynomial in k 
the equation will be verified if it can be shown that the resulting equation 
is true. 

Making use of the formula of § 9-22 the resulting equation is found to be 

r 27r 

e~imy (y 4 . pe->y)n _ pe^y)-n-i dy 


1)277 2n- 'i 


r (m -]■ 2n -1 

r (71 -f 1 ) r (m -f n + 1) 

where ^ -f 2iz, Now, if ^ and rj are sufficiently large we find by 
expansion in powers of p that the definite integral has the value 

27r r (m -f 7^ + 1) p^T}^ / 1 1 o/> ^ 

Putting u = — p^ I ^r], the equation to be established is 
[F (m n + l)]2i^ ( 7 ^ -f 77 -h 1, — 77 ; 777 4* 1 ; 77) 

== r (777 4- 277 -f- 1) r (777 -f- 1) (1 — 77)"^ [— 77, — 77; —777 — 277; (1 — 77)“^], 

but this is true on account of a well-known property of the hypergeometric 
series. 

Putting p = — a, p = 2a, our formula becomes 
277 r (777 + 77 + 1) (~y^ (2aky^ (2iak) (- 2iak) 


f 2jr 

J exp [2ake'> — imy] .-T^* (— 4a^ cos y) dy, 


and from this equation the expression (B) is readily derived. If we write 

= T, — 2ai: = s; 

the foregoing equation gives the expansion 


e-^To" [5 (t + T-i)] = S (-)«+« r (to + n + 1) (ts)”* (is) T„« is). 
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This is a particular case of a more general expansion 
exp e*“] To" [^ + - 2 (irj)i cos to] 


= S (-)” r (m + m + 1) (^) (ij). 

The differential equation (for F) has been studied for general values of 
m and n by Pochhammer, Jacobstahl, Whittaker, Barnes and many other 
writers. Writing it in the canonical form 




(C) 


where a and y are arbitrary constants which may be complex, the complete 
solution is aF [a-, y,x) + Bx^-^F {a - y + I; 2 - y; x), 


where 


r, , , , a a (a -1- 1) 

+ ly + rwyXr 


1 ) 


+ ... 


is the confluent hypergeometric series which is so named because we may 
write* 

F(a;y;x)= lim F[a;P;y; yA. 

/3->oo \ P/ 

When y is a positive integer the coefficient of B is either infinite or 
identical with the coefficient of In this case the complete solution 
of (C) isf ^ i_ 

y = [A 0\ogx\F (a;y; x)+ C 2 (r/ + «~7 + l, T-'i-l) ^ 


ni 


4. r - - A I « ( « + ^) 4- ^ 1 I 1 _ 

y \a y ) y (y + 1 j 2 ! \a a I y y + 1 2/ 

«(«+ l)(«+2) x^/l 1 1 

y (y -f- 1) (y -f- 2) 3 ! \tt cc-f-l cc-1-2 y y-|~l y"i~2 2 3/ 

+ ... to infinity. 

When m and n are positive integers the equation 


possesses only one solution ( 5 ) which can be represented by a con- 
vergent power series of integral powers of s, A second solution may be 
derived by a well-known method by writing F = {s). The equation 

for u is then 


rrrdhL f. dT , i ^ v ml 


and so F = CTj* (s) + (s) | s' (o)]"* ( 7 “*’"+'’ do. 


* E. Kummer, Crelles Journal, vol. xv, p. 138 (1836) 

t H. A. Webb and J. R. Airey, Phil. Mag. xxxvi, p. 129 (1918). W. J. Archibald, PhU. Mag. 
8. 7, vol. 26, pp. 415-419 (1938), (addition of the second term for y > 1). 
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This solution gives a logarithmic term when the integrand is expanded 
in powers of a. 

When s is imaginary, or a complex quantity, as it is in our case,^ use 
may be made of the solution represented by the definite integral 


Um” (») = 


(s - da. 


r(n+ 1) 

A number of analogous definite integrals are given in papers by 
Epstein* and Whittakerf . 

Whittaker reduces the differential equation to a standard form 


dW 

dz^ 


I k i-m‘ 


+ ^- 7 + : + 


1F = 0, 


and introduces as the principal solution the function 

™ ( 2 ) = - 2 -^-. r (* + J - «) (- (l + y e-< dt. 


where arg z has its principal value and the contour is so chosen that the 
point, ^ = — 2 is outside it. “The integrand is rendered one-valued by 
taking | arg (— ^) | < tt, and taking that value of arg (1 + t/z) which tends 
to zero as ^ -> 0 by a path lying inside the contour.’’ When 


R (k‘ — ^ — m) < 0, 






r - k + m) Jo 

“This formula suffices to define in the critical cases when 

m -f A; — ^ is a positive integer, and so Wjc,m is defined for all values of 
z except negative real values.” 

The relation between this function and Sonine’s polynomial is indicated 
by the relation 

n! r (m + M + 1) ^ *«• (2) = Tm” (2). 


For the properties of the function ( 2 ;) and its asymptotic expansion 
reference must be made to Modern Analysis and to some later papers by 
mathematicians of the Edinburgh school J. The asymptotic expansion of 
the function {x) for large values of n is discussed by J. V. Uspensky § 
and used to obtain sufficient conditions for the validity of the expansion 
of f{z) in a series of these functions when the coefficients are given by 
means of the orthogonal relation of § 9’ 22. The summability of the series 


♦ Di88. Munich (1914). 

t Bull, Amer, Math, Soc, vol. x, p. 125 (1904). 

t D. Gibb, Proc. Edin, Math. Soc. vol. xxxiv, p. 93 (1916); N. M’ Arthur, ibid. vol. xxxvin, 
p. 27 (1920); G. E. Chappell, ibid. vol. XLin, p. 117 (1924). 

§ Annals of Math. vol. xxviii, p. 693 (1927). See also 0. Perron, Crelle, Bd. CLi, S. 63 
(1921); M. H. Stone, Annals of Malh. vol. xxix, p. 1 (1927). 



Examples 459 

has been discussed by E. Hille* and G. Szegof. The Parseval theorem for 
the series has been investigated by S. Wigertf and M. Eiesz§. 


EXAMPLES 

1. Prove that 

eikzcoB^j^ (jcp sin co) = 2 (2ika) (2ikp\ 

n=0 

Oi / 

where = (— )" r (n + 1) r (m + n 4- 1) A;"* sec* ^ (tan ^ j 

2. If (f) (x)iB a continuous function for all real values of x and if, when | a; | is very 
large, (^(x) — 0 (e“*®*), where k is a positive constant, the equations 

\ (fy (a;) Hn (x)dx = 0 
J -00 

n =0, 1, 2, ..., 

in which (a;) denotes Hermite’s polynomial, imply that (f)(x)~0 for all real values of x. 

[M. H. Stone.] 

3. If f{x) is integrable for all real values of x and such that 


exists, the quantities 


e-=^[f{x)fdx 
^ 2" Vtt f-oo 


are such that the infinite series 


converges. 


2 2^n\c^ 
»=o 


[M. H. Stone.] 


4. If, in addition, the limits / (a^o ± 0) exist absolutely and / (a:) is absolutely integrable 
over any finite interval, the series 

00 

2 Cn Hn (^o) 


converges and its sum is ^ [ / (Xq + 0)+/K-0)]. 

6. If / (x) admits the representation 

/(^) = /(0) + j^f'{z)dz (-00 <a;<oo) 

and ( e~^ [2xf (x) — /' (a:)]^ dx 

J -00 

exists, and if, moreover, for large values of | x | 

/(x)-O(e*^) 0^1; <1, 

the series (D) converges uniformly to/(x) in any finite interval. 

* Proc. Nat. Acad. Sci. vol. xn, pp. 261, 266, 348 (1926). 
t Math. Zeits. Bd. xxv, S. 87 (1926). 
t Arkiv for Mat., Astron. och Fysik, Bd. xv (1921). 

§ Szeged Acta, 1. 1, p. 209 (1923). 


(D) 

[J. V. Uspensky.] 


{M. H. Stone.] 
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6. Prove that, if m > — i, we have for large values of n 


Un (^) =* M j^COS On -f {nx)~i U (x) sin ^ 

lln (a:)= — 0) (x) j^(n/a:)i sin ^ t; {x) cos On + (nx)~i yjrn (ir)Ja 
n„ (x) = (-)" [r (m + n + 1) r (n -f l)]i (X), 


U)n(x) = (n^nx) i, On = 2 v'wa: - 

, , x^ 1 4- w 1 

w (a?) = j2 Y~~ ^ 16 “ 4 ’ 

, , a:2 mx 1 (m -f 1)^ 

*’ “ 12 " 2 ■*" 16 T~ ’ 

and where 0 (a;) and yjr (x) remain bounded when x varies in the finite interval 

0 < a ^ a; ^ 6. 

In this form the asymptotic expression is due to Uspensky. An earlier form, given by 
Fej6r, has been elaborated by Perron and Szego in papers to which we have already 
referred. The corresponding asymptotic expression for Hermite’s polynomial was obtained 
by Adamoff, Ann. Inst. Polytechnique de St Pdersbourg, t. v, p. 127 (1906). The result 
was extended to complex values of the variable x by G. N. Watson, Proc. London Math. 
Soc. (2), voL vra, p. 393 (1910). 

7. Prove that s T^rn+i («) = (^ + 1) 

8. Prove that, if a > 0, 

F(a; c; z)= ^ e ^ da. 

9. Prove that F (a; y; - h) = -2 ^’la, -w;y; ). 

771 = 0 Idfl I \ Xj 

[P. Humbert, Joum. de V^cole Polytechnique (2), Cah. 24, p. 69 (1924).] 
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TOROIDAL CO-ORDINATES 


§ 10 * 1 . Laplace's equation in toroidal co-ordinates. If we put 

X = p cos (f)y y == p sin (f)y z + ip = a cot ^ (ip + ia), 
a sinh a a sin ip 

^ cosh a — cos xp ’ cosh a — cos ip ' 
the angle ip is the angle subtended at a point P (Xy z) by the segment 

A B which is the diameter of the circle 2 ; = 0, x^ ^ a^ in the plane 

through P and the axis of 2 . The quantity a is equal to log {PBjPA), The 
surfaces xp ~ constant are the spherical caps having the above-mentioned 
circle in common; the surfaces a = constant are anchor rings. In these 
co-ordinates 

dx- 4- dy^ + dz^ = ^ ^^2 [da^ + dxp^ -f sinh^ a.d(p^]y 

where s = cosh a, r = cos xp. Laplace’s equation consequently takes the 
form* 

9 /sinh or du\ 9 /sinh a du\ 1 d^u _ ^ ... 

9(7 \ 5 — T da) dxp\s— T dxp) ^ (s — r) sinh a dcp^ 


Putting u ~ V (s ~ t)^ we find that v satisfies the equation 


(52 - 1 


dv" 

ds 


d'^v V 1 dH ^ 


.(B) 


9(/r2^4^52 - 1 9(/>2 

in which the variables are separated. Hence there are simple toroidal 
potential functions of type 


u= {S - T)i cos n(lfl- l/^o) cosm - 0o) (s) + (s)], 

where Ay B, n, m, cpQ and xpQ are arbitrary constants. When n ^ \ the 
typical solutions may be combined so as to give a solution of type 

u=-{s- T)i cos \ (f - ./;«) [/ + ix) + g (^ - ix)], 

where x ^ (tanh cr/2), 

and / and g are arbitrary functions. This form is indicated by the solution 
of Laplace’s equation 


and is also indicated by the fact that 


r (m + l).Po~”‘ (cosh a) = tanh"^ (o’/2). 

* B. Riemarm, PartieUe Differentialgleichungeriy Hattendorf’s ed. (1861); C. Neumann, 
Theorie der ELektncitdf uml Wdrme in Haile (1864); W. M. Hicks, PM. Tra/w. vol.CLXXi, 

p. 609 (1881); A. B. Basset, Amer. Journ. of Math, vol. xv, p. 287 (1893); Hydrodynamics, vol. n; 
E. Heine, Anwendungen der Kugelfunktionen, 2nd ed. pp. 283-301, Berlin (1881). 
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We shall now obtain some formulae for the Legendre function of the 
second kind which will be useful in the subsequent work. It should be 
remarked that the more general equation 


dhi a du 1 d^u d^u du \ jd^u 


0 


.(C) 


.(D) 


a2- j82 

- -2- " 


0 . 


may be treated by a similar substitution, and it is found that, if 

a + p 

r, + it: la cot i ("A + 2or), M = V (cosh or - cos ^) ^ , .. 

then V satisfies the partial differential equation 

d^v ,, dv d^v n 4, I 

3^2 + « coth a-g- + ^ ^ 

d^v „ . d^v 

This equation evidently possesses elementary solutions of type 

In particular, when « = jS = 1 we kave solutions of the type 
u^(s^ t) [AP,^ (s) 4- (s)] [CP^^ (r) -f (r)] 

where A, B, C and D are arbitrary constants and s = cosh a, t = cos ip. 
The wave-equation may be reduced to the form (C) by writing 
X ^ 7] cos (f), y = 7] sin <f>, 2 ; = ^ cos 6, ict = ^ sin 0, 


-f cosech^ cr — cosec^ ip 


EXAMPLES 


1. Prove that, ifn> — 1, ^> — 1, m> — 1, — 1, 

(X() (A,) (Aa) A\ 

„ r(p + m + l)r(ff+l)r(m+l) 

r (n + 1) 

X (« - r) (r) (S), 

where rj and ( are defined by equation (D). When m^n this equation reduces to one 
given by H. M. Macdonald, Proc. London Math. Soc. vol. vii, p. 147 (1909). 

2. Prove that 

(s - r) tunlV" (}a) tail" (W) « (A{) (At;) (Aa) AdA, 

and deduce that 

x-« (1 + ^ (Xx) (A) A-^+irfA. 

3. Prove that, if m> 0, 


{8 - P, 

4. Prove that 


V ~ '^ / n=^v 


2™(w - m)!m! w! («) -^n (’')• 


P„-»>(co8>^) = 


1 


r(i+?>) 

1 

r(l+j>) 


(Jsmx|r)P, 

(i sinh a)^. 


Pj,-^ (cosh a) =s 
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§ 10*2. JacobVs transformation^. If is a positive integer we find on 
integrating by parts that 

{z)(\-z^r-idz^ (S* ~ 

Now it follows from the expansion of sin nx in powers of cos x thatf 


rfn-l (1 ^ ^2)n-i 

dz^-^ 


- (-) 


,n-l 


1.3 ... {2n - 1) 


n 


sin {n cos“^ z), 


^ 1.3 ... (2?i - 1) 

(1 - 2*)” i = (-)" 

Hence if (z) is continuous in the range — I < z < 1, 

j (z) (1 — ^ 1 .3 ... (2n — 1) I <f> (z) cos {n cos”^ z) • 

Putting z == cos 6 the equation takes the form 

[ (cos 0) sin^" = 1.3... (2n— 1) f 6 {cos 9) cos nO dO. 

JO JO 

There are many applications of this theorem. If we start with the 
formulae 

Pn™ ( 2 ) = ( ”+ +2)...(n + m) ^ cos cf>}’‘ cos m<f> d,f>, 

1 

Jo ^ 

we may derive the formulae 

{n + m)\ {z^ — 1 )W 2 1 


PrT (2) 


{n — m)l 1.3... (2m — 1) 


1 f” 

- J {z + Vz* — 1 cos sin^*" <f) d<f>. 


1 r 

- 1) 7T io 


e«co8.* sin*”* <l>d<f>. 


z” 

Jm (z) = i 73-,.7 (2w 

The last equation is a particular case of the more general equation^ 

z*' 


Jv ( 2 ) = 


r 


>izC0B4> 


sin^" <f)d<l>, 


2*' r (V + I) r (J) , 

which holds when v is not an integer if its real part is greater than — 
The first equation may be written in the alternative form 

(^2 _ l ) m /2 1 


(z) = (-r 


1.3 ... (2m - 1) 


1 

{z + Vz^— I COS sin^^ <f)d<f>. 

rr Jo 


* Crelle's Journal^ vol. xv, p. 1; L. Kronecker, Berlin, Sitzungsherichte, S. 539 (1884). 
f An elementary proof of the first equation is given by W. L. Ferrar, Proc. London Math. 
Soc, (2), vol. xxn (1924); Records of Proceexiings, Feb. 14. 
t Whittaker and Watson, Modern Analysis, p. 366. 
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If in Jacobi’s formula we take (f> (x) = x”‘ we obtain 

= 0 (m = 71 + 2s 4- 1) (« an integer) 

= 0 (m < 77). 


This formula is related to the general formula of Poisson* 

fW2 

COS’' X cos (u 4- 2m) x dx == 0, 

;o 

f j 7T 1 

cos*' X cos VX dx — o • > 

Jo ^ ^ 

where v is any positive quantity and m any positive integer. 

If we next put . , .. r 

^ (f) (cos U) ---= ( 1 — 2a cos d 4~ a^) 

(cos d) = 1 .3 ... (277 — 1) a'* (1 — 2a cos 6 + 

Jacobi’s formula gives 

rrr cos n9,dd _ n f”’ Bin^^d.dO 
Jo (1 — 2a cos 0 -h Jo (1 — 2a cos 6 4- 

Putting 26‘ — a 4- a~^ and replacing cos 6 in the last integral by t, 
we have 


■i dt 


f {s — cos d) i cos nO.dd = 2 \ 1 - (s ^ o-n- 

•'o ^ -1 

- 2i (s). 

Another expression for the Legendre function of the second type is 
obtained by making use of the transformation 

cos 9 ^ (cos 9 ~~ a), sin (j> = sin 9, 

K = 1 — 2a cos 9 f a^, 


(1 — a- sin- (f)) i d(f) = R i d9, 


( I — 2a cos 9 4' a-) " i sin‘^*' 9 aW ^ \ ( 1 — a^ sin- (^) ^ sin^^ </>.(/(/>. 
. 0 *'0 


Consequently we have the equations 

rw cos 7 i9aI9 _ ^ fTT <f> ,d(f> 

Jo (1 — 2a cos 9 1 a-)^ j o (1 ~ a^ sin‘^ 


sin-" </> aI if) 

0 ( 1 — sin- 0)^ 


(« + 


* 8. D. Poisson, Journ. dc Vhjcole Polytechnique, Cah. 19, p. 490 (1823). 
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EXAMPLES 


1 . Prove that tt [2 (5 — t)] ^ = S Qn- \ 

tl = ~- r ^^2 

and show that a potential which is constant on the ring <9 = is given by 

F = [2 (« - J (««) MIP„-i M- [Heine.] 

2. Prove that the potential of a uniformly charged circular ring coinciding with the 
fundamental circle 2 = 0, p = a, is proportional to 

(cosh a — cos sech (^cr). A (tanh ^a), 
where K ik) is the complete elliptic integral with modulus k, 

3. Prove that Laplace’s integral for can be used to obtain the formula 

(cos 6) = f cos {(w + J) {2 (cos (j> — cos d)}~^ d<l>. 

J 0 

[Mehler.] 

4. Prove that, when w is a positive integer. 


(cos 6) = j’ sin {{n + 4) (cos 0 — cos <j>)} i dtj). 

The integrals in Examples 3 and 4 are given in Whittaker and Watson’s Modem Analysis^ 
p. 315, they have been much used by J. W. Nicholson to evaluate series and integrals 
involving Legendre functions. 


5. Prove that if/ (a) is a suitable type of arbitrary function, the differential equation 


is satisfied by the integral 


a 

ds 


(1^ 




dv 


ds 


n V d^v 


/ [cos (a — 0) — cos j3] 2 / (a) da, (5 = COS/3). 
6. Prove that the differential equation 



possesses the two particular solutions 

P 
2 
32 


■1 + '. 


s 

2^3 


.(0 

00 


2 12.52 

+ TT 


12 ^ 52^2 

6! 




3 32 72 


fsy , 32.72.112 fsy , 
V 2 ; ~~T\ W ' 


the series being convergent for \s \ < 1. 

The corresponding solutions of Legendre’s equation of order n may be written respectively 
in the forms 

Vi = F (- ^n, in + s’^), = F {- in + 1 ; 8 ; «*). 

[Heine.] 


§ 10-3. Oreen' s functions for the circular disc and spherical bowl. If 11 is 
the distance between two points with toroidal co-ordinates (a, i//, (f>), 
(oq, we have 

aR-^ = (5 — T)i (^0 — To)i {2 cosh a — 2 cos (ip — ...(A) 

where cosh a — cosh a cosh — sinh a sinh oq cos ((f> — ^o)- 


B 


30 
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The last factor in (A) may be expanded in a cosine series of multiples 
ol ifj — and the coefficient of cos m {i/j ~ ipo) will be 

7T-^ \/2 I cos mip (cosh a — cos 0)“^ difj = (2/7r) (cosh a). 

Therefore 

= (^ — T)i {Sq — to)^ (cosh a) -f 2Q^ (cosh a) cos (<A — «Ao) + •••]• 

This expansion of the inverse distance was given by Heine. 

The series may be summed by writing 

fCO 

^m-i «) = 2*"^ J (cosh u — cosh a)~^ du. 

This formula is proved in § 10-5. The method of summation, which is 
taken from a paper by E. W. Hobson*, leads to the formula 

iraR-^ = 2~i {s - t)* {Sq - Tq)^ f — (cosh u - cosh a)~K 

• ' ^ ^ Ja cosh u — cos (ifj —ipo) 

In order to obtain the Green’s function for a circular disc by an 
extension of the method of images it is convenient to use an idea originated 
and developed by A. Sommerfeldf, and to consider two superposed spaces 
of three dimensions related to one another in much the same way as the 
sheets of a Riemann surface. In the present case the passage from one 
space to the other is made when a point ‘‘passes through the disc.” The 
two spaces may be distinguished from each other by the inequalities 
— TT < ifj < 7T in the first space, 

7T < i/j < Stt in the second space. 

A point P which starts from a place in the first space on the positive 
side of the disc may pass through the disc into the second space, and ifj 
will increase continuously to a value greater than its original value tt when 
the point is on the disc. In order that this point after the passage through 
the disc may return to its original position Pq it will be necessary for it to 
pass again through the disc and at the second crossing it returns into the 
first space. 

Corresponding to a point (a, 0, <f>) in the first space {— tt < xfs < tt) there 
is an associated point (a, ^ -f 27r, <f>) in the second space. The point 
(c7, ifj + 47r, <f)) is regarded as identical with the original point in the first 
space. 

We now notice that there is an identity 
2 sinh u _ sinh \u 

cosh u — cos (j/f — ^q) cosh \u — cos \ {^ — ^o) 

^ sinh \u 

^ cosh -h cos I (j/f — 0o) ' 

♦ Gamb. Trans, vol. xvra, p. 277 (1899). 

t Math. Ann. Bd. xlvii, Sj 317 (1896); Proc. London Math, Soc. (1), vol. xxviii, p. 396 
(1897). 
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which indicates that we may write 

ie-i = W (cTo. '/'o. <^o) + (<^o> </'o + 27r, ^o). 

where 

2TTaW (ao, ^0. -^o) 


2-i (s - T)i (So - ro)i j“ 


sinh \u,du 


cosh \n — cos I (ip — ipo) 
Performing the integration we find that 


(cosh u — cosh «) 


W (oTo, (po) = ^ ^ sin-^ {cos ^ (0 - ipo) sech (Ja)} . 

It may be shown without much difficulty that this function W is a 
solution of Laplace’s equation when considered as a function of either 
cr, ip, (p or (Tq, iri fact, a symmetrical function of the two sets 

of co-ordinates. It is, moreover, a uniform function of a, 0, cp in the double 
space since it is unaltered in value when ip is increased by 47r. It is con- 
tinuous (Z), 1) throughout the double space except at the point (o-q, <^o) 

where it becomes infinite like It is finite at the point (ao, ipQ + 27r, 

because at this point sin~^ [{ }] becomes — instead of It is, 

indeed, the fundamental potential function for the double space. 

Let us now consider the function 


V ^ W (o-o, ipo, cPq) - W (ao, 277 - ipQ, (po), 
which is a potential for the double space when there is a charge at the 
point P with co-ordinates {gq, tpQ, </>q) and an image charge at a point P' 
(ao, 277 — j/tq, (po) which is situated in the second space at the optical image 
of P in the plane of the disc. This function V is infinite in the first space 
only at P and is, moreover, zero on the disc. 

To see this we note that on the disc R is the same for the point P and 
its image, consequently it is only necessary to show that when ip tt 
cos i (^ - ^o) = cos J (i/f — 277 -f ipo), 
and this is evidently true. 

The function V possesses all the characteristics of a Green’s function 
and so we may write 

V ^ G (a,ip, (p; ao, i>o) = ^ (Q> P)y 

and regard G as the Green’s function of the circular disc. It is evidently 
a symmetrical function of the two sets of co-ordinates (a, ip, </>), (ao , ipo , cpo ) ; 
that is, of the points Q and P that have these co-ordinates. 

To solve the corresponding problem for the spherical bowl it is con- 
venient to regard the surface of the bowl as the place where a passage is 
made from one space to the other. If the angle of the bowl is so that 
?/r = is the equation of the bowl, we must suppose that in the first space 
ip has values from j8 — 277 on the negative side of the bowl up to ^ on the 
positive side, and that in the second space ip increases from up to + 277. 
If the convexity of the bowl is upwards, j3 < 77 ; if it is downwards, > 77. 


30-2 



468 Toroidal Co-ordinates 

We now need the image of P (gq, ipo, ^o) in the spherical surface of the 
bowl and this must be regarded as a point P' (gq, 2^ — i/jq, ^q), which is in 
the second space if ^ — 27r < < i®- If 0 < i/tq < ^, P is above the bowl 

and P' below the bowl. 

The function 

0 (P, Q) = 2 ^ 

“ pfQ (cosh Gq — cos [cosh Gq — cos (2^ — 0o)]^. 

X 1 + ^ sin*^ {cos I + ^0 — 2jS) sech |a} 

2 TT 

is seen to satisfy the requirements and is, indeed, the Green’s function for 
the spherical bowl. 


§ 10*4. Relation between toroidal and, spheroidal co-ordinates. There is a 
simple relation between toroidal co-ordinates and the spheroidal co- 
ordinates connected with an oblate spheroid. If we write 


we have 


p ==- a cos I cosh 7], z a sin ^ sinh rj, 

. 1 - cosj/f . 1 -f cos 0 

sin- ^ 7 ^ . , sinh- ri == — ^ , , 

cosh G — cos ip cosh g — cos ip 


cos^ ^ ^ - y , cosh^ rj 

cosh G -- cos ip 


cosh O’ H- 1 
cosh G — cos ~ip ’ 


tan ^ db sin ^ip coscch Ja, tanh t] = ± cos \ip sech \g. 


With the aid of these formulae we may derive the formulae of Lipschitz 
for the Green’s functions for the circular disc, and spherical bowl from the 
formulae of Hobson, or vice versa. It is necessary, of course, to pay 
careful attention to the determination of signs where ambiguities are 
produced by the use of the formulae of transformation. 


§ 10*5. Spherical lens. The potential of an insulated electrified con- 
ducting lens bounded by two intersecting spherical surfaces ip = a — ^ and 
ip = - ^ has been found by H. M. Macdonald*. 

If na = TT, where n is a positive integer, the problem may be solved by 
the method of electrical images. 

We commence by placing a charge E at the centre of the first sphere, 
its magnitude being chosen so as to produce a constant potential nU on 
this sphere. We next introduce a succession of image charges ,E<^,... E ^ , 
chosen so that for E and E^ the second sphere is an equipotential for which 
V -■== 0, for Pi and Pg first sphere is an equipotential for which F = 0, 
and so on. The second step is similar to the first except that we begin by 
placing a charge P' at the centre of the second sphere, its magnitude being 

* Proc. London Math. Soc. (1), vol. xxvi, p. 156 (1895); vol. xxviii, p. 214 (1896). Refer- 
ences are given in these papers to some earlier work by W. D. Niven. 



469 


Potential of a Conducting Lens 

chosen so as to produce a constant potential ttU on this sphere. We then 
introduce a succession of image charges E^', E^'y ... such that E' and 
give a potential which is zero over the first sphere, E^ and E^ a potential 
which is zero over the second sphere, and so on. 

To express the distance of an arbitrary point from one of the charges 
in toroidal co-ordinates we notice that 

^ S — r 

Hence 


(5 — r) (r^ -I- a^) = 2a'^s, {s — r) {r- — a-) = 2a“T, {s — r) z a sin \fj, 


and so 

2^2 [s — cos (i/f + 29)] = 2 (s ~ r) [(z sin 0 + a cos 6)^ -f sin^ 6], 

(A') 


Now the 2 co-ordinates of the different charges are 


E 

a cot (a — P), 

E' 

— a cot j3, 

E, 

— a cot a. 

E,’ 

a cot a. 

E, 

a cot (2a — /3), 

E’ 

— a cot (a -f P)y 

E, 

~ a cot 2a, 

E,' 

a cot 2a, 


and in each case the co-ordinate is expressed in the form z = ~ a cot 6. 
Also the equation (A') shows that the function 

{s — t)^ \s — cos {ip + 20)]"i = F (0), say, 

is a potential which is proportional to the inverse distance from the point 
z ~ ~ a cot 6, Hence 

F — a) — F (a) is a potential which is zero on the sphere j/r = — /3, 

F — 2a) ~ F (a) is 3i potential which is zero on the sphere ip = a — 

and so on. Now (/3 — a) is a potential which is equal to unity on the 
sphere ip = a — and F (jS) is a potential which is equal to unity on the 
sphere 0 = — Hence the potential 

V = U7t[F a) - F (a) + F (P ~ 2a) - F (2a) -f ... 

F(^)--F{-a) + F(p+a)- F{- 2a) + ...] 
is exactly one which is obtained by the method of images. When n is a 
positive integer we have for m k ^ n 

F (jS. — ma) = F (P -i- ka), F (— ma) = F (ka), 
consequently the charges will repeat themselves unless we take care to 
stop each series at the proper charge. 

The difficulty of knowing when to stop may be avoided by considering 
the potential 

= Utt 2 [jF (j3 -f- ma) — F (ma)], 

^ 1 
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which is zero over each sphere. When we put tfj = a — ^ the term F ma) 

is cancelled by the term — F [{k 1) a], and when = — jS the term 

F (P ma) is cancelled hy — F (ka), and F -j- na) hy — F {na). 

All the terms in the series except F {na) are zero at infinity while 
F {na) L We therefore write 

F - F* + t/77, 

and this formula will give us a potential which is zero at infinity and 
constant over the lens. It should be observed that all the charges 
E, El, E 2 , ... E\ El, E 2 , ... lie within the lens and so our potential is of 
a form suitable for the representation of the potential of the lens. 

Let us now introduce the notation 

« , . sinh oj 

J X) — ^ 

Since 


r °° 

(cosh 60 — cosh a)“i / {co, x) dco — tt (cosh a — cos 
we may write 


n 

Now 2 + 2sa) = nf {nw, n<p), 

««1 

hence we may write 

This formula may now be extended to the case in which n is not a 
positive integer. We must first show that F is a solution of Laplace’s 
equation and to do this we must show that if 

g (co, 0) =f{na), nip) - f (wco, mp + 2np), 

the integral 

f 00 

v = dco (cosh 60 — cosh (j)-^ g {co, ip) 


is a solution of the differential equation 
d^v .. dv 1 


Dv^^^ + ooth<r-^-+-^v + ^, = 0. 


''T . 

To perform the necessary differentiations we first integrate by parts, 
this gives the equation 


f 00 0 

t; = — 2 J d(o (cosh CO — cosh a)i g— {g cosech co). 

We may now differentiate with respect to a and we find that 

0 ^ C 00 . 0 

= J sinh a (cosh co — cosh 0*)^ g— {g cosech co) dco. 
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Repeating the process and making use of the fact that gr is a solution 
of the equation 32^ 92^ 


4. = 0 

00^2 ^0^2 


.(B) 


we find eventually that* 

Dv = 1 ^ cosech^ co (sinh^ a — sinh^ co) (cosh co — cosh cr)“l 

+ g cosech^ oj (cosh^ — f sinh^ co) (cosh co cosh a) (cosh w — cosh c7)ij 

= 0. 

A similar result may be obtained with any function g which satisfies 
the equation (B) and behaves in a suitable manner as co -> 00. In 
particular, if ^ _ g-ma, 


we have v — 2 ^ ^0* 

The stream-function corresponding to V has been found by Greenhillf. 
With the notation 


S = naU 


i; 


7 / ^ sin Y 

h (co, x) == u » 

cosh CO — cos X 

it may be written in the form 

^ Ccosh!^- ^ ^ ~ ^ ^ 

- »ai7 1 ” (“»> ^ 

If *S = (cosh a — cos l/r)~4 i?, 

the differential equation for R is 

dm dR dm ^ \ . 

___COthorg-+^ + ,i?=0. 
while the relations between V and 8 are 


1 

4 


,,dv ds .. ,.0F ds 

When 71 is a positive integer the expression for 8 may be verified by 
noticing that if x == ^ + 20, 

/cosh CO — cosh . 


]>(' 


?)’ 


cosh a — cos i/j 

rco 

— day 


h (w, ff>)f {o>, x) 

/ cosher - cos ^ \i , . 

l. cosh<»-c o»W f <"■ **<“■’ ** 


TT cosec 6 [{cos 0 cosh a — cos (^ + 0)} 

X (cosh a — cos (cosh (7 — cos x)”^ — cos 0], 


♦ The verification is performed in a slightly different manner by A. G. Greenhill, Proc, Boy, 
80 c. A, vol, xovm, p. 346 (1921); Amer, Joum, Math. vol. xxxix, p. 335 (1917). The gravi- 
tational attraction of a solid homogeneous spherical lens had been worked out previously by 
G. W. Hill, ibid. vol. xxix, p. 345 (1907) and A. G. Greenhill, vol. xxxm, p. 373 (1911). 
t Loc. cii. 
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while on the other hand 


, . ^ cos 6 cosh or — cos Ub + 0) 

z a cot ^ = a cosec 6 , r 1 > 

cosh a — cos ip 


[(z + a cot 0)2 + p 2 ]i = a cosec 0 . 


COS 


cos 




Hence the foregoing expression is simply proportional to the stream- 
function for a single point charge and so Greenhill’s expression may be 
derived from the two series of electrical images. 

An expression for the capacity of the lens is given by 


^ ~~27tU ’ 


where S-^ and are the values of 8 at the vertices of the lens. At the 
vertex for which a = 0, i/f = ~ jS, ^ + 2)8 = j8, we have 


= 2anl7.sin n)3. (1 — cos )3)^ — 

while at the vertex for which a = 0, ip = a 
82 = 2 anU — cos (a — )8)]i 


(cosh CO 4- 1)^ dco 

— cos (cosh noj — cos n^) ’ 

— )3, + 2)8 = a + )3, we have 


(cosh CO + \)^ doj 


Jo [cosh CO — cos (a — )3)] [cosh nco + cos n^y 

The spherical bowl may be regarded as a particular case of the lens 
in which n = a = 27 t. The expression obtained for the potential V at 
a point Pis v=-.U{^-y + by’lr,), 


where b is the radius of the sphere </f = — j8, and is the distance of P 
from its centre ; furthermore 

siny = 2aj{R^ + cosy' = sech |or. cos (|(/r + )8), 

where R^ and jRg are the greatest and least distances of the point P from 
the rim of the bowl. 

The corresponding stream-function is 

8 = — all (1 — cos ip)- (cosh a — cos ip)~i — b (cd' cos 6^ — co), 

where 6^ is the polar angle of the point P when the pole is the centre of the 
sphere j/r = — )8, and the polar axis the line joining the centres of the tWo 
spheres. This result is due to J. R. Wilton* and A. G. Greenhill|. 


§ 10*6. The Oreen's function for a wedge. If we invert the lens from an 
arbitrary point we may obtain the Green’s function for the inverse lens. 
If, however, the point is on the rim of the lens the surfaces of the lens will 
invert into planes and we shall obtain the Green’s function for a wedge 
formed from two semi-infinite conducting planes which intersect at an 


♦ Mesa, of Math. (1914). 


t Loc. cit. antCj p. 471. 
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angle ir/n. This problem was solved by a direct method of A. Sommerfeld* 
and H. M. Macdonaldf. 

If (/), 2, are cylindrical co-ordinates, <f> = 0, (f> = 7 r/n, the equations 
of the conducting planes, and if an electric charge is placed at the point 
ip', z', (f>'), the potential V is given by the formula 

ttF = we (2pp')-^j dl (cosh cosh Tj)-i [f(n^,n<f> - w<^')-/{«^> «</> + )] 
where 

2pp cosh ?y = ^ p '2 ^ 2 : — z'y. 

The potential can also be expanded in the form of a Fourier series 


V = 4^6 2 (t)) sin {nin(j>) sin {mn<f)'), 


where 


m^l 


'^■Fmn (v) = i^pp') * j dl (cosh I - coshij) i e 


= ipp') ^ Qmn-i (cosh ri). 
An alternative expression for is 


^mn iv) = [ (kp) (kp) dK, 

Jo 

This may be deduced from a well-known expression for the (^-function J 
or may be obtained directly. 

When n ~ m where m is a positive integer, the potential can be 
expressed as a finite sum, for then, if (2m + 1) a = 27r, 


2 m 1*00 

27 tV = € {2pp')-i E dl (cosh I - cosh rj)~i [/ (H, - \<f>' + sa) 

S=0 T) 


■ / + sa)] 


4. (vr* I {(,. : w; + .««) 




where for brevity we have used the notation 


(a, b) = (cosh a — cos b)~i, 
[a, 6] == [cosh a -h cos 6]“i. 


§ 10‘7. The Oreen^s function for a semi-infinite plane. When m — 0 this 
expression gives the potential when a point charge € is in the presence of 

* Proc. London Math, Soc, (1), vol. xxvxn, p. 396 (1897). 
t Ibid. vol. XXVI, p. 156 (1895). 

t H. M. Macdonald, Proc. London Math. Soc. (2), vol. vn, p. 142 (1909). 
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a conductor in the form of an infinite half plane. Since a == 27r the potential 
is simply 


F = 


26 

TT 


( 2 pp) i |(7;, (f> - (f}') tan-1 


U - W ) 

u - m 


- (77, </> + <f>') tan-i 


+ mi 

[H my 


§ 10*8. Circular disc in any field of force. H. M. Macdonald* has con- 
sidered the case in which the potential of the inducing system can be 
expressed in the form 

S S AnuJn M COS {n(f> + O, 

where n, v and a., are constants. The solution of the simplified 

problem in which the series reduces to a single term was given by Gallop 
for the case n = 0, and by Basset for the case n = 1. We shall commence 
the discussion of the general case by considering the formulae 

rco 

{s — t)^ cos lifj . tanh”* (cr/2) ^ a^ V'tt . I (Kp) J^-i 

•'0 

m> — 2 ; > 0 , 

(s — r)i sin |</f.tanh"* (or/2) = a^\^7r. [ {f<p) Jm+i f<idK 

•^0 

m > — 1, z> 0. 

Each expression multiplied by cos rnfi represents a solution of Laplace’s 
equation and so each expression divided by p^ is a solution of the equation 

dhi 2m + 1 du d^u _ 
dp^ ^ p dp^ dz^ 

Since the solution of this equation is determined uniquely by its value 
on the axis of z it is sufficient to verify the truth of the formulae by making 
p 0 after- dividing by p^. The integrals are uniformly convergent in the 
neighbourhood of p = 0 after this operation and so we have merely to 
verify the equations 


V (m-\- l).cos (1 -* cos ci/c, 


r (m -f l).sin it/j.(l — cos K^^KdK. 

These are easily seen to be true on account of Sonine’s formulae 

fOO 

Jo dt== r (m -{- 1) 2^^i X (I + (m> - 1), 

(t) r+i - r (w + 1 ) 2 "»+i (1 + x^)-^-^ (m> - 1 ). 


♦ Proc. London Math. 80 c, (1), vol. xxvi, p. 267 (1896). 
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It may be observed also that the value of the second integral may be 
deduced from that of the first with the aid of the substitution 
(cosh a — cos ifj) (cosh <7 — cos x) = sinh^ o-, 
which gives _ p sinh a _ p sin x 

cosh G — cos X ’ cosh a — cos x ’ 

cos (cosh a — cos i/r)i = sin ^;)^.sinh a (cosh a + 1)^ (cosh g — cos 
sin (cosh g — cos ifj)^ = cos Jx-sinh g (cosh g — l)i (cosh g — cos x)“^- 
The value of the first integral for p> a can now be deduced from the 
value of the second integral for p < a by interchanging p and a and writing 
m — ^ instead of m. 

Let us now consider the potential 

F = (5 — T)i cos |(/r.tanh"‘ |ct.cos m(f>. 

When 2=0 and p^ < we have iff = tt, consequently 

T/ 

V — 0, a = 2^ cosh® (^(T).tanh’" (^ff).cos 
When 2=0 and p® > a® we have ip = 0, consequently 
F = 2* cosh Iff.tanh™ (Jct).cos m<f>, g- = 


Next, consider the potential V = cos m<l>, where 


W, 


= e-“dK Jm-i {va) (Ka) J,„ (kp) (kv)^ ada. 


Integrating under the integral sign the first formula tells us that when 
= 0 and p < c, 

W„ = V(2yM f J„,-i (ya) p-™ (p® - a®)-i da 
Jo 

= ^{2vpl7r) j (vp sin d) . sin^+i 9 . dd 

= Jm (yp)- 

Again, when 2=0 and p < c, 

01F r® 

dK y^(Kv) M ('^®) (xp) xada 

f 00 foo 

= - vJrn ipy) + dK J Vixy) Jm-i (•'«) Jm-i (xa) J„, (kp) KUda 

= -yJm ipy) + V(2v/7r) [ P™ (o® - p®)-i (va) o*“”* da. 

Jc 

When z = 0 and p> c, we have on the other hand 

^ sin- »(c/p) 

W„ = V(2ypl7r) Jm-\ {yp sin 9) . sin”*+» 9 . d9, 

Jo 


02 


= 0 . 
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DIFFRACTION PROBLEMS 


§ 11*1. Diffraction by a half plane. The problem of diffraction of plane 
waves by a straight edge parallel to the wave fronts or surfaces of constant 
phase was shown by Sommerfeld* to be one which could be treated 
successfully by the methods of exact analysis. The analysis has subse- 
quently been expressed in different forms, and various attempts have been 
made to make the derivation of the final formulae seem natural and 
straightforward. It must be confessed, however, that the discovery of any 
of these methods requires remarkable insight and a very thorough know- 
ledge of the different types of solutions of the wave-equation, and the 
solution of the diffraction problem must be regarded as a triumph of 
mathematical ingenuity and experiment. 

The method which will be followed here is one which was devised when 
the solution was known ; it has the advantage that it presents the solution 
in a particularly simple form. 

If F {x, y, z, t) is a solution of the wave-equation = 0 it may be 
easily verified that the definite integral 


F- 



X tan^ a, y tan^ a, 2; tan^ a, t — 


^ 2 

- sec 2 a 

c 


tan a da 


is a solution of the wave-equation provided that 


dt 


F 


X tan^ a, y tan^ a, 2 ^ tan- a, t sec^ a 

c 


tan^ a 


has the same value when a = - as it has when a = 0, and that the function 

F behaves in a suitable manner for values of its arguments which are 
either zero or infinite. 

Again, it is easily verified that the function 

F {x, y, z, t)= [x -{■ iy)-^ G (p, z, t) 


is a solution of the wave-equation if G (x, y, t) is a solution of the two- 
dimensional wave-equation 


d^Q d^O ^ 1 d^O 
dx^ ^ dy^ * 


♦ Math. Ann. Bd. xLVii, S. 317 (1896); Zeits. fur Math, und Phys. Bd. XLVI, S. 11 (1901). 
See also H. S. Carslaw, Proc. London Math. Soc. (1), vol. xxx, p. 121 (1899); Proc. Edinburgh Math. 
Soc. vol. XIX, p. 71 (1901). An approximate solution was given by H. Poincare, Acta Mathe- 
matica, vol. xvi, p. 297 (1892); vol. xx, p. 313 (1896). 
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When the first theorem can be applied to this function, it tells us that 
the expression 

, (■W2 r r ”1 

(x -f iy) 2 J O \p tan^ «, z tan^ a,t — - sec^ a da 

represents a solution of the wave-equation, and since it is of the form t 

(x + iy)-iH (p, z, t) 

the natural inference is that the integral 

I * ^/2 Q 

Q X tan^ a, y tan^ a,t — ^ sec'^ a da 

Jo L c J 

must be a solution of (A). The foregoing method of deriving one wave- 
function from another seems to be applicable, then, to wave-functions in 
a space of any number of dimensions. 

Let us now consider a diffraction problem in which the primary waves 
are specified in some way by means of the wave-function 

cf) = (f)Q — F (ct y sin 6 q x cos 6 q), 

where <f) may be the velocity potential of waves of sound or one of the 
electromagnetic vectors if we are dealing with waves of light. Tf these 
waves are reflected completely at the plane y = 0 there is a reflected wave 
specified by the wave-function 

cf) ^ F (ct -h X cos Oq — y sin 

and the complete wave-function is when the boundary con- 
dition is ^ 2/ = but is </» = — </>! when the boundary con- 

dition is ^ = 0 for y = 0. 

When the primary waves are diffracted by a screen, y ^ 0, x > 0, 
which occupies only half of the plane y = 0, it is necessary to divide the 
xy-iplane up into three regions S^, ^3 , whose boundaries are as follows : 

^1 ? ^ ^ sin Oq y cos Oq ^ 0 ; 

S2 , X sin do ± y cos = 0 ; 

^3 j ^ ^ sin do — y cos do = 0. 

The limits of S-^ are thus the screen and the geometrical limit of the 

reflected wave, the limits of 8^ are the geometrical limits of the reflected 
wave and the shadow, the limits of 8^ are the screen and the geometrical 
boundary of the shadow. In each case the geometrical limit is obtained by 
the methods of geometrical optics. 

To take into consideration the phenomena of diffraction we associate 
with <f>o a wave-function Fq defined by the equation ‘ 

1 

Fq = - F \ct X cos do~\- y sin do — {p x cos do-\- y sin do) sec^ «] da, 
'JT }o 

t The method is an extension of one used by F. J. W. Whipple, PhU.*MaQ*» (6), vol. 30, p. 420 
(1918) and by W. G. Bickley, ibid,, (6) vol. 39. p. 668 (1020). 
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and we associate with a wave-function Fi defined by the equation 
1 rW2 

Fi = F [ct X cos do — y sin Oq — (p x cos do — y sin do) sec^ a] da. 
TT Jo 

We shall try to prove that the conditions imposed by the two boundary 
problems may be satisfied by using a complete wave-function ^ which is 
defined in the different regions as follows; 

(j6 == (/>o -f — Vo - Vi in Si, 

<f> ^ (f>o - Vo + Vi in S 2 , 

cf,= Vo+Vi inS,. 

We have to show that this function </» and its first derivatives are 
continuous as a point passes from S^ to S 2 , and as a point passes from 
Si to So- Now, when x — p cos d^, y — p sin do, we have 

V — tA ^^0 __ ^ ^^0 ^Vq _ ^ 5^0 

dx~2'dx^ dy 2 3t/’ 

and when x ^ — p cos ^ y P sin do , we have 

F - 1 ^ ^1-1 1 . 

dx 2 dx^ dy 2 3y ’ 

hence the requirement of continuity is seen to be satisfied. The boundary 
condition is also satisfied on both faces of the screen and <f> is continuous 
{D, 1) over the whole plane, when the screen is regarded as a cut, hence 
it will give the solution of the boundary problem if it has the correct form 
at infinity. 

This is certainly the case if F (s) is zero when | 5 | is greater than some 
fixed number, that is, if the incident wave is limited at the front and rear, 
for then the form of </> at infinity is precisely that given by the methods 
of geometrical optics, Fq and F^ being zero. 

The interesting case of periodic waves may be discussed by writing 
F ( 5 ) = The expressions for </» may then be reduced to those of 
Sommerfeld by writing 

- e-fa« 8 ec«a (1(1 = f e-fr» 

ttJo • W J-oo 

This identity may be derived by writing the right-hand side in the form 

O/J C—\z\ roo 
^ dr da, 

J —00 J 0 

a transformation which is possible on account of the well-known equation 

The repeated integral is now replaced by a double integral and trans- 
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formed by means of the substitution r — z cos a, o ~ z sin a. Integrating 
with respect to r we obtain 

1 

TrJo 

This supphes the outlines of a proof. 

It may be remarked that in the present case it cannot be proved by 
direct differentiation that the integrals occurring in the solution are wave- 
functions. A transformation is therefore advantageous. 

§ 11*2. The various steps sketched above may be justified without 
much difficulty, but it is more interesting to examine the steps by which 
Sommerfeld was led to his famous solu- 
tion of the problem*. Let 

fn (z) = log 

where n is any positive integer, then, if 
(7 is a small circle enclosing the point 
2 = ^0 l^he 2 -plane and no other sin- 
gularity of the integrand, the contour 
integral 

«i (P, 6, e,) = ~J e«*v>co8(z-.) (2) dz 

represents the function 

gt^COS(^-V, 

which is known to be a solution of the 
equation -h khi = 0. Our representa- 
tion of this solution still holds when 
the circle^ G is replaced by a path C (d) 
consisting of two branches which go 
to infinity within the shaded strips of 
breadth tt in which has a 

negative real part. These two branches may, in fact, be joined by dotted 
lines, as indicated in the figure, so as to form a closed contour which 
can be deformed into the circle C without passing over any singularity 
of the integrand. The integrals along these dotted lines, moreover, cancel 
on account of the periodicity of the integrand and so the integral round G 
is equal to the integral round the path G (6) consisting of the two branches. 
The function 

(P, ^o) = ^- ( (2) 

is also a solution of -f khi — 0, since the necessary differentiations can 

* Our presentation in §§ 11*2-11*4 follows closely that given by Wolfsohn in Handbuch der 
Physikt Bd. xx, pp. 26d-277. 



Fig. 29. 

S, shaded region; U, unshaded region. 
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be performed under the integral sign. Its period, however, is 2n7r, and so 
to make it uniform we must consider a Riemann surface R with n sheets. 
When 9 incteases by 2^77 the path C (0) is displaced a distance 2n7T to the 
right but, since the integrand has the period 2n7T, it runs over the same set 
of values as before. 

This function has the following properties : 

li \ 6 — 9 q \ < a< TT, -> as p -> 00 . 

If TT < p < \ 9 — Oq \, 0 as p -> 00 . 

Indeed, if \ 9 — 9 q \ < a < tt, we may deform the path of integration so 
that each of the new branches runs in shaded regions only. In the first 
sheet of R we enclose the point 9q by the circle C as before. 

As p 00 the integral over the path in the shaded region tends to 
zero. In the first sheet of R the integral round C gives therefore 


where is the value of Un at the point Ipng over p, 9 in the <sth sheet 
of jR.. If denotes the integral over the contour C {9 -j- ^srr), we have 
in fact 

+ ... «„<"> = |j+ I2+ ••• I "" Ij,’ 

where F denotes the path made up of the branches 

C (0), C (0 -f- 277 ), ... C[9+2{n‘- 1) 77]. 


Converting this into a closed contour by broken lines as before and noting 
that the integrals along the broken lines cancel, we have a contour which 
can be deformed into C, and so the result follows. The proof for the other 
case follows similar lines except that now the contour may be reduced to 
a point by a suitable deformation. 

We now put n = 2 and write 






.(2) 


Ml 




-2ikpco3^ 


e-i 


k [ . 

Sin 

Jc(e) 




The path of integration can be deformed into the lines 

Z ==z 6 — TT ir and z ^ 9 it ir — co < r < 00, 
after which the integrations can be performed, giving 

i { } = Vi^ik/TTp) . cos c- - 2 "" (T), 


— 7/^2) 

{ } ^ ^ 
Ui 


a — 


V- 


^77 


0 (t) = f ^ dr, T = V2kp cos . 

Jo ^ 


where 
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Waves from a Line Source 

Since 4 - we may write 

= K {1 + oO{r)) 0 < 0 < 277, 

= \u^ {1 + aG{- r)} ~ 2Tr<0< 0. 

Also, since aG (— oo) = — 1 , it is easily seen that 

— U2i 0 < 0 < 2 tt\ = U 2 , — 277 < 0 < 0, 

where . 77 “! [ dr, 

J —00 

This is Sommerf eld’s expression. When this function U 2 is multiplied 
by a wave-function v = U 2 {p, 0, Oq) is obtained. If 

W [p, e, t, do, r]^ k [c (< - t) + P cos {6 - ^o)], V = If-i, 
this wave-function can be written in the form 

V — — \ck (t/ 77 )l [ VdTy cos I (0 — ^ 0 ) < 0 

j — 00 

== — \ck {ilTT)i I j Vdr + 2 I F^rj , cos \(d — Bq) > 0, 

= < - pjc, T 2 = < + ^ cos (0 - 0o), 
c 

where the integrand is in each case a wave-function for all values of the 
parameter. It should be noticed that rg is a value of r for which 

W [p, 0, t, 0Q, t] = 0. 


§ 11-3. The chief advantage of the last expression for v is that it 
suggests the form of the solution for the case in which the waves originate 
from a line source (pq, 0^) which may be either at rest or in motion. 

Let us take as the potential of our line source the function 


t' gtcfcr 

-00 [c2 {t - t)2 - p2 __ p^2 2ppQ COS (0 - 0Q)]i 
where r' is a value of r less than t, for which the denominator of the 
integrand is zero. When the line source is in motion p^ and 0^ are functions 
of T, we suppose them to be functions such that the velocity of the line 
source is always less than c. For the reflected wave we write 



T 

F (r) dr, say, 



etfccr 

[c^ (t - t) 2 - - Po^ + 2ppo cos {6 + ^o)]* 



dr, say, 


where t" is a value of t less than t, for which the denominator of the 
integrand vanishes. These integrals are generally wave-functions. 

Now let Tj be a value of t defined by the equation* 


Tl 


= t- ^[p + Po(ti)]. 
o 


* Since p* + po^ - 2 ppo cos ($ ± d^) < (p + Po)*» it is evident that {t - Tj)* is greater than either 
{t - t ')® or {t - t ")®, consequently < t and < r'. 


B 


31 
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Diffraction Problems 


r)rh 

then, if the boundary condition at the surface of the screen is = 0, 
the solution of the diffraction problem may be expressed in the form 

F (t) dr+[ F (t) dr G (t) dr + [ G (t) dr in 8 ^, 

J —CO J Tx J —CO J Tx 

F (t) dr+[ F (t) dr + \ ['* G (t) dr in 8 ^, 

J —CO J Tx J— 00 

i [ F (t) dr + \ [ G (r) dr 1083 . 

J —00 j —00 


The integrals with the limit tj being also wave-functions, as may be 
verified by differentiation. 

The space is bounded by the screen and the limiting surface of the 
geometrical shadow for the image of the source, the space S 2 is bounded 
by the limiting surfaces of the geometrical shadows for the source and its 
image, while is the space bounded by the screen and the limiting surface 
of the geometrical shadow for the source. 

The boundary of the geometrical shadow for the source is defined by 
the equation ti = r', while the boundary of the geometrical shadow for the 
image of *the source is defined by the equation = r". It is evident, then, 
that (f) is continuous at the boundaries of the shadows. That the first 
derivatives of are also continuous may be seen by transforming the 
integrals, in which F (r) is the integrand, by the substitution 
{t — t)2 = [p^ + pq^ — 2ppQ cos (d — 6q)] cosh^ u, 
and the integrals in which G (r) is the integrand, by the substitution 
(t — t)2 — \p^ -f- _ 2ppQ cos (6 -F- 0o)] cosh^ v. 

In the case when pQ and are constants and the line source is con- 
sequently at rest, these substitutions transform the expression for cf) to 
Macdonald’s form* 


where 


<f> = Je 


ikct 


tto rvo 

e-tMco8h«<^^ 4. g^im' coBhv^f, 

— 00 J— 00 


R sinh Uq-= 2 (ppo)^ cos J (0 — 6q), R' sinh Vq-= 2 (ppo)^ cos | (0 -f Oq), 

J!?2 = p2 ^ p ^2 _ 2ppQ cos (6 - 6q), jB'2 = p^ -h pq^ - 2ppQ cos (0 0^). 

It should be noticed that when we transform from to r in the first 
integral the path of integration runs from r = — 00 to r = tj if Wq is 
negative, but when Uq is positive the path runs from — 00 up to a maximum 
value T — T and then back to . A similar phenomenon occurs in the 
transformation of the second integral. This accounts for the existence of 
three different expressions for <f> when r is taken as the variable of 
integration. 

♦ Proc. London Math. Soc. (2), vol. xiv, p. 410 (1916). 



Waves from a Moving Source 483 

Let us next consider the case in which the rectilinear source moves 
with constant velocity along a path which does not intersect the screen 
and is such that the co-ordinates of a point at time r are 

^0 (t-) = -f ar, 2/o (r) ^ 7] br, 

where | and rj are constants and + b^< c^. In this case we may write 

(c^ ~ — b^) T = cH — a (x — ~ b (y — 7]) — 8 cosh u, 

(c^ ~ — b^) T cH — a {x — ^) + b (y -i- 7]) — S' cosh v, 

where 

8 = [{cH -a(x- ^)-b{y- tj)}^ - {c^ - ~ b^} 

X {cH^ - (x^ iP - {y- 
S' = [{cH - a {x- ^) + b(y + - {c^ - a® - 

x{cH^-(x-^r-(y + -q)^}]i; 

then 


ilccH 


<f> = le 




) - ike 


a {x - ^) + b {y ~ 7}) + 8 cosh u 




du 




r 

J — C3C 


a(a: - f) - 6 (y + 17 ) + iS' coshv 
.^Icc Hi 


e c2 - a2 - 6=^ 

J -00 

where 

8 cosh Uq^ pc — ax — by 

+ [{c {ct -p) + a^ + br,r - {(ct - pY -e~ V^} {c^ - a" - b^}]K 
S' cosh Vq = pc — ax + by 

+ [{c (ct -p) + a^ + br,Y - {{ct - - I* - yj^} {c2 - a2 - 6=*}]*. 

§ 11‘4. Discussion of Sommerfeld' s solution. For !r< 0 we obtain by 
partial integration 


Therefore 


e-‘ 

J —00 

1! 

\U 


i’^dr = 


2iT 


e-iTt 


T dr 




dr 
2ir^' 
T dr 
2ir^ 


0 — tri . 


4^3^ 


-<T* 




i: 

3 dr 

4J-00 


-tT* 


.e: 




-irt 


1 


1 1 

r\ T j * 4 ' I T 1 « ~ 27 T'l * • 


Introducing a quantity e to indicate the precision with which measure- 
ments may be made, we have for points outside the parabola |3 < c, 
the approximation formula 


) 

Similarly, when T > 0, 


i: 


2iT 


g-.T» y < 0. 


[T foo foo 1 


31-2 
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These results may be used to obtain approximate representations of 
the light vector when plane waves of light are diffracted at a straight 
edge. If 


= e^k(>co8ie-^e^) + nniMct) >jj-i ' dr, 

J —00 

where 

= VWp cos ^ 2 

and 

fT, 

y — ^ikp COB (^ + ^o) + i kct) dr, 

J —00 

where 

0 f 00 

T 2 ^ V 2kp cos — 2 ’ 


the solution of a number of diffraction problems may be expressed in 
terms of Vi and V 2 . In particular, if plane waves of light are incident upon 
a screen (y = 0, oj > 0) which is a perfect conductor, and the waves are 
polarized so that the electric vector is parallel to the edge of the" screen, 
the electric vector in the total electromagnetic field is given by the 
expression R {v,~- (B) 


where the symbol R is used to denote the real part of the expression which 
follows it. This expression evidently satisfies the boundary condition 
E^ 0 when y = 0, a: > 0, i.e. when 0=0 and 9 = 277. On the other hand, 
if the magnetic vector is parallel to the edge of the screen, the magnetic 
vector in the total field is given by the equation 


R {v^ -f V 2 }. 


dE^ 


.(C) 


The boundary condition which is satisfied in this case is — 0, which, 


on account of the field equation 


dH, 

dy 


dHy 

dz 


c dt 


is equivalent to 


n.- 0 or == 0, when 0=0 and 0 = 27 t. 
cy 00 


Let 


= |- V(^/p) (^kp — kct + ^ , 


then in the region of the geometrical shadow (Ti < 0, T, < 0) we have 
respectively in the two cases just considered 


E. 


^ I 0 -|- 00 0 — 0 , 

S ( sec — --- — sec — ~ 




!“) , lh=-S (sec + sec— 2^ ) 




2 ' 2 

In the region > 0, Tg < ^ which contains the incident but not the 
reflected wave, we have the approximate expressions 

E.^ = cos {kp cos (0 — 0o) + kct) + S ^sec ” — sec — - ^ , 

= cos {kp cos (0 — 0o) + kct) — S ^sec + sec , 



Discussion of Sommerf eld's Solution 485 

and in the region >0, 1^2 > which contains the reflected wave, we 
have approximately 

== cos {kp cos {6 — 0o) + {^P + ^o) + ^^0 


-f- S -I sec 


0 4 - ^0 


— sec 


e-e. 


= cos {kp cos (0 


0o) + feet} + cos {A:p cos (6 4 - Oq) 4 - ket} 

-si 




0 0Q . 0 — 0q) 

sec --_^--.4-sec-^|. 


The disturbance diverging from the edge of the screen like a cylindrical 
wave whose intensity falls off like p“i is called the diffraction wave. The 
phenomena of diffraction may be regarded as the result of an interference 
between this wave and the incident and reflected waves. 

There is no true source of light at the edge of the screen, yet the eye, 
when it accommodates itself so as to view the edge of the screen, receives 
the impression that the edge is luminous. Gouy and Wien first observed 
this phenomenon in the region of the geometrical shadow where the 
phenomenon is not masked by the incident light. 

For the amplitude of the electric vector in the diffracted wave we have 
in the two cases 

0^0o\ 


= 4- V(A/p) (^sec 
^2 = VQ^Ip) (sec 


2 

0 + 00 


sec 


+ sec 


0-00 




2 ‘ 2 

respectively, where in the second case A2, is the amphtude of the electric 
vector perpendicular to the edge of the screen, and where in the first case 
is the amplitude of the electric vector parallel to the edge of the screen. 
If the incident waves are linearly polarized so that they can be resolved 
into a wave of amplitude with electric vector parallel to the screen, and 
a wave of amplitude with electric vector perpendicular to the screen, 
the amplitudes of the corresponding components of the diffracted wave 
are respectively a^A^ and a^A^, Since these are no longer in the ratio 
Ui : Ug there is a rotation of the plane of polarization. 

When the screen is illuminated with natural light in which waves with 
all phases and directions of polai^ization occur with equal frequency we 
have Uj = a2, but since a^A^ 4= a2i42 the diffraction wave is polarized. 

It should be noticed that 

,2= cot ^ cot 


For the case of perpendicular incidence ^ > we have 


A 


cot ^ = tan 

A 




where 8 is the angle of diffraction. 
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The measurements of W. Wien* with very fine sharp steel blades show 
a somewhat stronger increase of this ratio than that indicated by this 
formula. Epsteinf attributes this to the finite thickness of the blade. 

Raman and KrishnanJ have recently invented a new method of dis- 
cussing the infiuence of the material of the screen in which the solutions 
taking the place of (B) and (C) are respectively 

R {vi - , 

H,= R{vi-h yv^}, 

where ^ and y are complex constants depending on the nature of the 

material and the angle of incidence === 2 amounts to a change 

in the boundary condition, the solutions adopted being still wave-functions. 

If CD denotes the material constant n {I — Ik), where n is the refractive 
index and k the index of Absorption, the values adopted for and y are 
respectively 

P a ~ cos tp cos ip ~ a 

^ a-l-cos0’ ^ CD^ cos «/f + a ’ 

where — sin^ ip. 

In this way an explanation is obtained of the results of Gouy relating 
to the effect of the material on the colour and polarization of the diffracted 
light. 


§ 11-5. Use of parabolic co-ordinates. It was shown by Lamb§ and 
later by Epstein || and Crudeli^ that the problems of diffraction can be 
treated successfully with the aid of the parabolic co-ordinates iq defined 
by the equation x + iy ^ r, > 0. 


In terms of these variables we have 

dd> 

^Wr, 


d<f>_ 

. 1 ( 

( d<f> 

dx ~ 

'2r ' 


d^_ 

1 , 

( H 

dy" 

'2r ^ 



^ i = ri cos ^d, 


ri sin 


A particular solution of the wave-equation 


dt^ \ dx^ dy^J 


IS 

where / {ct 


r icos lO.f (ct — r), 

r) is an arbitrary function with continuous second derivative. 


♦ Wied. Ann. Bd. xxviii, S. 117 (1886). 

I Dias. Munich {l^\^);'Encyklopddie der Math. Wise. Bd. v. 3, Heft 3 (1916), 

t C. V. Raman and K. S. Krishnan, Proc. Roy. Soc. London, A, vol. cxvi, p. 254 (1927). 
§ H. Lamb, Proc. London Math. Soc. (2), vol. vin, p. 422 (1910). 

II P. S. Epstein, Dias. Munich (1914). 

If U. Crudeli, 11 Nuovo Cimento (6), vol. xi, p. 277 (1916). 
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Let us denote this function by then the equation for <f> is 


and a solution which satisfies the condition 


0, or ^ = 0 at the 

07 ] 


screen = 0, is 

= j f {ct y — da + f ~ y ~ da 

-\-\F (ct 4- j/) + \F (ct — y), 

where F is another arbitrary function. Now when d is nearly equal to tt 
and r is very great, the upper limits of the integrals become oo and — oo, 
respectively, and the asymptotic form of </> is 

^ + y <r*) da - I / (c< - y - a®) da 

+ iF (ct + 2 /) + ^F (ct — y ) ; 

this is identical with F (ct + y) if 

f f{y-<^^)d(y^iF(y), -co<y<co, 

Jo 

This is an integral equation for the determination of the function / 
when F is given. Writing a ^ (y — v)^ the equation takes the form 

rV 

F(y)^\ (y - vyi f (v) dv, - CO < 2 / < 00 , 

J —00 

and the solution given by Abel’s inversion formula is 

If lim F (u) = 0 and lim [(?; — u)^ F (u)] exists, 

w ->— 00 u->—co 

f (v) ^ ^ lim [(?; — u)^ F (u)] + - f — uy^ F' (u) du, 

77 CtV — 00 77 J — 00 

In particular, if F (u) = (— u)^ 0 (u), where G (— oo) has a finite value 
different from zero, 

lim [(t; — u)^ F (u)] = G (— oo), 


and we have simply 


/ (^) ^ “ f (v — u) i F' (u) du. 
'TT J -oo 


The foregoing conditions imposed on F (t^) are not necessary for the 

existence of a solution given by the formula (D), for if F (u) == cos ku, 

we have F' (u) = — k sin ku, 

k 2k 

(v — u)~i sin kudu = sin {A; (i; — s*)} ds 

TT J —00 tt j q 

= (k/v)^ cos (kv + ir/4), 
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and it may be verified directly that / (v) = (k/iT)^ cos (kv + 7r/4) is a 
solution of the integral equation 

rV 

COS % = iy dv, 

J —00 

§ 11*6. In the work of Epstein an endeavour is made to allow for the 
influence of the material of which the screen is made, and so the surface 
of the screen is taken to be a parabolic cylinder and the material is supposed 
to have a finite conductivity. The electromagnetic field vectors E and H 
are regarded as the real parts of the expressions eT, hT, respectively, 
where T denotes the exponential factor exp {int). In a material medium 
with constants /c, 0, [jl and a the equations satisfied by the vectors e and 

^ curl h = ae, curl e = — 

div e = 0, div h ^ 0, 


where 


iKU a 
c c 




ijjin 


These equations are transformed by the substitution 

y=^hy 2 : = 2 , §2 = ^2 ^ 7 / 2 , 

into equations connecting the new components , e, , , hr , , h ^ , 

dfh 

— ase^, 


d d 

0^ — g- (sh() = as^Cg , 




(sei) - - 


Si 

dCg 


= — a5e„ 




dn) 

Scg 

di ~ dr] ^ ~ o 0^ 

These equations imply that and hg are solutions of the partial 
differential equation 

027 027 




where 


i:2 — — 


Kfin^ — Ilian 


The boundary conditions at the surface of the screen are, when /a = 1, 

{rdV/dri),= (ydVldrj)gr 

where V — eg or hg, according as the incident wave is polarized perpendicular 
to the edge of the screen or parallel to the focal axis of the cylinder, and 
where y is unity in the first case and k~^ in the second. 

The differential equation for V may be satisfied by writing 

V=X($)Y{r,), 

where X and Y satisfy the differential equations of Weber * 

+ + = ^ + (^V--4) r= 0, 

where A is an arbitrary constant. Writing A = 2ik (n -f J), 

X = exp (~ ikm.U^ [i V(m, Y = exp (iA:7/2/2) U, [rj V(- ik)l 

* H. Weber, Math, Ann, Bd. i, S. 1 (1869). 
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we have particular solutions expressed in terms of the polynomials of 
Hermite 

«! (I) = 

n \ 7„ (tj) = (2i)fc)-"/2e-‘*’>V* (e+<*^*). 

These are suitable for the representation of an electromagnetic dis- 
turbance in the interior of the parabolic cylinder. Distinguishing the 
functions associated with the value of k for the interior of the cylinder by 
a star, we have for the interior of the cylinder 

F* = s (^) y,* (7;). 

n-O 

To represent the disturbance outside the cylinder it is necessary to use 
the second solution of the differential equation, and this may be chosen so 
that for 7] ^ n there is an asymptotic representation 

Zn (v) i (- 6-i**^*, 

where (rj) denotes this second solution. We may now assume for the 
space outside the cylinder 

y ^ g-tfcucosdo + vsln V + 2 (^) (rj), 

n^O 

g-ifc(a;cos0o + ysln0o) = sCC {^Oq) 2 71 ! tan’^ (|0 q) Xn (^) Yn {v)y 

n=*0 

where the first term represents the incident wave and the coefficients , 
hke the coefficients bn, are to be determined by means of the boundary 
conditions. The analysis has been formally completed by Epstein and some 
rough calculations made. 

In the case of the infinitely thin parabolic cyhnder (or half plane) 
which is a perfect conductor an agreement is found with the formula of 
Sommerfeld. When the thickness is not quite negligible and the conduction 
is still perfect, it is concluded that the term representing the correction 
will increase the ampUtude in the case || and decrease it in the case J., 

so that the ratio ^ 2/^1 is greater than the value tan -f ^ found 

in § 11-4. This is in qualitative agreement with observation. With finite 
conductivity the parabolic screen gives a selective effect favouring wave- 
lengths which are most strongly reflected by a plane mirror of the same 
material. This selective effect is extremely weak in the case ± and quite 
appreciable in the case 1 1 . These predictions of theory have been confirmed 
by recent experiments*. 


♦ F. Jentsch, Ann, d, Phya, Bd. lxxxiv, S. 292 (1927-28). 
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EXAMPLES 


1. Prove that if /(*) = ^ 

fir 1 2 

the definite integral V = j ^~(r+z) 

represents the wave-function V = -}- z). 

2. Prove that if n > — 1, 

tan^a tan« ada = Jr j 

and write down an expression for a solution of 


^ ?!r a^F 1 d^V 

dx ^ ^^2 ^2 0^2 » 

which is of the form F = f (r -f 2 ), 

where — x^^ -h x^ H- z^. 

3. Prove that if 

ct y ~h tan a, ct — y ~h tan /3, ct — r ~h tan tu, — (a, p, cd) < ^ 

the wave-potential 

==» {cos^ a -f- COS^ p (i + v) cosi CO COS a COS (Jto + a + i^r) 


corresponds to a primary wave of type 


+ {i ~ r))h i cosi CO cos p cos (Jco + P + i^r)} 


^ 6^ + (ct -f y)'^ b 

4. Verify that with the function rf> in Example 3 


• dt = tt/c. 


at all points in the field. 


[H. Lamb.] 


[H. Lamb.] 


§ 11*7. For a discussion of other diffraction problems reference may be 
made to G. Wolfsohn’s article, “Strenge Theorie der Interferenz und 
Beugung,” Handbuch der Physik, Bd. xx, T. 7. In this article accounts 
are given of the work of Schaefer and others on the diffraction of un- 
damped electric waves by a dielectric circular cylinder and of Schwarz- 
schild’s treatment of diffraction by a slit [Math, Ann. Bd. LV, S. 177 (1902)]. 
A study of diffraction by an elliptic cylinder has been commenced by 
Sieger’*'. For this study and for an analogous study of diffraction by a 
hyperbolic cyhnder the substitution iy = h cosh + ir)) may be used 
with advantage and then for the representation of divergent waves it is 
necessary to find solutions of Mathieu’s equation which vanish for large 
values of f . Such solutions have been studied by Sieger, Dougallt Dhar J . 


* B. Sieger, Ann. d. Phys. Bd. xxvii, S. 626 (1908). 

I J. Dougall, Proc. Edin. Math. Soc. voL xxxiv, p, 191 (1916). 

t S. Dhar, Jmirn. Indian Math. Soc. vol. xvi, p. 22'^ (1926); Amer. Joum. Math. vol. XL\, 
p. 208 (1923). 



CHAPTER XII 
NON-LINEAR EQUATIONS 


in which 


§ 12*1. Riccati^s equation. The differential equation 

i) — av^ + fct; 4- c, 

in which a, h and c are functions of t, is generally known as Riccati’s 
equation; it may be replaced by a linear differential equation of the 
second order g + = 0, 

in which a = 2 ) = — 6 — d/a, q ^ c, 

A very simple Riccatian equation occurs in the theory of motion in 
a resisting medium when a falling body encounters a resistance pro- 
portional to the square of the velocity (the law of Newton). If m is the 
mass of the body, v the velocity, Kv^ the drag and g the acceleration of 
gravity, the equation of motion is 

mi) — mg — Kv^ — mv {dvjdx), 
when the motion is downwards, and 

mi) = mq -h = mv (dvjdx), 

when the motion is upwards, v being in each case positive when directed 
downwards. 

For downward motion, if t; = 0 when ^ == 0, we have 

vV V^ianh.gt, 

where - mgjK - WjK. 


n 72 

X = vdt == — 

Jo 2(7 




As the velocity increases from to v the distance travelled is 

F* F2 - Vo* 

and the time taken is given by the equation 

(F+ ,,) (F_ 


For upward motion, if v 


(F - v) (F + v^y 
V tan 6 when < = 0, we have 


v= Ftan(^- 0 ), 

2sr I a: I = F* log j^(l + cos* 
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The velocity vanishes when gt-=^ V a and the body is then at a height 
h above its initial position, h being given by the equation 

gh = log (sec 6). 

In particular, if — F, wq have 

gh^ -34772. 

The foregoing analysis has been applied to the case of an airplane in 
a rectilinear glide on the assumption that the thrust of the propeller may 
be neglected and that the relative decrease in the airplane drag due to the 
absence of the slip stream from the propeller can also be neglected*, as 
one effect will partly compensate the other. The airplane is supposed, 
moreover, to fly at an angle -of attack close to the angle of no lift, this 
angle being adjusted in flight so as to keep the path rectilinear. The 
density of the air is supposed to be constant and is regarded as a 
good approximation to the total drag of the airplane because the drag 
coefficient is nearly constant at low angles of attack. If a is the angle of 
descent, the quantity g in the foregoing equations should be replaced by 
g sin a, and W by W sin a. 

llunsaker considers the case of an airplane which has a normal 
maximum s})eed in horizontal flight of 110 ft./sec. and for which 

W = 2000 lb., K = 0-031. 

With a =- 45® the limiting speed is given by 

“■ (0-031) (1-414)’ 

or F = 214 ft./sec. 

With these data it appears that if the airplane starts with a velocity 
of 110 feet a second, a vertical drop of about 1000 feet is sufficient to give 
it a velocity of 194 feet a second. This result is obtained by putting 

V ^ 24, Vq == 110, (a: — Xq) sin a = 1000 in the equation 

2g [x - Xo) sin a == log ^ 2 ^-^ • 

The thrust of the propeller has been taken into consideration by 
VV. S. Diehlf, who assumes that the thrust T is a linear function of v, i.e. 

T ^ To - a(v - Wo), 

where Tq is the value of the thrust when w = v^. The value of this co- 
efficient is derived from the plausible assumption that T is zero when 

V ~ 2wo. This gives To = av^, and 

T^2To-Tovlvo. 


* J. C. Hunsaker, Amalion and Aeronautical Engineering, vol. vii, p. 539 (1920). 
t N.A.C.A. Report 238, Washington (1926). 
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Fall of an Aeroplane 

The equation of motion for a rectilinear path is now 
mv = sin a + 2Tq ~ T^vjv^ — Kv^y 
the total drag being represented by an expression of type Kv^. If 

V + TqI2Kvq = u, 

this equation takes the form 

mu = mg sin a + 2Tq + Tq^I4:Kvq^ — 
and is of the type already considered. 

In steady horizontal flight at velocity Vq we have 

To - Z>o^o^ mg = W ^ Lo^o^ 
where Lq and Dq are the total lift and drag coefficients for a certain low 
angle of incidence which gives maximum speed. With a fair approxi- 
mation we may write Dq = Ky and the equation for u becomes 
mil = K {LqVo^ sin ajDo + qVo^j^ — u^). 

The limiting velocity V is thus given by the equation 

= qVo^l4: + LoVo^ sin^ ajDo, 

If LojDo == 4*5, sin a = this equation gives 

{V + K)*= 9'V/2, 

V = l-6t;o. 

In Diehrs paper curves are given showing the. variation of V and its 
horizontal component as a and LoIDq are changed. 

There are many other cases in which the variable motion of a system 
is governed by an equation of type 

V == ^ + Bv -h Cv^, (A) 

For instance, the equation of an unopposed bimolecular reaction of 
the simplest type is x = k {a - x) (b ~ x), 

where b may or may not be equal to a. The equation (A) also represents 
the equation of motion of a motor-coach train when the power has been 
shut off. 

When A = 0 the equation can be solved even when B and C are 
functions of t. The equation is then a particular case of the equation of 
BernoulU x + Px = Qx\ 

in which P and Q are functions of t. An equation of this type with different 
variables, was obtained by Harcourt and Esson in their work on chemical 
dynamics*. 

The differential equations for the reactions X y Y Z W are 
i = — k-j^Xy y == k^x — k^yz^ i = — k^yZy w == k^yzy 
where Xy y, z, w denote the amounts of the substances A, T, Z, W present 
at time t, 

* Phil, Trans, vol. CLVi, p. 193 (1866). 
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If initially, a: = 2 = a, we have 

w^a — — x--y. 

Therefore y = z — x, and so 

f^ + Kz{z-x) = 0 , 

where K = This equation may be solved by dividing by z^. 

An interesting Riccatian equation occurs in the study of the lines of 
electric force of a moving electric pole. If rj, ^ are the co-ordinates of 
the pole at time r, and if 

X ~ = Ir, y — rj mr, z ~ ^ = nr, c (t — r) = r > 0 , 

p = ir + mri" + nr, q = ^ ~ - r, 

the components of the electric field vector may be expressed in the form 

+ p{^'- cl)} + q{^'- cl)l etc., 

where A; is a constant depending on the charge associated with the pole. 

If, on the other hand, a particle is emitted from the pole at time r in 
the direction with direction cosines {I, m, n) and if this particle travels 
continually in this direction with speed c, its co-ordinates at time t will 
be X, y, z. The co-ordinates of a second particle emitted at time r -f dr 
from the position ^ -f i'dr, rj + rj'dr, ^ + l^'dr in a direction with direction 
cosines I -I- Vdr, m -h m'dr, n n'dr will be a; -f dx, y + dy, z -f dz, if 
dx = dr [^' — cl rV\ dy = dr [17' — cm + rm'], dz ^ dr — cn -{- m']. 
It is seen that dx, dy, dz are proportional to E^, Ey, Eg, respectively, if 
qV^sr + p(i'-cl) \ 

qm' = 577" p {t}' — cm) >. (B) 

qn' = _ cri) J 


These equations indicate the way in which the direction of projection 
must vary in order that the emitted particles may at each instant t lie on 
a line of electric force. The equations may be replaced by two Riccatian 
equations by writing 

1 + _ 1 + # /nv 


I ±±± 1 + <f>i‘ .p. 

The resulting equation for cf) is then 
2 (c2 - _ yjn _ ^'2) ^ 

+ 2 [i (rv - $v) - cn 4> + r ir + iv") - w - c) + w), 

(D) 

and the equation for tf/ may be obtained by changing the sign of i in the 
last equation. 

The general integral of equation (D) involves a single arbitrary 
constant. By giving different complex values to this constant the different 
lines of force are obtained. 
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An important property of the equations (B) is that if we have one 
set of solutions Z, m, n satisfying the relation Z^ -f -f = 1 which is 
compatible with the equations, a second set of solutions L, M, N is 
obtained by writing’*' 

(q - 2sc) {cL - ^') = g {cl ~ f ), (q - 28c) (cM - r]') = q {cm - rj'), 

{q — 28c) {cN — 1^')^ q {cn — 

The verification is easy because 

- f'>- 

s'q -sq’=^s [f f ' + yj'-n" + VV - pel 

(q - 2sc) [cP - i'r - v'ri" - TC"] ^ q {cp - - vW' - C'C'h 

2s ii'r + 7,Y + rr' -cp)^c(q- 2s) (p - P). 

Therefore cL' - i" = qicl'~n + cip-P){cl-j :) 

^ q- 2sc 

r, CS$'' cP , J. 

Now ^ — 25 c] = — qsc. 

Therefore . qL' = + P (f - cL), 

It should be noticed that the relations between the two directions may 
be written in the form 

8 {cL — F) + S {cl — i') = 0, 8 {cM — 7j') -j- S {cm — rj') = 0, 

5 {cN - n + S {cn - C) = 0, 

2sSc = g (aS + s). 

This result indicates that there are conjugate directions giving rise to 
conjugate lines of force. 

There is evidently a similar result in a space of n dimensions when 
the n direction cosines Z^ , Zg , . . . Z„ are connected by the relations 

qii = + p - A), 


q=C^- ...L\ - ...Un, P^h^^' + 

Kourenskyt has noticed that when the factor 2 is dropped from the 
left-hand side of the Riccatian equation there is a simple general solution 

A ^7(c- n + (r + V) 

^ + + 

He therefore discusses the general problem of the determination of 

solution of the equation ^ ^ ^ „ 

^ AO = P02 + QO -f jB, 

when a solution of the equation 

is known. 4>'=^PV + Q<I> + R 


* F. D. Mumaghan, Amer. Journ, of Math, vol. xxxix, p. 147 (1917). 
t Proc. London Math, 8oc. (2), vol. xxiv, p. 202 (1926). 
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Another interesting problem is to find the most general set of relations 
for the rate of variation of direction cosines which are compatible with the 
relation = I and are reducible to Riccatian equations by 

means of the substitution (D). li A, B,C, P, Q, R are arbitrary functions 
of T, the equations 

V = I (Al + JBm -f Cn) -f qn - rm — A, 
m' = m {Al + Bm + Cn) + rl — pn — B, 
n' = n {Al 4 - Bm + Cn) -[- pm — ql — C, 
can be shown to fulfil the conditions. 


EXAMPLES 

1. Let a be the velocity of sound at the point (x, y, z) of a moving medium, the velocity 
being measured relative to the medium and the co-ordinates x, y, z being measured relative 
to some standard set of axes not moving with the medium. Let v, iv be the component 
velocities of the medium at (Xy ijy z) relative to the standard axes. Assuming that u, v, Wy a 
are independent of the time and that the equations of a sound ray are 

dz 

^ — oj -i- 'tn/r 

dt 

where /, m, n are the direction cosines of the wave-normal, prove that w, n vary along the 
ray in accordance with the equations 


dx , du 


V + 'tnUy y — w 7m, 
dt 


where 


R- 


j fjdu , dv 
V ox ox 


dl 


du 


dv 

dw 


da 


dt 

dx 

+ m 

dx 


+ 

A- =- IRy 

dx 


dm 


du 


do 

dw 


da „ 


dt 

dy 

+ m 


4- w 

% 

4- 

= mR, 

^y 


dn 


d7i 


dv 

d7V 


da 


dt 

-f 1 

dz 

+ m 

dz 

dz 

+ 

ai = ”^> 



dw 


da\ 


/. du 


dv dw 

-f n 

dx 
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+ m ^ +-n 5 - 
\ ^y dy 

4- 








{ ,du 

dv 






+ n^l ^ m 

dz 


da\ 

dy) 

+ ■ 


dw da 


dz 


+ 




[E. A. Milne, Phil, Mag, (6), vol. xlh, p. 96 (1921).] 

2. Prove that the equations giving the variation of I, m, n are of the type considered at 
the end of § 12-1 when 

du 
dx 

and the derivatives of u, v, w, a are regarded as known functions of t, 

3. Prove that the equations of Ex. 1 are the Eulerian equations for the variation problem 
57 = 0, where 

Idx -f mdy -f 7^dz -f bds (1 — 


dv _ dw dw dv 


du dw 
dz ^ dx ~~ ' 


dz'^ dy~ 




lu mv nw + a 

and where x, y, 2 , /, m, n, b are regarded as unknown functions of a variable parameter 8, 
The time i is defined so that when 57 = 0 the integrand is dt. 

4. Use the result of Ex. 1 to obtaip the results of Ex. 2, p. 337. 

5. Obtain the form of Doppler’s principle for a steadily moving atmosphere. 
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§ 12-2. The treatment of non-linear equations by a method of successive 
approximations. This method has been applied with some success to an 
equation of type 

X kx -\- hx ax^ + 2bxx + cx"^ = / {t), (A) 

in which a, 6, c, h, k are functions of t. 

An equation of type 

X + n^x -f- hx^ == a cos pt + b cos qt, 

in which n, h, a, b, p, q are constants, was used by Helmholtz to illustrate 
his theory of combination tones in music, and was solved by a method of 
successive approximations. The analysis was criticised by some writers 
partly on account of the fact that no proof was given of the convergence 
of the series obtained by the method of successive approximations, but 
this objection is no longer applicable because some general existence 
theorems in the theory of differential equations* establish the convergence 
of the series under fairly wide conditions. The analysis, as presented by 
Schaefer*!*, is as follows : 

Let us seek a solution which satisfies the initial conditions 

x c, f = 0, 

when ^ = 0. 

We write a ca^, 6 = ch ^ , 

a; = S c”<^„ (<). 

Substituting in the differential equation and equating coefficients of the 
different powers of c on the two sides of the equation, we obtain the system 
of differential equations 

(f}i -f cos pt bi cos qt, 

^2 + H- h(f)i^ = 0, 

^3 + ^^<^3 + ^h(f)^(l>2 = 0 , 


and the supplementary conditions 

(0) = 1, (0) = 0, 71 > 0, (0) = 0. 

The solution of the first equation may be written in the form 
A cos nt a cos pt ^ cos qt, 

where a {n'^ — p"^) = a^, ^ {n^^ — q^) ^ b^, A a ^ 1. 

Using this value of </>i the differential equation for <f >2 becomes 
^2 f n^ 4*2 = cos 2nt + cos {n -\- p)t cos {n ~ p)t 

+ cos {n 4- g) / 4- cos {n — q)t-\- cos (p 4- g) ^ 4- cos [p — q) t, 


* See, for instance, H. Poincar^, M^canique create, t. i, p. 68; J. Horn, Zeita. fur Math. u. 
Phya. Bd. XLvn, S. 400 (1902); G. A. Bliss, ^wer. Math. Soc. Colloquium Lecturea, vol. xvn, 
Princeton. 

t C. Schaefer, Ann. d. Phya, Bd. xxxm, S. 1216 (1910). 
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where the coefficients ... have values which are easily obtained but 
need not be written down. The general solution of this equation is of 
the form 


<^2 ^2 + ^2 cos 2 nt -h C2 cos {n p)t D2 cos {n — p)t E2 cos (n q)t 

-f F2 cos (n — q)t O2 cos {p q)t H2 cos {p — q)t (h cos nt + j 8 i sin nt 


and, if we are content with this degree of approximation, the expression 


for X is 


X =- C^(f)2 , 


and is seen to contain terms G2 cos (p -f g) f -h JETg cos {p — q) t, which may 
be responsible for combination tones with frequencies equal to the sum 
and differences of the frequencies in the exciting force*. 

An equation of type (A) has been obtained and discussed by Galitzin 
in a study of the free motion of a horizontal pendulum carrying a pin 
which inscribes a record on smoked paper. His equation is 

X 4 - 2kx -f- {x A- p) -h ^ (x + vx)^ = 0 , 


where | and p are two constants depending upon the elements of friction 
and V is a constant depending on the rate at which the recording drum 
turns with the smoked paper attached to it. The quantity $ is small and 
so a method of successive approximations may be used in which x is 
expanded in ascending powers of 

When there is a resistance proportional to the square of the velocity 
in addition to one proportional to the velocity, the differential equation 
of motion is 


X 4- 2 kx -f n^x -f pix 


f{th 


.(B) 


where /x is a positive constant. We write f | cr | instead of because a 
resistance is always opposite in direction to the velocity. It is tacitly 
assumed here that the two resistances are of different origin. If we have 
initially x ^ c when 0 0, the equation 

X 4- ^kx + n^x 4- pix^ = / (t) (C) 


will hold for subsequent times up to the instant when x changes sign, and 
then the sign of pu in (C) must be changed until x again vanishes and 
changes sign. If, however, the equation be written in the form 

X 4 - n^x + R = / (t), • 

where R is a resistance which can be regarded as of one type physically, 
the equation (C) may be expected to hold until 2 k 4 - piX vanishes. 


* Some interesting remarks on this subject will be found in Lamb’s Dynamical Theory of 
Soundy p. 294. When a = 6 = 0 a first integral of the equation may be obtained by multiplying 
by f and integrating. The integration may then be completed with the aid of elliptic functions. 
The exact solution has been discussed recently by H. Nagaoka in a paper on asjnnmetric vibrations, 
Proc. Imperial Acad. TokyOy vol. ra, p. 23 (1927). When h is small it may be supposed to give a 
measure of the imperfection of the elasticity of the vibrating system. The effect of A is to increase 
the period of the vibration by an amount proportional to ahH~^y where a is the initial energy. 
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When f (t) = 0 the equation (B) is of a type discussed by Milne*. 
He has established some general theorems relating to the existence of 
different types of solution and has constructed a table with the aid of 
which the equation may be solved numerically. Schaefer has considered 
the case in which / (t) = a cos pt + 6 cos qt, 


and points out that the equation will also give combination tones, but the 
theory is not as simple as in the case of Helmholtz’s equation because the 
coefficients of cos {p + q) t and cos (p — q) t change sign when x changes 
sign. He remarks, however, that each of the coefficients may be ex- 
pressible as a Fourier series of sines and cosines of st, where 5 is a suitable 
constant, and that if in this case the constant term is not zero the terms 
of type cos (p + q) t and cos {p — q)t will indeed be present and will give 
combination tones. 

When solid friction which is constant in magnitude but opposite in 
direction to the velocity of a body modifies the motion of a body acted 
upon by forces which would ordinarily produce simple damped oscillations, 
the equation of motion is of typef 

X -j- 2kx -f n^x ± F — Oy 


where k, n and F are constants and the sign of the frictional term F is the 
same as that of x. It is understood here that this equation is valid duiing 
motion, that is, when x is different from zero. When x vanishes it may 
happen that the friction is sufficient to prevent further motion. This point 
will be brought out clearly in the analysis. 

We commence by considering the solution 

n^x ~ {—y F sin m (t t), (D) 

STT < mt< {S i) TT, 


m cos mr = k sin wr, 0 < mr < tt. 


The time t is supposed to be measured from an instant at which x = 0. 
li X = a when ^ = 0, we have 

n^a = jF -j~ ^0 

and for small positive values of t 

Ti^x = \m cos m (t -{- r) -- k ^inm {t t)]. 

The expression chosen for our solution requires that x and { — YF should 
have the same sign for small values of t, consequently A^ must be positive 
and we must have "^ 2 ^ ^ tp 


The value of Ag changes whenever x changes sign. In order that x 


♦ W. E. Milne, University of Oregon PMicalions, vol. n (1923); ibid. Mathematics Series, 
vol. I (1929). 

t This equation is discussed by H. S. Rowell, Phil, Mag. (6), vol. xltv, pp. 284, 961 (1922). 
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may be continuous as t passes through the value given by mt = sn we must 
have, with Utt = ma, 

(_)a~i F sin mr — (~y F -i- (~y sin mr 

so long as the value of given by this equation has the same sign as A^^i. 
If it had the opposite sign the value of x derived from (D) would not 
change sign as mt passed through the value stt and our supposition re- 
garding the sign and magnitude of the frictional force would not be vahd. 
Let us see if this can actually happen. 

The difference equation for A^ is 

A^ = — 2Fe^’^ cosec mr, 

and so the derived value of is 

As = cosec mr [n^a ~ F {\ -f 2e‘^ 4- 2e^“ -f ... (E) 

There is clearly some value of s for which A^^i and A^ have opposite 
signs. To find what happens when int = stt and s has this critical value we 
examine the value of x. This is given by the equation 

^ (— )* [jP -{- AsC-^^^ sin mr]. 

In order that the motion may continue for mt > stt the force acting on 
the body must be sufficient to overcome the solid friction ; in other words, 
(— )^ n^x must be greater than F, but this condition is not satisfied when 
As is negative. Hence the motion continues up to a time t given by mt — stt, 
where s is the first positive integer for which the value of As given by (E) 
is negative. 

Writing F = the successive swings are of lengths 

a (1 — a (I — 6^“*^), a (1 — 

respectively; the body comes to rest within the so-called dead region 

defined by the inequalities . 

^ — ae~^ < x< ae~p. 

It should be noticed that the damping of the swings is more rapid than 
when solid friction does not act, because if p < s, 

1 __ + 

This inequality is an immediate consequence of th6 inequality 

(1 ■— (1 — — e ^-^) < 0 . 


EXAMPLES 

1. Prove that if 

2T = ^ 

2 F = Cj 2 [y^ + yg ^ y^ 

Lagrange’s equations give 

Oi -1- Cj ^ 4- 3yi 4>y + 2y2 <t>2 + 73 (f>2^ = 0, 

^2 + ^2 + + 2y3 + Yz == 0. 
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Obtain an approximate solution by assuming 

~ Zfo + Hi cos nt -f H 2 cos 2nt + cos Znt + . . . , 

<l >2 = Kq + Ki cos nt -h K2 cos 2nt -h cos ^nt . 


[Rayleigh*.j 


2. Prove that when 
to Duffing’s eqijation 


5 8 0)2 the method of successive approximations can be applied 


d^x 

dl'^ 


+ 


ax — yx^ = k sin cat. 


in which a, y, k and o) are real constants. The process leads in fact to a convergent series. 
[N. Bogoliouboff, Travavx de Vlnst. de la mecan, techn. Kiev, t. ii, p. 367. 

G. Duffing, Erznmngene Schunngungen bei veranderlicher Eigenfrequenz und Hire technische 
Bedeutung (1918).] 


§ 12-3. The equation for a minimal surface. We have already seen that 
the partial differential equation which characterises a minimal surface is 

4wfl) + 3^WW-o. 

dz dz 

dy’ 


where 




H ^ {1 + + q^)K 


02^ 02^ 0^2 

Writing r =■■ s — t = performing the differentiations 

the equation takes the form 

(1 -)- q^) r - 2pq8 + (1 -f ^ ^ 

and it may be noticed that the coefficients of r, s and t satisfy the inequality 


(1 -f (^2) (1 ^2) __ rp2g2 ^ 1 ^2 ^ 

so that the equation is analogous to a linear partial differential equation 
of elliptic type and does indeed possess some properties in common with 
such an equation. The equation may be actually replaced by a linear 
partial equation of elliptic type by using Legendre's transformation 


X = V = ^ 

dp’ y dq’ 
The resulting equation is 


px + qy - z. 


(1 + + 2m + (1 + ?■) - 0, 


dp^ ^ ^^^dpdq 

and the equation satisfied by x, y and z is 

02^ 0^ 0^2 

(l + i’’“)0p + 2M^+(l + ?*)3^ + 22>£ + 2^£=O. 


dz 

dp 


dq 


* Phil, Mag. (6), vol. xx, p. 450 (1910); Papers, vol. v, p. 611. The theory is developed further 
by M. Bom and E. Brody, Zeits.f. Phys. Bd. vi, S. 140 (1921); Bd. vm, S. 206 (1922). J. Horn, 
Crelle, Bd. oxxvi, S. 194 (1903). 
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Now this equation may be reduced to the form 


3®z 


= 0 , 


for, if we write p = w cos a, q = w sin a, it becomes 






l'\^ 


+ 


1 dH 


w) dw da^ 


0 , 


or 


’(1 + (1 + 

The differential equation d^dr) = 0 for the characteristics is 
(1 + q^) dp^ — 2pqdpdq 4 - (1 + p^) dq^ = 0 . 

Let us write 12 = , S = ^^q ’ ^ multiply the last equation 

by RT - Since (I p'^) R 2pqS -h {I -h q^) T = 0, the equation may 
be written in the form 


w{ 


dh ^ 


(Rdp + ^dq)^ + (^dp -f Tdq)^ 4- [(pR 4- qS) dp 4- (pS 4- qT) dqf = 0, 
or dx"^ 4- dy"^ 4- dz^ = 0. This equation implies that the curves ^ = constant, 
7} = constant are minimal curves. Hence the solution of the partial 
differential equation may be expressed in the form 

x^XU)-hU (rj), y == y (0 4- F {rj), z == Z ($) + W (rj), 
where [Z' (i)f 4- [ F' (f)]^ 4- [Z' (^)f = 0,| 

[U' iv)Y + [V' {rj)Y + [W' {ri)f O.j 
These are the equations of Monge, the method of derivation being that 
of Legendre. 

The equations (A) may be satisfied by writing 

X = I (1 - ^2) {$) + j (1 - 7,^) 0 (r?) d-q, 

y^ij{l + $^)F(^)di-ij(l + r)^)0{r,) dr,, 
z = ^2^F{^) d^+^2r,G{r,)dr,, 

where F (^) and O {rj) are arbitrary integrable functions. These equations 
8*’^® dx^ + dy^ + dz^= i {I + ^r,Y F (^) Q (r,) d^dr,. 


If Z, m, n are the direction cosines of the normal at a point (x, y, z) of 
the surface, Z, m, n may be regarded as the co-ordinates of a point on the 
unit sphere in the spherical representation. Now 


and so 




m == 


, /fr — 


1 + iv 




dl^ 4 - dm^ 4 - dn^ — 


^d^dr} 1 

(1 ~+ hY^ F{^) 0 (r,) (1 + iy)* 


[dx^ 4 * dy^ 4 - dz^^ 
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The surface is thus mapped conformally on the sphere and the magni- 

ficatioB factor g ^ 


is independent of the axes of co-ordinates, being equal, in fact, to the 
principal radius of curvature at a point on the surface. On the other hand, 
if We put r r 

-f = 2 J / (^) a?! 2 \ g (rj) drj, 

we have 

dx,» + dy,^ = 4/ g (v) d^dr, = ^ j ^ (dx^ + dy^ + dz^), 

and so the surface is mapped conformally on the plane in which and 
are rectangular co-ordinates. The magnification factor is now 

and is independent of the axes of co-ordinates if 

/(^) = [J^(f)]^ 9 (0 = [G* (’?)]*, 

being in this case i?i. 

The Xi^i-plane is now mapped conformally on the unit sphere, and this 
fact is of great importance for the solution of boundary problems relating 
to minimal surfaces. 

From ^physical considerations the important problem is to determine 
a continuous minimal surface which passes through a given curve which 
either closes or extends to infinity*. When the curve is made up of straight 
lines the corresponding curve in the spherical representation is made up 
of arcs of great circles and the curve in the a:y-plane is composed of straight 
lines. A straight line on the minimal surface is, in fact, an asymptotic 
line and such a line bisects the angle between the lines of curvature at 
any point. In the mapping of the surface on the Xji/i-plane, however, the 
lines of curvature map into lines parallel to the axes of co-ordinates and 
so the asymptotic lines map into straight fines making equal angles with 
the axes of co-ordinates. 

To prove that the fines of curvature map into the fines == constant, 
i/i = constant, we have to show that along a curve for which dx^ = c (or 
normals at (a:, y, z) and (x -h dx, y -h dy^ z H- dz) intersect. 
We must therefore show that when 


we have ^ ± Rdm =0, dz±. Rdn = 0. 

This is easily seen to be true because, for example, 
dX±Rdl=^[l~^^)F{^)d$+(l-7,^)F{7,)d7l 

± [F ii) O (r,)]i [(1 - r,*) + (1 - a dr,]. 


♦ This is called the problem of Plateau. 
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Since straight lines on the minimal surface correspond to straight lines 
in the a^^i/i-plane and to arcs of great circles on the unit sphere, the problem 
of determining a continuous minimal surface through a contour composed 
of straight lines reduces to a problem of conformal representation which 
was discussed by Schwarz. 

We shall first discuss the conformal representation on a half-plane of 
a region bounded by arcs of circles because the rectilinear polygon in the 
can be mapped on a half ?i;-plane by the method of Schwarz 
and Christoffel explained in § 4*62, and when the unit sphere is mapped 
on a plane by stereographic projection, a region bounded by great circles 
not passing through the point of projection, maps into a region bounded 
by circular arcs in the 2 ;-plane. 

Since any two consecutive arcs belonging to the boundary can be 
transformed into segments of straight lines by a transformation of type 

h 

^ “ errs ’ 

composed of an inversion with respect to a circle whose centre is at an 
angular point where the two lines intersect and a reflection in a line, the 
behaviour of z, considered as a function of w, may be inferred from the 
discussion given for the case of a polygon with straight sides. 

Consequently, at any point of the boundary which is not a vertex the 
mapping function has the form 

_ a (?e — iVq) p {w — Wq) - f - b 
c {iv — Wq) p {w ~ Wq) 4 - d ' 

where p {w — Wq) is a power series with real coefficients. 

At a vertex where two circles cut at an interior angle an 

__ a {w — iVq)^ p {w — Wq) b 
~~ c {w — Wq)^ p (w — Wq) -Y d’ 

At a point of the boundary which corresponds to an infinite value of w 



if the point is not a vertex, while if it is a vertex of interior angle an 



At an mterior point of the region 

Z — Zq— (te — Wq) P {W — Wq), 
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Writing 




d 


dzV^ 

dw) 


with Cayley’s notation for the Schwarzian derivative, the name usually 
used for the expression on the right, we have 

{z, w}^ {t„ w), 

and so the constants a, 6, c, d do not enter into the expression for {z, w}. 
At any point of the boundary which is not a vertex, it is found that 
{z, w) li {w ~ Wq) + k {iv — WqY -f — 

At a vertex of interior angle an 


{z, w) = 


1 1-^2 




h 


2 {w — w ~~ Wq 


k ~\- I {w — Wq). 


/ 1 1 1 - 
(2- M = O —,72 


For a point on the boundary corresponding to an infinite value of w 
{z, iv} = hw~^ + kw"^ H- ... 
provided the point is not a vertex ; if it is a vertex, 

h k 

L. U 

2 

The coefficients in all these expressions are real and so {z, is real for 
all real values of it can therefore be continued by Schwarz’s method 
and defined analytically in the whole of the te-plane. 

Finally, at any point within the region bounded by the circular arcs 
dzjdw is never zero and {z, v)] can be expressed as a power series. 

Since {z, w} has only a finite number of poles and is infinitely small for 
large values of w, it niust be a rational function. Let «!, cig, ... an be the 
values of w corresponding to the vertices of the region, a^Tr, a 2 n^ ... ann the 
associated interior angles, then 


{z, w) — 'ii 


1 1 


i: 

8^1 w - a. 


~ a,)2 

is finite for all finite values of w and becomes infinitely small when | | is 

infinitely great, consequently it must be zero, and so we have the differential 


equation 


{z, w) ^ 


1 1 




.1 2{\v ~ a,)2 

The constants are not all independent because the expression of 
the right-hand side in ascending powers of l/z should start with 1 / 2 :^. 
Consequently, we have the relations ^ 

s = 0, 


n 


ia,^h, + o, ( 1 — a,*)] = 0. 
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If, on the other hand, the point corresponding to w = oo is a vertex 
of interior angle the expansion should start with the term (1 — /3*)/2 m;® 
and we have only two relations 

S A, = 0, 

n / 1 _ ^ 2\ 

XT* l 7 . 1 1/7 nOK 


2 (a,h, + ^-~^)=Ui-n 


The solution of the differential equation 

{Zy w) = F (w) 

may be made to depend on the fact that if and W 2 are two independent 
solutions of a linear differential equation 

the function z = W2lW^ 

satisfies the differential equation 

Taking p arbitrarily and choosing q so that 

1^2 ^ T? 


2 q - 


= F (w), 


the solution of {z, w} ~ F (w) is made to depend on that of a linear differ- 
ential equation of the second order. This equation is of a special type, for 
all its coefficients and all its singular points are real; moreover, it turns 
out that all its integrals are regular in the sense in which the word is used 
in the theory of linear differential equations. 

Example (71 = 2 ). 

2 [(14; aY ^ (w ~ b)^_ ^ w — w ~ 
h Jc = 0, 


h h 
w — w ~ 


ah + bk 


1 - 1 - j82 

2 2 


Therefore 


Therefore 


a% -h b^k-ha(l- a^) 4- fc (1 - - 0. 

(a - 6) A 4 1 - J (a2 + ^2) _ 0, 

(a^ — 6^) A 4 - a + 6 — aa^ — b^^ = 0 . 

2 (aa2 + 6^2) == {a + b) (a^ + 

(a — b) ^ (a — 6). 

If a 7^ 6 we have A = r > 

a — b 


{w — a)^ (w — 6)2 {w ~ a) (w — 6)J 

_ in _ (“-*)' 


i (1 - «*) 


(w — a)* {w — 6)*' 


{z, «;} = i (1 - a*) 
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Helicoid and Catenoid 

Hence z is the ratio of two solutions of the differential equation 

' ^ a- a^) = 0. 

dw'^ 4 ^ ^ (w — aY (w — bY 

Now this equation is known to possess a solution of the form 
W ^ A {w — a)*^ (w — by B {w — aY {w — b)^, 
where m and n are the roots of the equation 

P' - P + i (1 - «") = 

Therefore m = | (1 + a), n = | (1 — a). 

A particular value of z is 

(w — (w — hY~'^ = [{w — a)l(w — 6)]“. 

There is thus a notable reduction in this simple case. 

The minimal surface which corresponds to this case is the helicoid. 
With a special choice of the axis of z the equation is 

2 ; = c tan-i {yj^) + ^ (®) 

and it is clear that the surface is a ruled surface generated by lines per- 
pendicular to the axis of 2 :. 

To determine a minimal surface which passes through two non-inter- 
secting straight lines we take the line of shortest distance between the 
two lines as axis of z. The equation is then of type (B). If h is the distance 
between the lines and 6 a value of the angle between the lines, the constant 
c is given by the equation Ji = cS. 

If the angle between the lines is taken to be P + instead of 6 the 
constant c is given by the equation == c (P + 2kTT), 

It thus appears that in this case there is more than one minimal surface 
through the given contour and the area of the surface is infinite. 

Another case of considerable interest is that in which the minimal 
surface is a surface of revolution and is bounded by two circles having 
the same axis. Assuming that z = F (p), where + y^y we obtain 

the differential equation 

pF" ip) + F' (p) + [2?’' (p)]* = 0. 

Therefore z — b = c cosh“^ (p/c). 

The meridian curve is thus a catenary. It is shown in books on the 
Calculus of Variations* that it is not always possible to draw a catenary 
which will pass through two given points and have a given directrix. 
Under certain conditions, however, two catenaries can be drawn, and in 
a particular case one only. The conclusion is that it is not always possible 
to find a continuous one-sheeted minimal surface which is terminated by 
the two circles. There is, however, a degenerate minimal surface consisting 
of planes through the two circles and a thin tube joining two points of 

* See, for instance, Todhunter, Researches in the Calculus of Variations; G. A. Bliss, Calculus 
of Variations, p. 92 (1925). 
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these planes. In this case the tube is not strictly a minimal surface though 
its contribution to the total area is negligible. 

An intereisting inequality for the area of a minimal surface has been 
obtained recently by Caiieman*. He shows that if L is the length of the 
perimeter of the closed curve limiting the surface, the area A cannot be 
greater tlian value is attained only when the boundary 

is a circle. 

The method of § 2-33 has been extended by Douglasf so that it gives 
approximate solutions of Plateau’s problem. The partial derivatives in the 
diffe^rential equation are replaced by their finite difference approximations. 
An important memoir on Plateau’s problem has been published recently 
by HaarJ who iis(\s a direct method of the Calculus of Variations and 
establishes the existence of a solution of Plateau’s problem for a type of 
boundary curve C considered previously by Bernstein § and Lebesguelj. 
The curve C is supposed in fact to have a convex projection P on the 
a:?/-plane and to be such that none of its osculating planes are perpen- 
dicular to this plane. Haar also obtains a proof of Rado’s theorem^ that 
any extremal function which is continuous (i), 1) is analytic. Rado has 
established moreover the analytical character of any minimal surface 
represented by a function z - - z {x,y) which is continuous (Z), 2). 

The existence theorem has been simplified by Rado** with the aid of a 
three-point condition of the following type. Let 6 be the acute angle made 
with the xy-plane by any plane P which meets the boundary curve C in 
at least three points. If there is a finite positive number A which exceeds 
every value of tan 9, the curve C is said to satisfy a three-point condition 
with constant A. 

Rado has extended the existence theorem so that it is applicable to a 
variation problem involving an integral 

/ - |j Ji’ (p, q) dxdy, 


P 


dz _ dz 

dx’ 

where the function F (p, q) is analytic in the arguments p, q and satisfies 
the inequalities F - F ^ >0 F >0 

which make the variation problem regular. 


♦ T. Carleman, Math. Zeits. Bd. ix, S. 154 (1921). 
f J. Douglas, Trans. Amer. Math. Snr. vol. xxxni, p. 263 (1931). 

X A. Haar, Math. Ann. Bd. xcvn, S. 124 (1926). 

§ S. Bernstein, Ayin. de Vecole nor?nale (3), t. xxvu, p. 233 (1910), t. xxix, p. 431 (1912) 
Math. A7 }h. Bd. xcv, S. 586 (1926). 

11 H. Lebosgue, Annali di Maiemaiica (3), fc. vii, p. 231 (1902) 

^ T. Rado, Math. Zeits. Bd. xxiv, S. 321 (1925). 

** T. Rado, Szeged Acta, t. ii, p. 228 (1926); Math. Ann. Bd. oi, S. 620 (1929). 
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It is shown that if L is any number not less than A there is a function 
y) which satisfies a Lipschitz condition with constant L 

I Zi (Xi, Vi) - Zl (a^i. Vi) I - Xi)2 + (Va - VyYf 

for any pair of points (Xi, y^) in the realm R bounded by the 

convex projection of C and assumes on this curve a succession of values 
equal to the z-co-ordinates of points on C, This function satisfies, more- 
over, a Lipschitz condition with constant A. 


§ 12-4. The steady two-dimensional motion of a compressible fluid. Let p 
be the density, p the pressure and u, v the component velocities at a point 
{x, y), then the equation of continuity is 


du dv 
dx ^ dy^ p 


p\ 


dp 

dx 


dp\ 

+ ■’5,; 


and if the motion is irrotational with velocity potential we have 

_ 0<^ _ d(f> __ 

^^dij' ^^dy‘ 

When the pressure and density are connected by the adiabatic law 
p = kpy, Bernoulli’s integral takes the form 

pr-i + I (m2 v^) = p^y-^ + 

y ~ i y - 1 

where V is the velocity at a place where the density is pQ. If a is the 
velocity of sound at this place we have also 


a^ -== 



and so 


(-) 

\po/ 


/ - 1 
'2a^ 


{u^ -f- — F^) = c^la^, say. 


This equation gives 

dp ( du dv\ dp ( du dv\ 
p dx \ dx^ ^ dx) ’ p dy \ ^ ^y) ’ 

and so the equation of continuity may be written in the form 


/du dv\ 

/ du 

0t;\ 

/ du dv\ 

\dx dy) 


0xj 

+ Si,) 


or 




0 . 


.(A) 


This equation may be transformed into a linear equation by the method 
of Legendre, in which u and v are taken as new independent variables 
and the new dependent variable is a quantity x defined by the equations 


X = ux + vy - <f>, a; = > 


9X 


3X 


du’ dv' 
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The transformed equation is* 

9“* , 9’x 


('’-«■) 3^ + 2“' SB j 
and this is of elliptic type if 


+ (c^ 


t;*) ^ = 0 


.(B) 


(c^ -■ u^) (c^ — v^) > i.e. if ^2 

A change from the elliptic to the hyperbolic type occurs when 


gr2 ^ ^2 ^2 ^ ^2^ ^2 


hiy-l) (u^ F^), 


that is, when the velocity q is equal to the local velocity of sound c. The 
critical velocity qc is given by the equation 

2a^ + (y - 1 ) 

^ y + 1 

and may be less than a. For example, if F = -Ga and y — 1-4, we have 

2 2-144 _ 

Simple solutions of the differential equation (B) may be obtained by 
writing u ^ q cos d, v ^ qsinO, x = Q (q) cos {mO -f e). The equation for 
Q is then 


[dq^'^qdq' 




Q 


+ m'^Q = q 


dQ 


dq 


S a„g", 

r 


[«^+ i(y- 

Assuming as a trial solution 

e 

we find that 

[a2+ J (y- 1) F2][(n + 2)2- m 2 ]a „+2 = [^(y- l)n2 + «,- ^(y + l)m2]o„, 
and it is seen that r can be either m or — m. Since 

Tt (y- ^)g'- 

ntJa„ 2a2+(y-l)P’ 

it appears that the series converge if 

(y- l)q^< (y- 1) 

but this condition is always satisfied since > 0. The second critical 
velocity! (for which = 0) is given by the equation 
(y - 1 ) =. 2a2 + (y - 1) F2, 

and is evidently greater than the first. 


* Some interesting examples of the use of this equation have been given by A. Steichen, Dias. 
Oottingen ( 1909). A good account of this work is given by J. Ackeret in his article on the dynamics 
of f ases in Bd. vii of the Handhuch der Physik. 

I The existence of critical velocities was noted by Barr6 de Saint- Venant and G. Wantzel, 
Journ. de V ^ cole Polytechniquet cah. 16, p. 85 (1839). The fact that changes of pressure cannot be 
propagated upstream when the velocity of flow exceeds the velocity of sound has been used to 
account for the existence of the first critical velocity. See especially, O. Reynolds, Phil. Mag. 
vol. XXI, p. 185 (1886); A. Hugoniot, Ann. de Chim. t. ix, p. 383 (1886). 
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EXAMPLES 

1. Prove that equation (A) is satisfied by 

tj> — Cr sin {vO)y x = r cos 9, y — r sin 9^ 

where C is an arbitrary constant and v is a constant connected with y by the equation 

V* (y -f 1) — y — 1. 

The component velocities derived from this velocity potential are useful for the discussion of 
flow round a corner with straight sides. When the angle of the field of flow is greater than 
two right angles there is an angular region bounded by lines through the corner in which 
there is a transitional flow of the present type passing continuously over on each side into a 
uniform rectilinear flow. 

[See L. Prandtl, Phya, Zeits, Bd. viii, S. 23 (1907); Th. Meyer, Diss, Oottingen (1908).] 

2. Prove that equation (A) possesses a solution of type 

<!> = A9-{- Bfir), 

where A and B are constants if / (r) satisfies the differential equation 

K [y + 1 - K (y - 1) - 1/ (y + 1)] = 1/ [{y + 1) - v (y - 3) - 1/ (y - 1)], 

where U' 

and is the velocity of the stream where it attains that of sound. 

[G. I. Taylor, Journ, London Math. 8oc. vol. v, p. 224 (1930).] 

3. Prove that the differential equation for tj is satisfied by quantities t) and v which are 
expressed in terms of a parameter, p, by the equations 



— OVf 


where po and C are arbitrary constants. 

4. Show that when an attempt is made to solve a boundary problem for equation (A) 
by expanding <!> in powers of 1/y, the pressure in the steady stream far from all obstacles 
being assumed to be constant and independent of y, the method may fail when, in the 
corresponding problem for an incompressible fluid, there is some place where the pressure 
is zero. 



APPENDIX 


Note I. The generality of this result has been questioned by O. Perron, 
Gott. Nachr. (1930), who gives an example in which the theorem fails'. 
Restrictions on A (t) which will make the result valid have been proposed 
by M. Fukuhara and M. Nagumo, Proc, Imp. Acad. Tokyo, vol. vi, p. 131 
(1930). The simplest restrictions are A' {t) > 0, A (oo) = C ^co. 


Note IT. For the resisted vibrations of a prismatic bar Suyehiro* 
has derived the equation 




d*7} 

dx^dt^ 




0®i7 

dx*dt ’ 


which is a simple extension of Sezawa’s equation f 








^ being a positive constant for the material. In his discussion of this 
equation Suyehiro shows that it indicates the existence of an upper 
limit EjTr^ to the frequency of the transverse vibrations but finds values 
of this upper limit which seem too low, thus throwing doubt on the 
correctness of estimates that have been made of the magnitude of the 
quantity which gives a measure of the solid viscosity. 


Note III. When the functions 0 (/x) are properly normalised they 
form a set of orthogonal functions for the interval ( — 1, 1). It is customary 
now to define the Jacobi polynomial (/x) so that 

]_^(l + (1 - M)* 4>n (m) <t>n' |i’ ” 

m > — 1, k> ~ 

The convergence of the expansion 

/(/.)- S (A) 

n—0 

where c„ = |^^(1 + fx)”' (1 - fxf <f>„ dfi, 

depends essentially upon the behaviour of (/x) when n is very large. 
An appropriate asymptotic expression was obtained by Darboux and has 
been further studied by Stekloff, Ford and others. A simplified deriva- 
tion has been given recently by ShohatJ who gives references to the 
literature. 


* K. Suyehiro, Proc. Imp. Acad. Tokyo, vol. iv, p. 263 (1928). 
t K. Sezawa, Bull. Earthquake Research Inst. vol. in, p. 60 (1927). 

X J. A. Shohat, American Mathematical Monthly, vol. xxxni, p. 364 (1926). 
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If /X = cos 9 and — l + £</x<l — € the asymptotic expressions are 
of type 

(i^) = nO + i ^2 sin n9 -V O (1/n), 

_7n + fc 

2 '2 i 

2 2 f i 


where o (1) denotes in each case some quantity which tends to zero as 
n-^oo. For the Legendre polynomials, whicdi C()iTes})ond to the case 
m = k = 0, there is the theorem of Stieltjes* that if 0 < ^ < tt the product 
(n sin 0)^ (cos 0) is less, in absolute value, than some fixed number, 
independent of n and 6. Gronwall f exi)ressed this result in a concise form 

(27771 sin 9)^ \Pn (cos tf) | < 4 


and Fcjer J, by more elementary reasoning, has obtained a similar in- 
equality with the number 8 on the right-hand side in place of 4. 

The result has been further extended by Hobson § who obtains the 
inequality 


I (cos 9) I sin^ 9 


r (n +_ m F 1) / 8__ \i 

r {n -f- 1 ) yniT sin 9) ’ 


r (ti zb m + 1) / 477 

”r(^+l) w)’ 

the first or second form being used according as m is not restricted to 
be integral, or is so restricted. The number n is not restricted to be integral 
but is restricted by the inequalities 


n 


1, 72. — m -f 1 > 0, 7?7 > 0. 


The convergence of the cxp(pision (A) has been much discussed in recent 
years with the aid of the idea of summability developed by (k\saro. By 
an extension of the method of § 1-16 the Cesaro sum (C, r) of order r for 
a series 

ao -h aj -b ag -b ... 

is said to exist when the Cesaro means of order r tend to a definite 
finite limit as n->co. 

If is the coefficient of 2 :" in the expansion of (1 — in as- 

cending powers of z, the means are defined by the equation 

«!+... 


* T. J. Stieltjes, Anncdes de Toulouse, t. iv, G. 6 (1890). 
t T. H. Gronwall, Math. Anncden, Bd. lxxiv, S. 221 (1913). 

X L. Fejer, Math. Zeitschrift, Bd. xxiv, S. 290 (1925). 

§ E. W. Hobson, Proc, London Math. Soc. (2), vol. xxx, p. 239 (1929). 


B 


33 



514 Appendix 

If /X is a point of continuity of a function / (p,), the associated expansion 
(A) converges to /(ja) in the manner {C, r) with r>0if — l</x<l. 
When fi = ± I and m \ the expansion converges {G, r) to / (/x) 

when r > m f This general result, obtained by Kogbetliantz *, includes 
the 9ase of the Legendre polynomials {m ^ k ^ 0) studied by A. Haarf 
and W. H. Young J for ~ 1 < /it < 1 and by T. H. Gronwall § for /x == ± 1. 
Further results relating to the summability of series of Legendre functions 
have been obtained by Chapman 1|, who makes use of the idea of uniform 
summability. The conditions for the convergence of the series have been 
discussed very thoroughly by Hobson ^f. 

Series of functions of type (/x) occur most naturally in the double 
series of functions of Laplace 

/(0, {cos 6) 

mentioned in §§ 6-34, 6*35. 

When the function / (d, is continuous at a point (0, (f>) of the unit 
sphere, Fcjer** found that the associated series of Laplace is summable 
(6\ 2) with the sum /(0, <^). This theorem was regarded as the analogue 
of the theorem of § 1*17 for the Fourier series of a function. More' general 
results have been obtained by Gronwall and Fejer in the papers cited in the 
footnotes on p. 513. The scries has also been discussed by MacRobertft* 

The first of the orthogonal relations of § 6*28 has been known from the 
time of Laplace and Legendre. The second one was discovered by Heine ; 
unlike the first it does not seem to be a particular case of Jacobi’s ortho- 
gonal relation (§ 6*53). 

* E. Kogbetliantz, Jmrn, de Math. (9), t. iir, p. 107 (1924). 

t A. Haar, Math. Anii. Bd. lxxviii, S. 121 (1917). 

i W. H. Young, Comptes Rendus, t. olxv, p. 696 (1917); Proc. London Math. Soc. (2), vol.xvin, 
p. 141 (1919-20). 

§ T. H. GronwaU, Math. Ann. Bd. lxxiv, S. 213 (1913), Bd. LXXV, S. 321 (1914). See also 
L. Fejer, Math. Zeiis. Bd. xxiv, S. 267 (1925-6). 

II S. Chapman, Quart. Journ. vol. xliii, p. 1 (1911); Math. Ann. Bd. Lxxn, S. 211 (1912). 

E. W. Hobson, Proc. London Math. Soc. (2), vol. vi, p. 349 (1908), vol. vii, p. 24 (1908). 

** L. Fej(Sr, Comptes Rendus, t. cxlvi, p. 224 (1908); Math. Ann. Bd. LXVii, S. 76 (1909); 
Rend. Palermo^ t. xxxvni, p. 79 (1914), 

ft T. M. MacRobert, Proc. Edin. Math. Soc. vol. xlii, p. 88 (1924). 

JJ ¥ j . Heine, Handbuch der Rugelfunktioncn, Bd. i, p. 253. 
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